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General relativity I I I :General relativity I I I :
Geometry in a curved spaceGeometry in a curved space
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Some effects predicted by the Some effects predicted by the 
theory of general relativitytheory of general relativity

•• gravity bends lightgravity bends light

•• gravitational gravitational redshiftredshift

•• gravitational time dilationgravitational time dilation

•• gravitational length contractiongravitational length contraction
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Mass curves spaceMass curves space
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General relativityGeneral relativity

•• Mass tells space how to curveMass tells space how to curve

•• Space tells mass how to moveSpace tells mass how to move
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Least action pr incipleLeast action pr inciple

•• light travels on a path that minimizes the light travels on a path that minimizes the 
distance between two pointsdistance between two points
�� for flat space: straight linefor flat space: straight line

•• a path that minimizes the distance between a path that minimizes the distance between 
two points is called a two points is called a geodesicgeodesic

•• Examples for geodesicsExamples for geodesics
–– plane: straight lineplane: straight line

–– sphere: great circlesphere: great circle
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What is the shor test way to Europe?What is the shor test way to Europe?
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How to find out that space isn’ t flat?How to find out that space isn’ t flat?
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How to find out that space isn’ t flat?How to find out that space isn’ t flat?
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Flat spaceFlat space

a b

g

a+b+g= 180º
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Curved spaceCurved space

a+b+g¹ 180º
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Flat spaceFlat space

circumference = 2p ´ radius
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Curved spaceCurved space

circumference ¹ 2p ´ radius
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Postulates of Postulates of 
Euclidean (flat) geometry:Euclidean (flat) geometry:
•• It is possible to draw a straight line from It is possible to draw a straight line from 

any given point to any other pointany given point to any other point

•• A straight line of finite length can be A straight line of finite length can be 
extended indefinitely, still in a straight lineextended indefinitely, still in a straight line

•• A circle can be described with any point as A circle can be described with any point as 
its center and any distance as its radiusits center and any distance as its radius

•• All right angles are equalAll right angles are equal

•• Given a line and a point not on the line, Given a line and a point not on the line, 
only one line can be drawn through that only one line can be drawn through that 
point that will be parallel to the first linepoint that will be parallel to the first line
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Some conclusions:Some conclusions:

•• The interior angles of a triangle sum to 180ºThe interior angles of a triangle sum to 180º

•• the circumference of a circle is equal to the circumference of a circle is equal to 
22ppRR,, where where R R is the radiusis the radius

�� space is flatspace is flat

•• but what if we change the fifth postulate ?but what if we change the fifth postulate ?
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Postulates of Postulates of 
spher ical geometry:spher ical geometry:
•• It is possible to draw a straight line from It is possible to draw a straight line from 

any given point to any other pointany given point to any other point

•• A straight line of finite length can be A straight line of finite length can be 
extended indefinitely, still in a straight lineextended indefinitely, still in a straight line

•• A circle can be described with any point as A circle can be described with any point as 
its center and any distance as its radiusits center and any distance as its radius

•• All right angles are equalAll right angles are equal

•• Given a line and a point not on the line, no Given a line and a point not on the line, no 
line can be drawn through that point that line can be drawn through that point that 
will be parallel to the first linewill be parallel to the first line
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Postulates of Postulates of 
hyperbolic geometry:hyperbolic geometry:
•• It is possible to draw a straight line from It is possible to draw a straight line from 

any given point to any other pointany given point to any other point

•• A straight line of finite length can be A straight line of finite length can be 
extended indefinitely, still in a straight lineextended indefinitely, still in a straight line

•• A circle can be described with any point as A circle can be described with any point as 
its center and any distance as its radiusits center and any distance as its radius

•• All right angles are equalAll right angles are equal

•• Given a line and a point not on the line, an Given a line and a point not on the line, an 
infinite number of  parallel lines can be infinite number of  parallel lines can be 
drawn through that pointdrawn through that point
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The metr ic equationThe metr ic equation

•• Distance between two points (flat space)Distance between two points (flat space)

•• Distance between two points (curved space)Distance between two points (curved space)

•• f, g, h: f, g, h: metric coefficientsmetric coefficients

222 yxs D+D=D 222 yxs D+D=D

222 2 yhyxgxfs D+DD+D=D 222 2 yhyxgxfs D+DD+D=D
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Example: distance between two Example: distance between two 
points at the sur face of the Ear thpoints at the sur face of the Ear th
•• Coordinate differences: Coordinate differences: DDff , , DDJJ
•• naïve, but false:naïve, but false:

•• correct:correct:

•• metric coefficients: metric coefficients: f=Rf=R22, h= R, h= R22 coscos22JJ

222 Jf D+D=Ds 222 Jf D+D=Ds

222222 cos fJJ D+D=D RRs 222222 cos fJJ D+D=D RRs
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SpaceSpace--timetime

•• Fourth coordinate: Fourth coordinate: ctct

•• time coordinate has different sign than time coordinate has different sign than 
spatial coordinatesspatial coordinates

•• spacespace--time distance:time distance:

•• aa , , bb, , gg :: metric coefficientsmetric coefficients

2222 xxtctcs D-DD-D=D gba 2222 xxtctcs D-DD-D=D gba
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Why does space curvature Why does space curvature 
correspond to gravity?correspond to gravity?

non-rotating disk

radius: r circumference: 2pr
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Why does space curvature Why does space curvature 
correspond to gravity?correspond to gravity?

rotating disk

radius: r
length contraction

� circumference: < 2pr
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Why does space curvature result Why does space curvature result 
in attraction ?in attraction ?


