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es, 20 Clarkson Road, Cambridge, CB3 0EH, UKJune 30, 2005Abstra
t. The three-dimensional, hydrodynami
 stability of the solar ta
ho
line was investigated based on arotation pro�le as a fun
tion of both latitude and radius. By varying the amplitude of the latitudinal di�erentialrotation, we found linear stability limits at various Reynolds numbers by numeri
al 
omputations. We repeatedthe 
omputations with di�erent latitudinal and radial dependen
es of the angular velo
ity. The stability limits areall higher than those previously found from two-dimensional approximations and higher than the shear expe
tedin the Sun. It is 
on
luded that any part of the ta
ho
line whi
h is radiative is hydrodynami
ally stable againstsmall perturbations.1. MotivationHelioseismology has provided us with information on theinternal rotation of the Sun. The angular velo
ity dependson latitude, as well as radius. The dependen
e is mainly alatitudinal one in the bulk of the 
onve
tion zone, whereasthe solar radiative 
ore rotates nearly uniform with anangular velo
ity of the 
onve
tion zone at about 30Æ lat-itude. The transition from the di�erential rotation in the
onve
tion zone to the uniform rotation in the 
ore is thin{ probably thinner than 5% of the solar radius { and is
alled the ta
ho
line.The 
onve
tion zone is thermally over
riti
al and thestability of shear 
ows is not an issue there. The shear inthe ta
ho
line, however, is latitudinal and radial and maybe subje
t to shear-
ow instabilities. If the ta
ho
line isturned into a turbulent layer, a problem arises with themixing of elements, most notably with Lithium, whi
h willbe destroyed in nu
lear fusion up to 0.68 solar radii (R�),just below the 
onve
tion zone. A turbulent ta
ho
linemixing the Lithium into its fusion zone would 
ontradi
tthe observed relatively high Lithium abundan
e at thesurfa
e of the Sun.The situation in the solar ta
ho
line was des
ribed bySpiegel & Zahn (1992) as exhibiting horizontal turbulen
e,ex
ited by hydrodynami
 shear-
ow instability. It was ar-gued that the two-dimensional turbulen
e provides angu-lar momentum transport but inhibits too strong a mixingof Lithium below 0:68R�.The hydrodynami
 stability of the latitudinal shearin the ta
ho
line was studied by Watson (1981). The de-penden
e on 
olatitude � was 
 = 
eq(1 � �2 
os2 �),where 
eq is the equatorial angular velo
ity at the bot-tom of the 
onve
tion zone and �2 is a parameter for

the relative equator-to-pole di�eren
e of the angular ve-lo
ity. Watson found instability for a di�erential rotationwith �2 > 0:286. At that time, this was supposed tobe in the vi
inity of the value of solar di�erential rota-tion, and the result was not de�nitely de
isive between aturbulent and a stable ta
ho
line. The investigation wastwo-dimensional, arguing that the stable strati�
ation willnot allow signi�
ant radial 
ows, but the radial shear isthereby negle
ted, too.Charbonneau et al. (1999a) extended the linear stabil-ity analysis to various rotation pro�les of the form
 = 
eq(1� �2 
os2 � � �4 
os4 �): (1)Di�erent layers of the ta
ho
line were asso
iated with dif-ferent results from helioseismology in terms of �2 and�4. The upper layer, whi
h is thought to be penetratedby 
onve
tive overshooting, was found to be unstable tothe shear, whereas the lower layer with smaller latitudinalshear turned out to be stable. In a step towards the three-dimensional stability of the ta
ho
line, Dikpati & Gilman(2001) studied the two-dimensional system allowing fordeformations in the third { the radial { dimension. As aresult, the 
riti
al di�erential rotation for instability wasredu
ed to 11% in the overshoot part of the ta
ho
line.In order to address the entire ta
ho
line, be
ause theta
ho
line is a pla
e where latitudinal and radial shearmeet, we investigate the stability of the three-dimensionalrotation pro�le. Although it is very reasonable to assumethat radial 
ows will be weak, the variation of the latitu-dinal di�erential rotation with radius a
ross weakly 
ou-pled spheri
al layers 
ould provide di�erent results for thestability of the ta
ho
line. We will briefly summarize thenumeri
al ba
kground in Se
tion 2, provide details of the
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Fig. 1. Verti
al 
ross-se
tion through the solar ta
ho
line with
ontours of the assumed angular velo
ity depending on radiusand latitude as given by (2). The highest angular velo
ity isat the equator (bottom right), and radially 
onstant rotationo

