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ABSTRACT

This study is concerned with the early evolution of magnetids and differential rotation
of intermediate-mass stars which may evolve into Ap staesr&port on simulations of the
interplay of differential rotation and magnetic elds, th&bility limits and non-linear evolu-
tion of such con gurations, and the prospects of dynamaadtiom the unstable cases. The
axisymmetric problem delivers a balance between eld aroglion and back-reaction of the
magnetic eld on the differential rotation. The non-axisyratric case involves also the Tayler
instability of the ampli ed toroidal elds. We consider liits for eld ampli cation and apply
these to young A stars.

Apart from its application to Ap stars, the instability iggtinized for the fundamental
possibility of a dynamo. We are not looking for a dynamo as>gslanation for the Ap star
phenomenon. The kinetic helicity is concentrated nearahgent cylinder of the inner sphere
of the computational domain and is negative in the northemibphere. This appears to be
a ubiquitous effect not special to the Tayler instabilitieTlatter is actually connected with
a positive current helicity in the bulk of the spherical $tg@ling rise to a small, but non-
vanishing -effect in non-linear evolution of the instability.

Key words: MHD - stars: magnetic eld — stars: chemically peculiar.

1 INTRODUCTION

Stellar objects involve in many cases the ampli cation ofgmetic
elds by differential rotation. The differential rotaticat the bottom
of the solar convection zone, for example, acts as a gememato
toroidal magnetic elds while the differential rotation is\posed
from the convection zone. In principle, there is a large doned
radiative zones in stars in which the ampli cation by ditfatial
rotation is conceivable, where no convective motions disthe
winding-up. This concerns the whole range of intermedmgss
and massive stars from 1.2 solar masses up to several tesslafra
mass. All these stars possess large radiative envelopad {egm
a possible, very thin convective surface layer). We wileafspeak
about A and Ap stars in this Paper, but the simulations ang- act
ally applicable to a wider range of stars possessing houextive
domains, such as solar-like stars with radiative intermrsnore
massive B stars.

According to Stepien (2000), the pre-main-sequenceuevol
tion of stars with masses near two solar masses is acconapanie
by changes in angular momentum through disk accretion, etagn
star-disk coupling, and magnetized winds. All these effdigely
lead to a differentially rotating interior. When approaahthe zero-
age main sequence (ZAMS), the stars have established #ukg«-r
tive envelopes, and accretion has ceased. It is then maymiydy-
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netized winds that the angular velocity is reduced. Thisyéwer,
affects only the surface, while it takes extremely long fer small
plasma viscosity to reduce also the angular velocity intteriors.
The coupling of the surface to the interior is strongly erdeahby
magnetic elds. There are a few cases for which an increasleeof
surface rotation period has actually been observed, sus9@%
Ori (Mikulasek et al. 2008).

Another source for differential rotation, especially faars
with masses less thak5M , may be the convective phase
the pre-main-sequence evolution. While there is no spetiaziel
available for a progenitor of A stars, the computations ljkét'&
Rudiger (2008) indicate tendencies of stronger difféedmbtation
for faster rotation, hotter surface temperatures, andogpethin-
ner convective envelopes. To which extent the differemtdtion
will be present in the remaining radiative star is debatatiece
small magnetic elds in the (then) radiative interior are sient
to prevent differential rotation from spreading below ttenec-
tion zone (Rudiger & Kitchatinov 1997; Gough & Mclintyre 199

Studying the interaction between differential rotationdan
magnetic elds is important for the understanding of theseamnce
of magnetic Ap stars, and for the explanation why only a foact
of A stars show the peculiarities. Differential rotationroagnetic
elds or combinations of the two may become unstable against
small perturbations (e.g. Watson 1981; Gilman & Fox 199%k-Di
pati et al. 2004; Braithwaite 2006b; Arlt et al. 2007; and gnan
others). Where MHD is a suitable description of the astrepal
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objects, we can group the instabilities into shear-drivanrent-
driven, and buoyancy-driven instabilities.

Current-driven instabilities are particularly interesti for
toroidal magnetic elds, since these typically reach thegést
strengths if differential rotation is present. Such toabi@lds also
come along with currents giving rise to a kink-type instiil
whose most easily excited modes are typically modes with low
azimuthal wave number (Vandakurov 1972; Tayler 1973; $prui
1999). We refer to this instability here as Tayler instdyili

Dynamo action arising from the Tayler instability was sug-
gested heuristically by Spruit (2002) and later in simolasi by
Braithwaite (2006a) who found sustained, but not constaag-m
netic eld energies in a differentially rotating cylindridomain.
Spherical, three-dimensional simulations of the solaratae in-
terior have been performed by Brun & Zahn (2006) where the evo
lution of a fossil eld together with an imposed rotation geoat
the top of the domain (i.e. the bottom of the convection zeves
investigated. The initial poloidal magnetic eld as well i later
combination of toroidal and poloidal elds showed distingsta-
bility signatures. The simulations were examined by ZahmnB
& Mathis (2007) on possible dynamo action, but none was found

s = rsin is the axis distance, and an initial poloidal magnetic
eld B =(B:(r; );B (r; );0).

Step Il is a stability analysis where a number of snapshots of
the simulation of the rst step is used as background states fin-
ear analysis of the stability of the system against nonyaxisetric
perturbations. We will restrict ourselves to the stabitifyperturba-
tions with azimuthal wave-numbersiof = 1.

Step Ill consists of fully non-linear, three-dimensionahgu-
tations of the evolution. In these simulations, the norsyaximetric
perturbation is either present from the beginning, or isaegal at a
later step as an external “kick' to the system. We can thugpeoen
the evolutions of states which are either Tayler-stable ayier-
unstable according to Step Il. The non-linear evolutiors all-
low to assess the possibility of driving a dynamo with thetans
bility. Dynamo effect will be visible only in terms of non-m&shing
dynamo-coef cients of a mean- eld description, but not irging
and sustained magnetic elds, because our system lackseesoll
energy.

