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Abstract. We investigate the thermal, magnetic and rotation&his evidence is rather strong for the old population of PSRs, i.e.
evolution of isolated neutron stars assuming that the dipotar>> 100 Myrs, while for the younger population evidence for
magnetic field is confined to the crust. Our treatment, for tmeagnetic field decay is much weaker. As investigated by popu-
first time, uses a fully general relativistic formalism not onljation synthesis methods (Bhattacharya et al. 1992, Hartman et
for the thermal but also for the magnetic part, and includes paf- 1997), observations and models are in harmony provided one
tial general relativistic effects in the rotational part. Due to theccepts the hypothesis that NS magnetic field decays very little
fact that the combined evolution depends crucially upon tlering the firstr, < 10 Myrs. The NS magnetic field decay
compactness of the star, three different equations of state hdepends strongly on where is the field located in the NS, what
been employed in the calculations. In the absence of general iglits structure and strength. It is also related to the equation
ativistic effects, while upon increasing compactness a decrea$state (EOS) of NS matter and the conductive properties of
of the crust thickness takes place leading into an acceleratidense matter which are moreover affected by its thermal his-
field decay, the inclusion of general relativistic effects intend tory too. In case the field is of fossil origin, or alternatively has
“decelerate this acceleration”. As a consequence we find thagen generated via a dynamo action during the proto—NS phase
within the crustal field hypothesis, a given equation of state({®hompson & Duncan 1993), it is expected to thread most of
compatible with the observed distribution of pulsar peridts the star. Early estimates of the electric conductivity of NS mat-
and period derivative® provided the initial field strength andter lead to the conclusion that magnetic field of NSs will not be
currentlocation as well as the magnitude of the impurity contediissipated during a Hubble time (Baym et al. 1969). However,
are appropriately constrained. more recent investigations regarding the conductive properties
Finally, we access the flexibility of the soft, medium andf nuclear matter in the presence of a strong B-field yield con-
stiff classes of equations of state as candidates in describthugtivities leading to much shorter field decay times (see e.g.
the state of the matter in the neutron star interiors. The coiaensel et al. 1990, Goldreich & Reissenegger 1992, Urpin &
parison of our model calculations with observations, togeth8halybkov 1995, Shalybkov & Urpin 1997). Besides the con-
with the consideration of independent information about neductive properties of nuclear matter, another distinct mechanism
tron star evolution, suggests that a not too soft equation of stltading to a B-decay process is based on the idea of magnetic
describes neutron star interiors and its cooling proceeds aldlux expulsion from NS core driven by rotation or/and buoyancy
the ‘standard’ scenatrio. (Muslimov & Tsygan 1985; Srinivasan et al. 1990). Once the ex-
pelled field reaches the star’s crust it subsequently suffers Ohmic
Key words: stars: neutron — stars: pulsars: general — stars: malgcay. Ding et al. (1993) considered in detailed this process and
netic fields — relativity — dense matter — magnetic fields have found typical decay times of the orderl6f) Myrs. Re-
cent investigations, which take into account the effect of the NS
crust onto the process of flux expulsion (Konenkov & Geppert
1. Introduction 2000) estimated even longer decay times for a field anchored in

fluxoids in the superfluid NS core.
The question whether and, if so, how the magnetic field of iso- Although the issue of whether the field is penetrating the
lated neutron stars (NSs) decays is a controversial issue anghfire star or part of it is an open one, there exist, however, good
subject of hot scientific debates. The observed rotational pgiasons to believe that the NS magnetic field is maintained by
ods P and time derivative” of about 700 pulsars (PSRs) (Se@yrents in the crust. One possibility is the generation of the field
PSR catalogue, Taylor et al. 1993) and studies of their inferrgg thermomagnetic effects during the first years of the NS life
surface magnetic field strength versus their active agepfo-  (gjandford et al. 1983, Urpin et al. 1986, Wiebicke & Geppert
vide evidence that the magnetic fields of NSs is subject to dec;@g%)_ The most recent and detailed investigation of the mag-
Send offprint requests t®. Page netic and spin evolution of isolated NSs with a crustal dipolar
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field has been performed by Urpin & Konenkov (1997, UK97esults of our model calculations and Sect. 5 is devoted to the

thereafter). They found a good agreement with observatiomgcussion of the results. We briefly conclude in Sect. 6.

data provided the EOS is not too soft, the initial surface mag-

netic field strength lies in the range bi'? to 3 x 10'> G and  » General relativistic formalism of static spherical stars

is initially confined to densities of0'? to 10'3 g cm—3 within

the crust. Miralles et al. (1998) considered the effect of a crustdle spacetime geometry will be assumed to be spherically sym-

field decay onto the thermal evolution of a NS and they hateetric, which means that our results may not be accurate for fast

concluded that a considerable amount of heating takes plac&dating neutron stars. Employing the familiar Schwarzschild

the the crust after abo@tto 10 Myrs, a period during which the coordinateg(t, r, 6, ¢), the interior and exterior spacetime ge-