urs at a heliographi
 latitude of 30Æ.
omputational results in Se
tion 3 with di�erent rotationpro�les, and summarize our �ndings in Se
tion 4. We �ndthat the ta
ho
line is hydrodynami
ally stable in all the
on�gurations studied. This paper is thus intended to be apreparatory step towards fully three-dimensional studiesof the MHD stability of the ta
ho
line.2. Computational setupThe rotational pro�le depends on both latitude and ra-dius in this study. Between the inner and outer radius ofthe ta
ho
line, ri = 0:65 and ro = 0:7, respe
tively, theangular velo
ity is de�ned by
(r; �) = 
eq�1� �2 
os2 � � �2�14 � 
os2 �� ro � rro � ri �; (2)where � denotes the 
olatitude in the spheri
al shell, r theradial 
oordinate, and 
eq the equatorial angular velo
ity.The pro�le implies that the rotation velo
ity at the innerboundary of the 
omputational domain, r = ri, is the oneat � = 60Æ (or 30Æ heliographi
 latitude). This appearsto be a valid assumption in agreement with various helio-seismologi
al inversions (re
ently e.g. S
hou et al. 2002),whereas 
ore rotation may be adopted at larger latitudeshigher up in the 
onve
tion zone. The formation of theta
ho
line rotation pro�le is supposed to be 
aused bothby rotating 
onve
tion on top of it and by redu
tion ofdi�erential rotation by magneti
 �elds in the solar 
ore atthe bottom. Su
h a pro�le 
auses a meridional 
ir
ulationrea
hing steady-state in 
ompetition with the aforemen-tioned (or other ta
ho
line-forming) e�e
ts (see e.g. Suleet al. 2005). In our linear analysis, this 
ow has no e�e
t onthe stability of the non-axisymmetri
 modes investigatedin this Paper.

We employ the in
ompressible, vis
ous Navier-Stokesequation and linearise the problem. We 
an then separatethe axisymmetri
 ba
kground rotation U from the non-axisymmetri
 
ow u. The latter is evolved by numeri
al
omputations. The normalised equation of motion reads�u�t = u�r�U +U �r� u�rp�r(u �U ) +4u; (3)and the 
ontinuity equation r�u = 0 holds. The equationis evolved with the spe
tral spheri
al 
ode by Hollerba
h(2000). We look for exponentially de
aying or growing so-lutions in order to �nd the 
riti
al di�erential rotation�2 of the marginal 
ase. The a
tual integration employsthe radial 
omponents of the 
url and the 
url-
url of theequation, thereby eliminating the gradient terms. The lin-ear (vis
ous) part of the full equation of motion is evolvedimpli
itly, while the nonlinear parts are integrated expli
-itly with the adve
tion term and the for
es being 
om-puted in real spa
e. We kept this splitting even in our lin-earised problem, sin
e a fully impli
it s
heme would haverequired a substantial modi�
ation of the 
ode. The4u isthus treated impli
itly, the other rhs terms (two remain-ing after 
urling) are 
omputed in real spa
e and are usedfor a se
ond-order Runge-Kutta integration.The normalisation of the equation with the vis
oustime �� = r2o=� and the length s
ale ro leads to theReynolds numberRe = r2o
eq� (4)as a free parameter, whi
h is essentially a variation of thevis
osity � sin
e radius and 
eq are suÆ
iently well known.The solar Reynolds number in the ta
ho
line is { in termsof the de�nition of (4) { about 1014. We try to a
hievetime series for numeri
ally demanding Re > 104. By 
om-parison with known results from invis
id two-dimensionalanalyses, we �nd that the 
riti
al vis
ous di�erential ro-tation at Re > 103 or 104 is already suÆ
iently 
lose tothe invis
id value.The velo
ity is de
omposed into toroidal and poloidalpotentials, u = r�(er̂)+r�r�(f r̂), where r̂ is the unitve
tor in radial dire
tion. The potentials are again de
om-posed into radial Chebyshev polynomials and spheri
alharmoni
s. Sin
e it is potentials being evolved, the 
on-tinuity equation is ful�lled automati
ally. The density is
onstant throughout the 
omputational domain. In a thinshell of 5% of the solar radius, this is a reasonably goodapproximation of the true situation. We also do not takeany deformation of the ta
ho
line into a