The computations employ the spherical MHD code by Holler-
bach (2000) which integrates the momentum, induction, and t
perature equations in the Boussinesq approximation. Wenaire

The difference between the two attempts may be the presdnce o using temperature uctuations in this study; the normalizacom-

an enforced differential rotation inside the domain of Braaite's
(2006a) simulations, as opposed to the enforcement on tinedbo
ary only in the computations by Zahn et al. (2007). Anothean-no
linear simulation of the Tayler instability was performegd®ellert,
Rudiger & Elstner (2008) who also used a cylindrical setu \&
differential rotation enforced at the outer radial bourydbut in this
case depending on vertical directipronly. In terms of a dynamo-
they nd values ofj ,;j  0:05 measured against an imposed

vertical eld. Thatj ..jis 100 per cent of the rms velocity imply-
ing that the ow is entirely helical. However, all magneticones
decay when the external magnetic eld is switched off.

The precise nature of the non-linear evolution of the Tayler
instability with a possible dynamo effect is thus a very iegging
issue on which we follow up here. The scenario of ampli cataf
magnetic elds by differential rotation, the stability dfie result-
ing con gurations, and the possible dynamo effect in casesth-
bility is very general to non-convective zones in a wide &g
stars. Section 2 describes how the computations were seihilp,
Section 3 shows the results of the axisymmetric, non-lis&au-
lations for the eld-ampli cation. The analysis in Sectighdeals
with the stability of the results in Section 3, and Sectiorvélees
the full three-dimensional and non-linear problem. Dynacoef-
cients are derived in Section 6. With respect to the indighiwe
will focus on the pre-main-sequence evolution of Ap stanehe
whereas the possible dynamo action is not believed to be an im
portant Ap star phenomenon, but is of general interest foadyo
theory.

2 NUMERICAL SETUP

The computational domain is a spherical shell with the radiun-
ning from an inner radius; to an outer radius, which is normal-
ized to one by the stellar radil in the following. The colatitude

always covers the range from 0 tg the azimuthal coordinate
runs from 0 to2 in the non-axisymmetric simulations. The inner
radius was set to; = 0:5in all the computations of this study.

The investigation involves three steps: Step | one is aryaxis

metric simulation with an initial differential rotatiorf s) where

pressible MHD equations are thus

@

ot = (u ryu+(r B) B
r p+Pm4u; 1)
%t = r (u B)+4B; 2

whereu andB are the velocity and magnetic elds anis the
pressure. Additionally, the relations u = 0 andr b =0
hold. The magnetic permeability and the density are setity im
this system of units. Since all quantities are normalizeth e
magnetic diffusivity , the magnetic Prandtl numb®m = =
appears in the momentum equation, wheris the kinematic vis-
cosity. Velocities are normalized byR , times byR?= .

For Steps | and lll, the differential rotation and the po#did
magnetic eld are initial conditions. They evolve freely twbut
any further imposed properties. The pro le of the initialgaar

velocity follows
0
S)= p————; 3
(s Pm (3)
where ¢ is the non-dimensional angular velocity on the axis gnd
is a parameter controlling the steepness of the rotatiotephdith
our normalization, the initial magnetic Reynolds numberasially

Rm 0, Since

2
Rm = ; )
where is the angular velocity of the star in physical units. The

magnetic Reynolds number wRsn = 20 000 in all computations
except one; the magnetic Prandtl number was alPays= 1.

The pre-main-sequence evolution of the rotation period of
intermediate-mass stars contains most likely both a spigean-
traction and accretion) phase and a spin-down phase witmenag
tized winds (Stepien 2000). We are concerned with theuthoni
near the end of the pre-main-sequence phase and the early mai
sequence life when most of the star is already radiativev@mn
tively stable). The probable angular-momentum change @ra s
down then, acting on the surface of the star, and this is thgore
why we assumed an angular veloditycreasingvith axis distance.

The initial pro le usesq(t = 0) = 4, but g will later be
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used to measure the actual steepness of the rotation cuithe in
simulation. The speci ¢ angular momentush ( s) is increasing
with axis distance everywhere in the computational domaie
system is thus not prone to the hydrodynamic Rayleigh iiistab
ity which we do not want to investigate here. The hydrodyrami
stability has been tested numerically with non-axisymiogter-
turbations which were symmetric and anti-symmetric witbpet
to the equator. All situations delivered a decay of the pbetions.
Magnetic elds are measured in terms of Lundquist numbers,
which is the same as the non-dimensional Alfvén velocitpim
system of units,
RB phys .
S

B = (5)

The magnetic diffusivity in time-dependent simulations typi-
cally represents a value between the microscopic difftysofi the
plasma and the turbulent diffusivity resulting from, eayxeraged
convective motions. Of the quantities entering (5)is the one
which is known least. It is therefore best to eliminatey Rm and
thus retrieve the physical magnetic elds by comparing itb/én
speed with the rotational velocity,

_ B
Bphys = phys Rﬁ (6)
Considering &M  star with a radius oR = 1:5R , a rotation

period of 10 days (phys = 7:3 10 °)and a density of 0.015 g/cin
at 0:75R , a magnetic eld ofB = 100 converts to 1660 G in
physical units with the magnetic Reynolds number of 20 0G&ius
in most of our simulations.

The boundary conditions for all runs presented here employ
stress-free conditions for the ow and vacuum conditions tfee
magnetic eld at both the inner and outer radiiandr,. Although
the inner sphere is supposed to be highly conducting, a wacuu
condition helps in obtaining smoother solutions compaceal $u-
perconducting condition. The latter prohibits a penetraf the
magnetic eld through the inner boundary. This typicallads to
strong currents near the inner boundary which are not thie¢he i
conductivity would change continuously into the inner gphéf,
for ef ciency reasons, the whole star cannot be computeslyée-
uum condition is a suitable choice despite the non-vanigshom-
ductivity. We will come back to a test run with a perfect-cantbr
boundary at; in Section 5.

