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1 The magnetorotational instabilit y

Rotating shear ows are very common in astrophysics. Rotation pro les of
stars, accretion disks, and galaxies are shear ows. The Rayleigh criterion
for stability of a given rotation pro le requiresan increasingspeci ¢ angular
momertum with distance from the rotation axis. This criterion is ful lled in
nearly all astrophysical objects. The rotation pro le in accretion disks obeys
roughly r 372 wherer is the axis distance.

A powerful ingredient to rotating shear o ws are magnetic elds, which
excite a linear instability even if they are weak in terms of energy compared
with the thermal energy The magnetorotational instability (MRI) has been
proven by analytical and numerical studiesto be very e cien t in generating
turbulence. The turbulent o wsemergingfrom the instabilit y lead to outward
transport of angular momertum (seee.qg.[1], [2], [3]). This is a very promising
nding for the problem of the formation of stars.

The MRI had not yet beenobsened in the laboratory at the time of the
Conference.Taylor-Couette experiments study the ow betweentwo coaxial
cylinders with one of them, or both, rotating. If the inner cylinder is rotating
{ by far the most often studied casein the laboratory { the rotation pro le

= A + B=r? looks similar to the Keplerian one, but is Rayleigh unstable
whencenot comparableto accretion disks. Nevertheless,the Taylor-Couette
o w bearsthe chanceto reproduce the MRI in an experimert.

2 Magnetorotational instabilit y in a Taylor-Couette o w

The fact that Chandrasekhardid not report on this MHD instability in [4]
is due to his approximation of very low magnetic Prandtl numbers, Pm =

=, where is the kinematic viscosity and is the magnetic di usivit y. He
had good reasonsfor that, since uid metals available have Pm 10 7 to
10 5. The standard Taylor-Couette ow with a rotating inner cylinder and
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a ratio of inner radius to outer radius, Rin=Royt = 0:5, gets unstable at a
Reynolds number of Re = 68. Figure 1 shows the lines of marginal stability
in dependenceof the imposed magnetic eld, normalized to the Hartmann
number Ha. If a uid of Pm = 1 would exist, a weak magnetic eld can
reducethe critical Reynolds number by about 10%. At Pm = 10, the critical
Reynolds number is as small as 23 (left panel). Becausesuc materials do not
exist, we have to go another way: instead of reducing the critical Re for the
MRI, we may increasethe critical Re for the purely hydrodynamic o w.
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Fig. 1. Lines of marginal stability for the magnetic Taylor-Couette ow with
Rin=Rouw = 0:5. LEFT: for a resting outer cylinder; RIGHT: for an outer cylin-
der rotation of 33% of the inner cylinder frequency.

While a rotating inner cylinder always meansdecreasingangular momen-
tum with axis distance, a rotation of the outer cylinder can make the Taylor-
Couette ow Rayleigh stable. The change occurs when the outer cylinder
rotates at 25% of the frequency of the inner cylinder. The critical Reynolds
number of the hydrodynamic case(ordinate crossingin the left panel of Fig. 1)
movesto in nit y. The MRI, however, requiresdecreasingangular velaity and
is still there. Now we can ask for the minimum of a curve at Pm = 10 °,
since the hydrodynamic instabilit y does not exist. The right panel of Fig. 2
shows the line of marginal stability for an outer-cylinder rotation rate of 33%.
Although the necessaryReynolds numbers are much higher than for Pm = 1,
an experimental con guration for Re  10° may be possiblewith

f = 22Hz=(Rj,=10cm)?> and B = 1170Gauss<(Ri,=10cm); (1)

wheref is the rotation rate of the inner cylinder and B is the magnetic eld
threading the setup. Although the parametersare not readily achievedin an
experiment, especially sincethe uid will most likely be liquid sodium, the
technical possibilities are about to be su cien t for a magnetic Taylor-Couette
experiment studying the MRI.

The succesf the experiment is basedon the hydrodynamic stability of
the setup. Since there is corntroversy about the experimental stability of a
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con guration with a rotating outer cylinder, a rst experiment must address
the stability of the o w which is predicted by linear analysis and obsened in
[5], but is not found in older experiments [6] and hitherto rarely investigated.
The MHD models alsoimply electric boundary conditions. The necessary
rotation rate for perfectly conducting boundariesis 50% higher than for insu-
lating boundaries.However, the excitation of nonaxisymmetric modesis then
possible.Sincedynamo-generatedmagnetic elds must be non-axisymmetric,
the magnetic Taylor-Couette ow experiment thus provides the chance of
driving a dynamo with a fully \self-determined” o w causedby the MRI. The
energywill solelybe provided by the walls maintaining their rotation velocity.

Fig. 2. Lines of marginal stability for the Taylor-Couette o w with Hall e ect.

3 Taylor-Couette o w with Hall e ect

In astrophysical objects, shear ows often occur in thin plasma where the
full coupling betweenions and electrons may not be given. The magnetohy-
drodynamic behaviour of the gasis then described by the Hall e ect which
is an additional electric eld due to the independert drift of electrons. The
induction equation can be modi ed to

@=@=curl(u B) curl(culB B)+Rb ! 4B; (2

where u contains the shear o w and Rb is the Hall parameter combining the
magnetic badkground eld, the electric conductivity, and the electron number
density. Together with the Navier-Stokes equation, we may ask whether the
MRI still existsin the Hall regime.

A linear analysishas beencarried out on the Taylor-Couette ow [7]. The
magnetic Hall-shear instabilit y is indeed found for a certain range of imposed
magnetic elds. Figure 2 shows the lines of marginal stability for various
rotation proles. The left panel shows the caseswhere the outer cylinder
rotates slower or even in the opposite direction than the inner cylinder. The
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gradient d =dr is negative. The right panel shows the casesof higher outer
rotation rate, whenced =dr > 0. The astonishingresult is that the emergence
of an instabilit y now dependson the direction of the magnetic eld { parallel
or antiparallel to

The nding is of importance in astrophysics, since concerns have been
expressedas to whether or not the MRI is excited in thin gaseswhere the
coupling betweenparticles may not be su cien t. The analysiswith Hall e ect
supports the MRI in very thin gas, although only for half of the possible
alignments of rotation axis and magnetic elds.

4 A Hall-dynamo

The last considerations regard the excitation of a kinematic dynamo from
the induction equation with Hall term. They are kinematic in the sensethat
the ow is given by the laminar Taylor-Couette ow providing shearto the
induction equation, but the badk-reaction of the magnetic elds is not consid-
ered, the Navier-Stokesequation is not solved. The results will only be valid
as long as the magnetic energy is small compared to the kinetic energy A
one-dimensionaldomain extendsin the z-direction and is subject to a verti-
cal magnetic eld B, normalized to the Hall parameter Rb. The linearized
equationsfor such a Hall dynamo read
@B« _ @By + Rb@By and @y _ @By @Bx; 3)

@ @2 @? @ @2 @2
whereC = (duy=dx)R= measuresthe shearin x-direction. A vacuum exte-
rior is assumed,whenceBy( 1) = By( 1)= 0 asboundary conditions.

Growing modes for the magnetic elds are found for a minimum shear
of C > 2=2. At any stronger shear, a certain range of imposed magnetic
elds leadsto growing solutions. Recert computations in two dimensionsand
with galactic rotation pro les con rm the dynamo instabilit y; again the onset
depends on the alignment of the magnetic eld with the angular velocity
vector [8].

+C Bx Rb
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