ount. Top andbottom radii of the ta
ho
line are 
onstant over latitude.Charbonneau et al. (1999b) found a prolate ta
ho
linewith the equatorial part lo
ated at slightly smaller radiusthan the polar end. We assume that the di�eren
e of 3.5%in lo
ation of the ta
ho
line has negligible e�e
t on the re-sults, but this may be a question for future investigations.The radial boundary 
onditions for the velo
ity per-turbations are stress-free at both ri and ro. At Reynolds



Rainer Arlt, Aniket Sule, G�unther R�udiger: Ta
ho
line stability 3

Fig. 2. Streamlines of the symmetri
 eigen fun
tion of the 
om-putation with a three-dimensional pro�le 
(r; �) on the surfa
eof the ta
ho
line at r = 0:7. Two 
ir
ulation 
ells are found onea
h hemisphere.numbers of Re > 104, high spe
tral resolution was ne
es-sary to obtain reliable results. Up to 80 Chebyshev and 80Legendre polynomials were used to resolve the 
ow prop-erly.The azimuthal modes of the problem des
ribed by (3)are de
oupled, and we 
an study the stability of individualm-modes separately. Moreover, even and odd latitudinalmodes (symmetri
 and antisymmetri
 modes with respe
tto the equator) de
ouple, and we will have a look into the
riti
al di�erential rotation for the ex
itation of instabilityof the two kinds separately. The radial modes all 
oupleand do not provide results on the stability of individualradial wavelengths.3. Results3.1. Stability of various solutionsIn a set of �du
ial 
omputations, we applied a purely lat-itudinal pro�le of the angular velo
ity. An m = 1 modeis evolved with the pro�le of (1), where �4 = 0 and �2 isvaried. Sin
e we solve a vis
ous problem, the 
riti
al dif-ferential rotation, �
rit2 , depends on the Reynolds number.The result is already very 
lose to Watson's invis
id re-sult for Re � 1000. This is a good reason to assume thatthe numeri
al solutions rea
hing Re � 30 000 are suitableapproximations for the solar plasma.Despite allowing for radial motions, the evolution pro-vides solutions whi
h are nearly toroidal and do not showsigni�
ant radial 
ows. They are surfa
e 
ows formingtwo 
ells on ea
h hemisphere with stream lines throughthe poles. Figure 2 shows a representation of the 
ow inthe spheri
al surfa
e. The graph has to assume that thepoloidal 
omponent of the velo
ity is zero, though, whi
his not entirely true.The se
ond step involved the rotation pro�le of (2),for whi
h the 
riti
al steepness of the di�erential rota-tion, �
rit2 , is again sought for various Reynolds numbers.
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REYNOLDS NUMBERFig. 3. Lines of marginal stability for the 
ombined latitudinaland radial shear (solid line) and the purely latitudinal shear(dashed line). Di�erential rotation denotes the per
entage bywhi
h the pole's angular velo
ity is slower 
ompared with theequatorial one. It is expressed by �2 from (1) and (2) here.
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REYNOLDS NUMBERFig. 4. Lines of marginal stability for the antisymmetri
m = 1solutions 
aused by the 
ombined latitudinal and radial shear(solid line) and the purely latitudinal shear (dashed line).Figure 3 shows the lines of marginal stability, i.e. the 
rit-i
al di�erential rotation, versus Reynolds number for thesymmetri
m = 1 mode. The solid line refers to pro�le (2),and the dashed line is the latitudinal pro�le and 
onvergesto the result by Watson (1981) for Re!1.The most easily ex
ited patterns of m = 1 are alwayssymmetri
 with respe
t to the equator. We 
an also lookfor the stability of antisymmetri
 patterns and �nd the re-sults shown in Fig. 4. They are stabler than the symmetri

on�gurations with an 
(r; �) pro�le. The antisymmetri
solutions from the 
(�) pro�le have also higher 
riti
aldi�erential rotation values than their symmetri
 