Note that the assumption of an initially independent angula
velocity of the vertical axig = r cos (Tayler-Proudman state) is
not compatible with a stress-free condition on a spherigehse.
This causes small meridional ows and results in a small alion
from the Tayler-Proudman state. However, this is a muchebett
choice than an initial rotation pro le depending prmvhich causes a
severe redistribution of angular momentum towards a coration
which is very near a Tayler-Proudman state during the rdtions
of the system. As we did not want to obtain a mixed evolution of
this hydrodynamic phenomenon with the magnetic phenonveaa,
chose( s) instead of more complicated proleg r; ).

The spin-down by winds during the late pre-main-sequence
phase of intermediate-mass stars is probably not causing-a p
cise ( s) pro le, but for the sake of physical clarity, we choose
a Tayler-Proudman state as an initial condition for the riNwte
that the removal of angular momentum by a magnetized windtis n
implemented in our setup, so the simulations can be unaetste
mimicking a period around the time when the star enters tha ma
sequence.
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Figure 1. Ampli cation of the toroidal magnetic eld under the in uete
of differential rotation, starting from a poloidal eld. Ehsolid line refers
to an initial maximum magnetic eld strength of 300, the @aktine is the
evolution of an initial eld strength of 150.

3 AXISYMMETRIC EVOLUTION (STEP I)

First we study the ampli cation of magnetic elds by shearvesl|
as the back-reaction of the elds on the differential raiati The
two-dimensional, non-linear simulations thus start withiaitial
differential rotation and a purely poloidal magnetic ella radia-
tive stellar zone. These initial conditions evolve freelyhout any
imposed ows or elds, neither in the bulk of the computatan
domain nor at the boundaries.

The early phase of the simulation shows a generation ang stee
ampli cation of toroidal magnetic eld through differerdl rota-
tion. The generateB, B and, to a smaller extent, also tBe B
impose a Lorentz force to the rotational velocity and reifistes
angular momentum. This is why at the same time of eld ampli -
cation, the differential rotation starts to decrease, aedaroidal-
eld growth is thus limited. The whole process reaches a maxn
of magnetic eld energy after a few rotational periods.

Fig. 1 shows the maximum magnetic eld in the spherical
shell as a function of time. The magnetic Reynolds number was
Rm = 20000 and the magnetic Prandtl number was = 1.
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Two runs with initial, purely poloidal magnetic elds with axi-
mum strengths 0By = 300 andB, = 150 are shown. The lower
panel of the Figure shows the decay of the differential rotatVe
assume that the differential rotation roughly follows a lerg¢3)
throughout the simulation, with varying parametersandg. The
values of ( s) in the equatorial plane of each snapshot of the sim-
ulation are used to t a best pro le (3) delivering two timeris
for o(t) andq(t). Itis the temporal evolution af which is shown
in the lower panel of Fig. 1. Interestingly, the run with sosiger
initial poloidal magnetic eld shows a reversal of the ditéatial
rotation pro le after 0.006 diffusion times. Only after arydong
period, not plotted here, the shear converges to zero inrttieee
computational domain.

Maximum internal eld strengths are about 24 kG in the run
with Bo = 300 and about 16 kG in the run witBo = 100, using
the conversion (6). Much higher magnetic Reynolds numbets e
countered in real stars lead to stronger toroidal elds. A with
Rm = 40000 later described in Section 5 reached about 46 kG.

The ampli cation time results from the comparison of the
Lorentz force acting on the differential rotation with thengra-
tion of toroidal magnetic eld by the shear. The linearizetian of
the Lorentz force may be approximated by tByB = R
and the linear winding up of toroidal eld in the induction wat
tion can be estimated by t  Br=R. Plugging theB
into the rstrelation, delivers t = R™ "=B . The ampli cation
time is independent of the rotation rate, the amplitude efdH-
ferential rotation, and the diffusivity. In our dimensiesb system,
the ampli cation time is thus t = 0:0033for the initial eld of
Bo = 300. This is very close the the peak time of the solid line in
Fig. 1. The dashed curve from half the initial eld strengtbajs
at roughly twice that period — a bit earlier since diffusiorday-
drodynamic redistribution of angular momentum are alsdat im
this numerical setup. There is a slight tendency of smalkegmetic
Reynolds numbers producing shorter times to reach the pegk m
netic eld. This is solely due to the non-vanishing viscgslieing
present in our system of nit&m, which adds to the reduction of
the differential rotation and limits the growth eventually

A real system with stellar microscopic diffusivities of say

= 1000 cn?/s will show a nearly stationary phase after the am-

pli cation, since the Ohmic decay times are of order gigage&
time-dependent numerical simulation cannot model the @my
diffusivity at the true rotation rate, and the solution ibj@et to
a much larger Ohmic dissipation after the maximum toroidst
is reached. The following process is thus characterized dgcay
of both magnetic elds and differential rotation. Since simula-
tions preserve angular momentum parallel to the rotatias, &xe
asymptotic state is eld-free and with uniform rotation. \& not
interested in this asymptotic behaviour. Intermediatesrsiars are
not living long enough to show this nal state during theiokwtion
on the main sequence.

4 NON-AXISYMMETRIC, LINEAR STABILITY (STEP II)

Differential rotation and rotation in general stabilizeyarurrent-
driven instabilities (Tayler instability) as was shown budRyer
& Kitchatinov (2010). Differential rotation together wittiffusion
has a destructive effect on any non-axisymmetric strustufé
some point during the ampli cation of magnetic elds by shehe
axisymmetric solution of Section 3 may become unstablenagai
non-axisymmetric perturbations, as soon as the stahilieffect of
the differential rotation ceases.
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Figure 2. Stability limits for the magnetic elds and velocity eldsf@ach
snapshot of the axisymmetric evolution of tBg = 300 case. The solid
line is copied from Fig. 1. The stability limit is plotted far perturbation
of m = 1, the dotted line refers to a perturbation whose velocityd el
is symmetric with respect to the equator, the dash-dottesl shows the
antisymmetric perturbation.

Each snapshot of the run wiy = 300 from Section 3 was
thus tested individually on whether or not a non-axisymiogter-
turbation can grow on the particular axisymmetric con dgioa.
However, from the snapshots, only the azimuthal velocity tre
toroidal magnetic eldu andB , are used for the stability analy-
sis. The full problem was found to be numerically demandind a
is postponed to a future study. The nal conclusions are ffetted
by this simpli cation.

We consider the linearized equations for a given azimuthal
wave numbem. The snapshots delivered background statas in
andB which affect the perturbatiofu®; B ©) and lead to exponen-
tial growth or decay of the perturbation.

The stability analysis is based on the linear, normalizedMH
equations

@0 — 0 0 0
@t ur u+ur u-r (u’ u)
+S(r BY B+(r B) B°
r p+Pm4u’ @)
@’ _ 0 0 0.
ot r (u B'+Su” B) 4 B (8)
againwithr  u®=0 andr B°=0. The constant densityand

the magnetic permeability are also unity in this normalizatids.
is a factor which scales the total background magnetic aekenh
from the axisymmetric run. The critic& for instability is deter-
mined. The background is unstableSif> 1. Note that we do not
evolve the system actually in time: the axisymmetric backgd
velocity and magnetic elds are constant. The time-depandeyp-
pears here solely for the test on growing or decaying peatiobs.
The dotted and dot-dashed lines in Fig. 2 are the results of
the stability analysis. The evolution derived from the gisnetric
simulation starting with an initial maximum eld strength 800
is taken from Fig. 1 and is plotted as a solid line. By S1 we re-
fer to a velocity perturbation ® which is symmetric with respect
to the equator and has = 1, Al is the corresponding antisym-
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Table 1. Four non-linear simulations with their parameters as dised in
Sections 5 and 6. The truncations for the Chebyshev, Legeadd Fourier

modes are given &, L, andM , respectively. The columtpert gives the
time when the non-axisymmetric perturbation was injected the system,
expressed in diffusion times.
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m =1, kinetic
m = 0, magnetic
m = 1, magnetic

Run Rm Pm K L M tpent
NLOOO 20000 1 35 80 80 O
NLOO3 20000 1 40 60 60 0.003
NLOO3h 40000 1 40 60 60 0.003
NLOO5 20000 1 40 60 60 0.005
10°~ —— m=0, kinetic B
= = = m=1,kinetic
[ =—— m =0, magnetic 7
= = = m=1, magnetic
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Figure 3. Evolution of a non-axisymmetric perturbation added to tkie a
symmetric run of Fig. 1 at=0.

metric perturbation. If at any given time both stabilitydm are
above the solid line, the corresponding snapshot is stajaest
m = 1 perturbations. The rst snapshots with relatively weak
toroidal elds are all stable. The stability lines cross gwid one
at aboutt = 0:0023 There is a minimum marginal stability at
t = 0:0055for the S1 mode, and at= 0:0070for the A1 mode.

After these times, the stability limits increase again. $te
bilization may be due to the change of sign in the shear. Tferdi
ential rotation is then non-vanishing again and may imposgaa
bilizing effect on perturbations despite its relativelyapositive
amplitude.

Higherm require similar magnetic elds for instability as was
shown in test runs witim = 2.
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Figure 4. Evolution of a non-axisymmetric perturbation added to tkie a
symmetric run of Fig. 1 at = 0:003.
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Figure 5. Evolution of a non-axisymmetric perturbation added to tkie a
symmetric run of Fig. 1 at = 0:005.

5 NON-LINEAR EVOLUTION IN 3D (STEP Il1)

The initial conditions are the same as for Section 3, but tise s
tem is now extended to include also a Fourier decompositfon o
u andB in azimuthal direction. The main difference is a non-
axisymmetric perturbation hitting the system at a givenetim
The perturbation is applied ® , has an azimuthal wave number of
m = 1 and is symmetric with respect to the equator, R8( ) =

BY( ),B%( )= BY( ),andB%( )= B( ). The
resulting ow is thus antisymmetric and can be compared ihith
Al-mode in the linear stability diagram in Fig. 2. A small oview

of the models is given in Table 1.

Figs. 3-5 show the evolution of the energies of the lowest
azimuthal modesm = 0 andm = 1, for three different in-
stances of perturbations,= 0,t = 0:003, andt = 0:005. The
main feature of the run with the perturbation at the begigris;
the quicker decay of the energy in the non-axisymmetric raign
eld as compared with the other two simulations. Their pavas
tions att = 0:003, andt = 0:005 are within the unstable window
(cf. Fig. 2) and show a much more persistent presence in the sy
tem. The energy of the magnetit = 1 mode may even become
nearly as large as the magnetic = 0O energy. It is interesting to
note that the energy in the = 1 mode of the velocity eld decays
more rapidly than the magnetic energy in both unstable cases

Typical horizontal slices of the velocity and magnetic sld
are shown in Fig. 6. They are plotted for = 0:75 which is
half-way between the inner and outer radial boundariesniittial
mode numbersn > 1 are obviously at play, but we cannot talk
about a turbulent state here. Thee= 2 contains roughly half the
magnetic energy of then = 1 mode throughout the simulation.
An example spectrum for the kinetic and magnetic energieslof
individual m-modes is shown in Fig. 7. The energy in tine= 4
mode is already two orders of magnitude smaller than theggrier
m = 1. The total contrast between = 1 andm = 60 is 10'° in
the kinetic energy and one order of magnitude higher in thg-ma
netic energy. Strongest magnetic elds appear to be corateak
in low latitudes. Since the axisymmetric partswfandB were
subtracted before plotting Fig. 6, the surface maps alseatethe
energy ratio of magnetim = 1 energy to kinetian = 1 energy.
While the ratio ofiB,j toju,j is 5.3, the energy ratio would be al-
most 30, being compatible with thre = 1 energy ratio in Fig. 4
betweent = 0:003 andt = 0:005. The magnetic uctuations are
dominating over the velocity uctuations in these simubais.