ounter-parts.The patterns drift with a 
ertain velo
ity in azimuthaldire
tion around the solar axis. Sin
e the equations holdfor the nonrotating system, we 
an dire
tly 
onvert thepattern rotation into physi
al times. The pattern rotationperiods for the 2D and the 3D pro�les of 
 are shownin Fig. 5 by a dashed and a solid line, respe
tively. Thea
tual solar rotation periods are also plotted. The refer-en
e equatorial period of 25.44 d (
eq = 455 nHz) is givenas dash-dot line. The pattern rotation periods are deter-mined at marginal stability. Sin
e the marginal 
ase gives
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P      [2D]pole

P      [3D]pole

PeqFig. 5. Rotation period of the 
ow pattern for the two-dimensional (long-dashed) and the three-dimensional (solid)rotation pro�le. The numbers are 
omputed assuming an equa-torial rotation period of 25.44 d (
eq = 455 nHz) plotted witha dash-dot line. Periods are 
omputed at marginal stability;the polar rotation period for this 
riti
al di�erential rotationis plotted as short-dashed and dotted lines for the 2D and 3D
ases, respe
tively.us a value for the di�erential rotation, we also plot thepolar rotation period Ppole versus Re. The short-dash lineis for the two-dimensional 
(�) pro�le, and the dotted linefor the three-dimensional 
ase des
ribed by (2).The pattern rotation periods are always between theequatorial and polar rotation periods, in agreement withthe 2D results by Charbonneau et al. (1999a). While thepatterns from the 2D-
 pro�le are 
lose to the polar ro-tation period, the patterns for the 3D pro�le rotate withnearly the average rotation period between the polar andequatorial ones.We 
an 
ompute the time after whi
h the pattern ispassed by a given point on the equator. This time is often
alled lap time. Assuming an equatorial rotation period of25.44 d (
eq = 455 nHz), we �nd a lap time of 91 d forthe 2D 
ase and a lap time of 78 d for the 3D 
ase.Modes with higher azimuthal mode numbers requiresigni�
antly higher di�erential rotation for instability. Theantisymmetri
 m = 2 mode, whi
h is symmetri
 with re-spe
t to the equator, was found to be stable even in theentire parameter range 
overed by Fig. 3. This is in agree-ment with the invis
id, two-dimensional stability analysisby Charbonneau et al. (1999a). The stability lines for theantisymmetri
 m = 2 mode are shown in Fig. 6. We 
ouldnot �nd instability for any m = 3 mode in the range 
ov-ered by Fig. 3.3.2. E�e
ts of buoyan
yLittle in
uen
e is expe
ted from the stable temperaturegradient in the ta
ho
line. Sin
e we do have the 
han
eto prove this in our three-dimensional simulations, wedemonstrate the e�e
t of a negative buoyan
y for
e onthe stability of the di�erential rotation. The Navier-Stokesequation is extended by the buoyan
y for
e and reads in
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REYNOLDS NUMBERFig. 6. Lines of marginal stability for the antisymmetri
m = 2mode resulting from the 
ombined latitudinal and radial shear(solid line) and the purely latitudinal shear (dashed line).the non-dimensional form as�u�t = u�r�U +U �r� u+Ra�r �rp�r(u �U ) +4u; (5)���t = �U � r�� u � rT + 1Pr4�; (6)with a ba
kground temperature pro�le ofT = riro � ri �ror � 1� (7)and the Prandtl number as the ratio between vis
osityand thermal di�usivity, Pr = �=�. The Rayleigh numberin (6) isRa = g�(Ti � To)r3o�2 ; (8)where g is the gravitational a

eleration, � the 
oeÆ
ientof volume expansion, and Ti and To are the temperaturesat the two boundaries. In the Boussinesq formulation usedhere, the presen
e of a sub-adiabati
 temperature gradienta
tually translates into a negative value of Ra. We set ourversion of the Rayleigh number to a value as small (\asnegative") as Ra = �108 in order to see any notable e�e
ton the 
ow. The Prandtl number is set to unity.The 
riti
al di�erential rotation for a growing symmet-ri
 m = 1 mode at Re = 104 in
reases slightly to 53.3%,as 
ompared with the non-buoyant value of 52%. This isin line with the fa
t that the solutions 
ontain nearly hor-izontal motions.3.3. E�e
ts of higher-degree termsThe di�erential rotation has been expressed by a 
os2 �dependen
e in latitude and a linear r dependen
e overradius. We are studying the stability of the three-dimensional ta
ho
line setup with higher-degree depen-den
es in this se
tion, su
h as the 
os4 � term and a non-linear radial dependen
e of 
.
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Fig. 7. Contours of the assumed angular velo
ity with a radialdependen
e as in (10). The highest angular velo
ity is againat the equator (bottom right), and radially 
onstant rotationo