The impact of the non-axisymmetric instability on the rota-
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Figure 7. Distribution of kinetic energy (solid line) and magneticeegy
(dotted line) over the azimuthal wave numiperfor the run NLOO3 at =
0:005, i.e. 0.002 diffusion times after the perturbation wasdtee.
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Figure 8. Variation of the steepness of the rotation pro le with tintke
solid line is the result from the axisymmetric run and is tame curve as
in Fig. 1; the dashed line is the result from the non-linear with a non-
axisymmetric perturbation at= 0:003 = 9:5P , and the dotted line is
for a perturbation att = 0:005 = 15:9Pyot .

tion pro le is shown in Fig. 8. An enhanced angular momentum
transport to reduce the differential rotation is only négator the
simulation with a perturbation at= 0:003. The most obvious dif-
ference between the unperturbed run and the unstable ruhs is
time it takes to reach fully uniform rotation. Both pertudb@mu-
lations reach a state of uniform rotation after 0.017 diffngimes,
while it takes the axisymmetric run about 0.05 diffusiondsro be
similarly uniform in rotation (outside the plotting winddw

6 DYNAMO EFFECT

The following section is not directly related to the pre-mai
sequence evolution of Ap stars. We are interested in a jesjb
namo effect arising from the instability, since this will@pvery
interesting possibilities of magnetic- eld generationvarious con-
texts. We are not proposing the dynamo effect to be overlyimp
tant for Ap stars.

The non-linear interaction of the unstalle= 1 mode may
generate an axisymmetric ampli cation effect of poloidalds out
of toroidal elds. In that case, the Tayler instability walybrovide a

closed dynamo loop besides the generation of toroidal biddif-
ferential rotation. Sustained dynamo action is conce#&alsl long
as there is a mechanism that sustains differential rotatunence
toroidal elds prone to instability. Rotating convectioorzes are
such providers of differential rotation, for example.

It is assumed here that the dynamo action can be described
by a non-vanishing turbulent electromotive force (EMF)idel
ering a large-scale axisymmetric magnetic eld from the non
axisymmetric instability state (which is not necessarilyugbu-
lent state). Everything axisymmetric is considered lsgale, all
non-axisymmetric contributions are considered smallestathis
context. We are also assuming that the mean- eld coef cently
relate the large-scale magnetic Rl and its rst derivatives with
the EMF, and use the decomposition

EMF = B + B (r B)
r B) (@B ©)
into symmetric - and -tensors, the vectors and , and the

third-rank tensor acting on the symmetric part of the tensor gra-
dient of B .

When restricting to the diagonal elements of one notes
that only can cause an axisymmetric growth of the large-scale
poloidal magnetic eld from an axisymmetric large-scalecidal
eld. Remember that the non-axisymmetric Tayler instabpilis
now supposed to be hidden in the mean- eld coef cients, ad i
not explicitely visible in this description. As long as wesdook-
ing for the driving of an axisymmetric dynamo, the existente
the Tayler instability and its properties are supposed teriwely
comprised by the mean- eld coef cients.

6.1 Existence of an

Our rst attempt to look for dynamo action thus consists aired-
ing for a correlation between thecomponent of the turbulent elec-
tromotive force tEMF = tu® BY% , and the -component of
the large-scale magnetic el#B i. The brackets refer to suitable
averages in space and, ideally, also in time. We simplifyatiedy-
sis further by using the azimuthal direction for the spatiadrage
and discard time averages. This type of averaging will beotizh
by overbars, hencEMF = (u® B9 andB . The angular
brackets will be used for averages over entire hemisphdrteeo
computational domain in the following.

Instead of averaging over time, we rather look at the tempora
evolution of the correlation betwe¢BMF andB . The uctuat-
ing quantities are thus derived by = u  TandB°= B B,
where overbars are alwaysaverages. The values of the average
turbulent EMF and®®  deliver scatter plots from all the radial and
latitudinal grid points of an entire hemisphere. The slopéhe
regression line as to represent and the correlation coef cient
were derived from these sets of paftEMF (r; );B (r; )g
from each snapshot in time and each individual simulation.

We also computed the kinetic helicity in the two hemispheres
(N and S) from the velocity uctuations by

Hy = u® curu® ; Hs= u® curlu® _; (10)

where averages are taken over entire hemispheres. It wiifitee
esting to see to which extent the kinetic helicity is relat@avhat
we measure as an-effect. Turbulence driven by convection leads
to an

1 .
= = o hu® curluf;

3 (11)

¢ 2010 RAS, MNRASDOQ, 1-13
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Figure 6. non-axisymmetric velocity eld (top) and magnetic eld (tiom) atr = 0:75 andt = 0:005 from run NLOO3. The axisymmetric parts (fast
rotation and strong toroidal magnetic eld) were subtrddi®m the snapshot before plotting. The contours reprebentadial components, while the arrows
are the projected eld directions on tlfe )-surface. Note that the actual resolution for the compurtatif the non-linear terms in both horizontal directions,

and , is twice as high as plotted here.

where ¢ is the correlation time. This has also been shown in var- of the velocity components. The initial

ious simulations (e.g. Giesecke, Ziegler & Riuidiger 2008p¥{a,
Korpi & Brandenburg 2009). Finally, the root mean squaresjrm
values of the velocity uctuations are computed for the entiom-
putational domain for the same snapshots in time.

We will again refer to the three simulations with perturbas
att = 0,t = 0:003 andt = 0:005. We recall that in the rst
one, the perturbation was added to a linearly stable staile ih
the other simulations, the perturbations were added tadipein-
stable cases. In the last case, the toroidal eld was alr@ady its
maximum value oB = 1434, but had still a supercritical strength
of B = 1361 (we recall that the maximum initial poloidal eld
strength was o = 300 for comparison).

Fig. 9 shows the estimate of for the run NLOOO with a
non-axisymmetric perturbation &t= 0 when no toroidal elds
were present initially. The evolution of this estimate of is com-
pared with measurements of the kinetic helicity and the vedses

¢ 2010 RAS, MNRASD0Q, 1-13

is solely due to the ini-
tial perturbation interacting with the system after thet time-step.
The dies out very quickly — in about one rotation period —and
oscillates around zero with negligible amplitude. The ealof

are then about 200 times smaller than the rms velocity. Theleo
tion coef cient of the two quantitie(EMF andB  in the second
panel of Fig. 9 is very close to zero all the time. Open symbods
actually those cases for which the hypothesis of uncoeeélgtian-
tities, i.e. no -effect, holds statistically. The correlation may be
still signi cant for the lled triangles. The limit was setugh that
there is a remaining probability of 1 per cent for the lledhslols

to represent uncorrelated quantities.

The helicity measured compares well with the rms velocity of
about 50 and the assumption that the length-scale for thieikpis
roughlyro ri, whenceu®i=(r, r;)=5000. The length-scale
is probably slightly smaller than the thickness of the sjgaéshell.
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We also note that the non-axisymmetric motions are domihiaye
their horizontal components.

The second set of plots in Fig. 10 is from model NLOO3 with
a perturbation at = 0:003 which is a bit more than two rota-
tion periods after the magnetic eld has reached its Taylestable
strength. The values of are about 10 times stronger than in
model NLOQO, and they are actually increasing during a spert
riod of about one rotation. The helicity is more than 10 times
stronger than in model NLOOO and has the same sign asun-
tilt  0:0075 The correlation coef cient reaches values 09:6.
There is apparently a second phase of a small, but signi cant
which has the opposite sign than the kinetic helicity.

The third set of plots in Fig. 11 shows the simulation NL0O05
with a perturbation at = 0:005 which is at a time when the axi-
symmetric toroidal eld has a strength & = 1361 and is al-
ready decreasing, and the average differential rotaticairesady
near zero. At that time, the linear stability limit is lowestthe
whole period considered here. The values of are a bit lower
than those of NLOO3, but are also rst increasing during dalmme
rotation period. Again, the correlation coef cient reashealues
around 0:6 in this run. The sign change, which was also present
in the of NLOO3, takes place dt= 0:0088 This is relatively
earlier than in NLOO3, when measured from the perturbatioe.t

The radial distribution of the -effect can tell us something
about the origin of the dynamo action. If one uses only thees
of u® BY% andB for a givenr from all the -locations in
a hemisphere, the resulting correlation will be a local anea-
dius. We should bear in mind though, that the become statisti-
cally less signi cant, since we obtain a regression linerfré7 grid
points only, in the cases of NLOO3 and NL0O5. We plot the corre
sponding distributions of  estimates versus radius for NLOO3 in
Fig. 12 with a perturbation at= 0:003.

Non-zero are mostly found in the inner half of the spher-
ical shell, atr < 0:75. Because of the vacuum condition on the
radial boundaries, we do not expect the turbulent EMF to bbe, ze
andthe  derived from the regression method thus need not van-
ish. A run with perfect conductor boundary conditionsr atvas
performed to evaluate the in uence of the inner boundarng Th
is then indeed zero at the inner boundary. The maximum vaifies

nearr = 0:6 are about 90 as compared to about110in
NL003. We will show spatial distributions of-components again
below, obtained with another method.

Note that there is no point in looking at the total magnetic en
ergies in these simulations. Since neither the differéntitation
nor the initial magnetic eld are imposed anywhere in the pom
tational domain, there is no long-lived energy source instystem
which could drive a dynamo noticeable in sustained mageeti-
gies. The concern of this Paper is rather the evolution of $t&o
objects with apparently stationary magnetic elds, suchregy-
netic intermediate-mass stars. We are not focusing oninasitey-
namo action here.

The spatial distribution of the kinetic helicity and the r@nt
helicity is shown in Fig. 13. The concentration of the h&jigiear
the inner boundary resembles the result from thmeasurement
which also showed larger values in the inner part of the cdeapu
tional domain. More precisely, we can see that the helisityatu-
ally concentrated near the place where the tangent cyliodehes
the inner sphere. The right panel is derived from the run Na0O
which has the same parameters as the run NLOO3, however, with
Rm = 40000. While the picture is more noisy than the one for
lowerRm, we also see the the helicity concentration becomes thin-
ner with respect to the axis distance. Note that the pertiorbaf
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this run actually kicks in at a different stage of supericaily as
compared to NLOO3, because rotation alters the stabiliytdi In
general, however, we have to conclude that a considerablefa
the kinetic helicity present in the system is due to the gadoz
setup, namely the presence of an inner cylinder. The situas
unchanged in the run with perfect conductor boundary candit
atr;.

This is different for the current helicity. A considerable
amount ofpositivecurrent helicity is measured in the bulk of the
northern hemisphere. We believe that it is mostly this pasitur-
rent helicity contributing to the small, but positive -effect in
the bulk of the northern hemisphere. The regression methadit
crude at this point; the below results from the test- eld hoet will
show this more clearly.