urs at a heliographi
 latitude of 30Æ.In
luding the 
os4 � term in (2) yields an angular ve-lo
ity pro�le of the form
(r; �) = 
eq�1� �2 
os2 � � �4 
os4 � � ro � rro � ri �� ��2�14 � 
os2 ��+ �4 � 116 � 
os4 ���� : (9)The 
omputations for the full pro�le 
ould not be eas-ily extended beyond Re = 5000, but the results for thepossible Re and for the easier two-dimensional 
(�) showno de
reased 
riti
al di�erential rotation when the 
os4 �term is in
luded. This also holds for the extreme 
ase of�4 
arrying the shear alone (�2 = 0).Starting from (2), a modi�ed 
-pro�le was 
onstru
tedin order to �nd any in
uen
e of the parti
ular radial de-penden
e of the latitudinal shear on the results. We used
(r; �) = 
eq�1� �2 
os2 � ���2�14 � 
os2 ��12�1� 
os� ro � rro � ri ����:(10)The radial pro�le introdu
es two in
e
tion points. It doesnot apply the usual error fun
tion for the radial 
-stepin order to obtain an exa
t �
=�r = 0 at both innerand outer boundary. A graphi
 representation is shown inFig. 7.The 
riti
al di�erential rotation for instability is shownversus Reynolds number in Fig. 8. We were able to rea
hextraordinary Reynolds numbers of 105, probably be
auseof the vanishing �
=�r at the boundaries. Instability doesnot o

ur at redu
ed di�erential rotation, and the line ofmarginal stability a
tually 
onverges to the simpler pro�le(2) for high Re. The additional e�e
t of buoyan
y on thestability of the pro�le (10) with in
e
tion points is alsoshown as a dashed line.
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REYNOLDS NUMBERFig. 8. Lines of marginal stability for an angular velo
ity pro-�le given by (10) having two in
e
tion points over radius. Thesolid line refers to the non-buoyant 
ase, Ra = 0; the dashedline has Ra = �108.4. SummaryA fully three-dimensional, linear analysis of the stabilityof the solar ta
ho
line was 
arried out. If radial variationof the angular velo
ity is in
luded in the model, the max-imum pole-equator di�eren
e of the angular velo
ity 
anbe as large as 52% for a symmetri
 m = 1 mode before in-stability sets in. Two-dimensional analyses have deliveredmu
h lower 
riti
al values. The di�eren
e between 3D and2D is not radial 
ows emerging from the extension in thethird dimension, but it is the 
hanged stability 
onditionsemerging from the radial shear and radial dependen
e ofthe di�erential rotation.Other modes, su
h as higher m or di�erent 
ow sym-metries, do not get unstable at lower 
riti
al di�erentialrotation values under the in
uen
e of a three-dimensionalrotation pro�le.The stabilizing e�e
t of the temperature gradient hasbeen added, but sin
e all the unstable modes are verynearly horizontal, the in
uen
e is small. The assumptionthat horizontal motions dominate is valid even without astabilizing temperature gradient. However the assumptionthat spheri
al shells of in�nitesimal thi
kness do not in-tera
t with ea
h other is not appli
able, a

ording to ourresults. One may argue that the vis
osity in the 
omputersimulations is mu
h too high, but the variation of the re-sults is small at Re > 1000. This is an indi
ation that
omputations with Re = 104 or higher are a good ap-proximation of the near-invis
id solar 
ase. We 
on
ludethat all parts of the ta
ho
line not a�e
ted by 
onve
tiveovershooting are stable. We believe that the answer to thequestion of the dynami
al state of the ta
ho
line will begiven by MHD 
omputations of a three-dimensional do-main.A
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