It is interesting to note that the sign of and the kinetic
helicity is the same in the inner half of the radial extent asd
pecially near the tangent cylinder. This contradictionhw(it1) is
apparently caused by a one-cell helical motion, rather thaan
average of turbulent motions. Interestingly, Reshetn2ék6) also
nds negative kinetic helicity along the tangent cylindalbeit it is
a convective, non-magnetic simulation. The feature is notng-
ous in the run with low Rayleigh number, in which convectisn i
not reaching a turbulent state. We think that the negativieitye
near the tangent cylinder of the northern hemisphere is a@rin
boundary effect, neither related to convective nor Tayistébility
turbulence.

6.2 Mean- eld coef cients from the test- eld method

The second attempt to look for dynamo action consists ofdbe t
eld method as described by Schrinner et al. (2007). In per&b
the actual non-linear simulation, several equations foragmatic-

eld like quantity b"") similar to the induction equation are evolved,
following the action of the large-scale and small-scal@eity,

andu® from the real simulation on given test- eI(E(T'). Because
of the similarity of the computational setup use here andhef t
simulations used by Schrinner et al. (2007), we implemettted
test- eld method precisely in the same way. Note the diffeidef-
inition of the signs of and in (9) though.

The separation of large-scale and small-scale contribsitio
u and is again done by azimuthal averages, leading to a laae-s
eld depending orr and only. Nine different test elds give rise to
27 test- eld equations, delivering nine mean electronmfigrces
E® from u® and theb(". ReplacingEMF andB by E(") and
§(T') in (9) leads to a system of equations which can be solved for
the mean- eld coef cients.

The values of the symmetric-tensor averaged over time are
shown in Fig. 14, taken from the run NLOO3 and the period from
t =0:0035tot = 0:0040 The initial phase of the onset of the in-
stability has thus been omitted. We see that itjis which has the
strongest peak values, followed by and . In an axisymmet-
ric mean- eld dynamo, , and are generators of the toroidal
magnetic eld. While has the same sign as the kinetic helic-
ity near the inner boundary, the other two diagonal elemeate
the opposite sign. The anisotropy of theeffect is due to the rel-
atively strong rotation of the system. The numbers can kecthyr
compared to the velocity measurements shown in Fig. 11.

The contributions from the derivatives Bf are rather small.
The coef cients | , , and are all positive and do not ex-
ceed the order or unity. Interestingly, the contributiasif several
pairs of coef cients nearly cancel in the construction of thrbu-
lent EMF. In particular, these are cancelling with ,and
with .
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6.3 Comparison

Both methods have their disadvantages. On the one hande+the r

gression method for the determination of ignores the possible
in uence of other mean- eld coef cients on the-component of
the turbulent EMF. The test- eld method, on the other haetles
on turbulence which is not magnetically driven. Only theoeel
ity eld from the actual simulation enters the determinatiof the
mean- eld coef cients. Our simulations are concerned witlag-
netically generated uctuations®andB °, however. It is therefore
very likely that the mean- eld coef cients determined byethest-
eld method are systematically querestimated. A comparief
the rms_magnetic eldsBms = hB @i, with rms velocities,

Ums =

the two for the run NLOO3.

Itis elucidating to compare the turbulent EMF measured from

the simulation directly with the turbulent EMF construcfezm the
mean- eld coef cients together with the measured largale® .
The directly measured EMF is about four times larger thanré¢he
constructed EMF. This ratio is very similar to the above rieergd
ratio of Byms to Urms . The current helicity shown in Fig. 13 in the

¢ 2010 RAS, MNRASD0Q, 1-13

hu®i, over time reveals a factor of about three between

shell fromr = 0:75tor = 0:95is even ten times larger than the

kinetic helicity in the same region.

7 SUMMARY AND DISCUSSION

We studied the ampli cation and stability of magnetic elds

the pre-main-sequence evolution of intermediate-mass. $ape-
cially the phase when the stars possess an extensive vadgti
velope already is considered. The ampli cation of a polbitiag-
netic eld by differential rotation is studied in a non-cative,
spherical shell. The feedback by the Lorentz force dimigssthe
differential rotation brings the eld growth to a halt. Theali ca-

tion time and amplitude only depend on the initial, poloideg-
netic eld. The ampli cation time is given by

t RP=B, (12)

and results to about 7500 yr for a star wkh = 3R , =
0:1 gcm 3, and an initial magnetic eld strength &, = 1 G.
These time-scales are very short, but one needs to bear ih
that the stellar winds in this phase of the evolution willl sémove

min
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angular momentum and partly sustain the internal difféaéno-
tation. It is very likely that the whole process of ampli tat and
onset of the instability take much longer in reality thangesied
by our initial-value simulations.

Instability occurs fairly early at an Alvfén angular veitycof
about o = RB =1000. This is much smaller than the condition
for stability, 2 < 3%, derived by, e.g., Pitts & Tayler (1985).
The difference is the much more complex structurd3ofin our
case with much stronger currents than the con guration deed
the analytical study, whe@ = s, B, = const. The fraction of
the critical Alfvén angular velocity to the actual rotatjio A=
was even smaller in the stability analysis of the solar tatihe
by Arlt, Sule & Rudiger (2007) where the toroidal magnetilds
were even more localised.

Test runs on the linear stability (step II) indicate the aifpas
shear has a stronger stabilizing effect than negative shear par-
ticular con guration. The test was performed on the torbig#d
att = 0:002 from step | withBo = 300 and an arbitrary angular
velocity ( s) increasing by 15 per cent froei=0 tos = 1. The
stability limit was atS > 2, while the stability limit for the same
non-axisymmetric mode witd =ds < OwasS = 1:2. This ex-
plains the steep increase of the lines of marginal stabilifyig. 2
aftert  0:06. In the pre-main-sequence evolution, it may be re-
sponsible for a long-term of stabilization as long as theistgain-
ing angular momentum on the surface by accretion. Thistgitua
is also stable against axisymmetric perturbations exgitie mag-
netorotational instability. It will be very interesting tmmbine the

simulations in this paper with the actual angular-momenéavo-
lution obtained from combining the effects of accretiongmetic
star-disk coupling, and magnetized winds.

During most of the pre-main-sequence period, the staras-rot
ing rather rapidly, with rotation periods of 1-2 days. Rapithtion
will suppress the Tayler instability in general. Once theraton
ceases and the disk turns into a more passive environmeheof t
star, the stellar wind leads to a spin-down of the star. Theease
of the rotation period can be quite steep, but only if stromgnetic
elds are present (Stepien & Landstreet 2002). We arevigth a
contradiction here, since the spin-down requires pologlds, but
the Tayler-instability providing these poloidal elds et in only
if the rotation period has already increased.

Another question concerns the time it takes for the unstable
magnetic eld to become visible on the surface. In the 3D danu
tion, we nd a maximum ofB,(ﬁgf) = 168 at the surface, about
18 rotation periods after the onset of the instability. Nibtgt the
initial poloidal magnetic eld was internal; the surfacelcewas
zero, but it develops surface elds of the order®fey’ 10 by
diffusion. The bottom panel in Fig. 10 demonstrates thatntioe
tions arising from the instability are mostly horizontahélfemer-
gence of the ux at the stellar surface is therefore ratheffagive
process. In the numerical simulation, the dynamical aniislife
time-scales are not as widely separated as in reality. We anay
gues that the emergence time is a diffusive one. Given aHengt
scale of say0:1R for the rise and a microscopic diffusivity of
1000 cn? s 1, this time-scale results in about 9 Myr. The true rise
time is certainly a combination of several effects and mafabter.

The rise of astabletoroidal ux tube was studied by Mestel &
Moss (2010). A tentative conversion of their time-scalde stel-

lar values leads to 150 Myr and more which is more than an order
of magnitude longer than in the unstable case (smallertsties).

The maximum poloidal eld at the surface converts to about
2.7 kG using (6). The time-scale of 9 Myr is actually very imte
esting for Ap stars, it may take some time on the main sequence
before the Ap phenomenon is observable (Hubrig, North & Msth
2000). Other observations favour a persistence of magredtis
from early Herbig Ae/Be stars to main-sequence Ap stars @\Vad
et al. 2007). By contrast, Hubrig et al. (2009) nd decregsimag-
netic elds in Herbig Ae/Be stars with age. While the obs¢iwaal
picture will be gradually completing, simulations for a idce-
guence of magnetic Reynolds numbers will be need to tell ndret
the emergence time-scale is indeed a fraction of the ddfusme.
Note that the above mentioned 2.7 kG are small compared to the
internally possible toroidal elds ol0°—10° G. What appears to
be a strong eld in observations, can yet be a remnant of soimgt
much larger.

Also the amount of complexity of the surface magnetic elds
is compatible with surface elds from Zeeman Doppler imagin
(e.g. Kochukhov et al. 2004). Note that differences in @hitiondi-
tions may cause a variety of nal surface eld strengths adl ae
a variety of emergence times, very similar to the complexeolss
tional picture that has been compiled up to now.

We are left with two possible ways to magnetic Ap stars: the
existence of fossil eld con gurations that are stable fary long
times on the one hand, and the emergence of magnetic elds by
an instability on the other hand, where the “disrupted’ cama-
tion is the observed and long-term stable one. Our paperestud
the latter option. Since the differential rotation vanslidee to the
presence of the elds, there is no further build-up of toedictlds
and the “disrupted' elds will be fairly stationary over dution-
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ary time-scales. A comparison of the topology at very latges
with the ones obtained in compressible, but non-rotatinguia-
tions by Braithwaite & Nordlund (2006) will be interestingnce
long enough simulations are available.

It is probable that the pre-main-sequence evolution of Assta
is a mixture of various phenomena: the presence or absenge of
substantial magnetic eld in the collapsing cloud core, @gible
short-lived dynamo during the convective phase (Arlt 20@8g
angular-momentum evolution controlled by various torquesd
the onset of the Tayler instability. It is still a challengeexplain
why roughly 10 per cent of the possible scenarios lead to thetar
phenomena, while the remaining fraction does not lead tngtr
elds at the stellar surfaces ( elds may still be hidden iretstar).
However, the study of differences in the rotational evolainclud-
ing differences in the amplitude of the differential roteti(deliv-
ering both a wide range of toroidal elds and large differerin
stability limits) are a promising eld to nd discriminatig situa-
tions between normal A stars and Ap stars.

Dynamo action- Apart from looking at the the evolution of
magnetic elds in the pre-main-sequence phase of Ap staes, w
also studied the possibility of driving a dynamo from thetaiml-
ity in terms of representing it as a mean- eld dynamo. We nd
enhanced values for the dynamoand related effects describing
the eld generation in a mean- eld context. An axisymmetdg-
namo driven by the Tayler instability cannot be excludethalgh
a proper energy source is missing in our setup. The preriég|fos
the existence of an-effect appears to be the presence of an inner
boundary at which most of the is concentrated, as is the kinetic
helicity. The situation is thus interesting for Earth-liganetary in-
teriors which have a solid inner core acting as an inner Walbe
interesting for a radiative zone, an inner boundary will &guired
such as a convective core, whose turbulent viscosity hamitasi
effect like a wall. This core should not be too far away frore th
Tayler-unstable zone, so a possible dynamo could be rdlévan
early B stars at best. The results do not support a dynamotfrem
Tayler instability in the solar tachocline though.

An interesting domain is the Earth's dynamo though, since
the outer, uid spherical shell of the core is very similarwdat
was studied here. Because of the rather small differerdtation
of the core, the onset of current-driven instabilities a#l a® he-
licity distributions as shown in this Paper are possibly egimg in
geodynamo simulations.
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