NS has cooled down t§ 10° K. Consequently, Joule heatingo™Metry takes the form (Misner et al. 1973; Wald 1984)

can maintain a warms{ 5 - 10* K) NS surface for a period of 2

hundreds of Myrs. ds® = —e*® Pt + T=2Gmjr
All of the above described works ignore the curvature of

spacetime. To date there exist no calculation treating self cdrie radial proper length is thu# = dr/\/1 — 2Gm/c?r and

sistently the thermal and magnetic evolution of NSs which incdhe proper timelr = e®dt.

porate General Relativistic (GR) effects. As it has been argued Einstein’s equations coupled to a perfect fluid energy-

elsewhere by the present authors (Geppert et al. 2000, refememmentum tensor give us the standard equations (Misner et

to as GPZ00 hereafter), relativistic effects on the B-field evat. 1973; Wald 1984):

lution must be included in detailed investigations. A previoug,,, )

attempt to incorporate GR effects has been presented by SW =4nrep, (2)

gupta (1997, 1998). However this author apparently did not tak%

into account the proper boundary condition associated with r&ft

ativistic treatment and furthermore his formalism applies onlyd Gmc? + 4rGr3P

to a Schwarzschild geometry. Moreover, he claims that the dg; — 21— 2Gm/c?r)’ (3)

cay rate of the field is decreased by several orders of magnitude,

a conclusion being in variance with the one obtain by Gpz0gy the ‘gravitational potentiakb = ®(r) and the TOV equation
and the present work. of hydrostatic equilibrium

In the present paper we investigate in details and in a sé€lP 9 d®
consistent manner, GR effects at first on both: the thermal agg — —(pe” + P)% -
magnetic evolution of NSs. We consider three different EOSs
and via numerical integration of Einstein’s equations, neutron (p+ P/c*)(Gm + 47TGT3P/62)_ (4)
star models are constructed characterized by the compactness r2(1—2Gm/c*r)
ratio varying in a large range. We solve simultaneously the relRegularity of the geometry at= 0 implies the inner boundary
vant evolution equations and thus our approach naturally revegddition for Eq(2
the mutual dependencies of EOS, mass—to—radius relation, ini-
tial field structure and strength, and thermal history of NSs. fRr=0)=0 ®)
particularly, as far as the cooling is concerned we consider tWile for Eq[2 the central pressure
scenarios: the ‘standard’ slow neutrino emission scenario and
also the so called enhanced neutrino emission which results i@ = 0) = Fe (6)
much lower temperatures in young NSs. In order to avoid de@d-specified, through the EOS of the forf = P(p), with
ing with the uncertainties related to the behavior of the ﬁetﬁe central densitpc treated as a free parameter. Due to the

within the superconducting core, as a first step in the pres@Akar nature of Eq. (3)p can be scaled so that it always can be
paper, we consider only magnetic fields not penetrating the iy§anged to fulfill:

core. Thus, the present analysis is within the framework of the

crustal magnetic field hypothesis. We use our results from tgem) —J1— 2GM @)
GR treatment of thermal and magnetic field evolution imple- 2R’

mented by a semi-relativistic treatment of the spin evolution @nce the interior spacetime geometry has been so specified it is
confront the crustal field hypothesis to observational data. joined smoothly across the “surface” of the star to an exterior

The paper is organized as follows: In the subsequent sect®thwarzschild field characterized by = m(R).
we remind the reader of the GR formulation of the equations |t should be mentioned that the stellar surface in our com-

of stellar structure, the heat transport and conservation eqgatation is fixed by

tions as well as the induction equation on a static sphericall

symmetric background geometry. We also present the evolutidri= {istar = (P = po) (8)
equations for an axisymmetric dipolar magnetic field as well @herep, = 101° gcm 3. This guarantees that the EOS is tem-
relativistic expressions for the Joule heating. Sect. 3 describggature independent. The layers at densities belgwalled
the microphysics used in our models. In Sect. 4 we present thgenvelopeare treated separately (see Seci. 2.4).

+7r2d02. (1)

ich determines the so called mass functior= m(r),
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2.1. Thermal evolution equations since these two processes of heat conduction work indepen-

. . dently and in parallel.
Besides the above equations of stellar structure we shall needWe will present our results of thermal evolution by using

the equations describing the thermal evolution of the star. At t €, ‘effective temperature at infinitf’> = T, - ¢*(®) related
temperatures we are interested in, the neutrinos have amean [&€Re luminosi perature oo L _2<I>6(R)

) . 0 the ‘luminosity at infinity’ LS° = L, - e through the
path much larger thanthe rad|usofthestar(Shaplro&TeukoIsr dius at infinity’ B = R . e~ ®(® p
1983) and thus leave the star once they are produced. Energy y o y

balance arguments (see for instance Thorne 1966) then imply> — 47 (R>)%¢¢5(T°)*. (17)
d(Le??) _ 4rrne® (de +e®(q — g )> 9) These three quantities ‘at infinity’ are, in principle, measurable
dr V1—2Gm/c2r \dt v and, in particulark?*>° would be the areal radius of the star that

. . L . an observer ‘at infinity’ would measure with an extremely high
where L is the internal luminositye the internal energy per y yhg

baryon,q,, ¢;, is the neutrino emissivity and heating rater angular resolution instrument (Page 1995).

: . The solution of the complete set of equations of stellar
baryonwhile n stands for the baryon number density. The cor- . .
L o~ ) structure, Egs. (2-7) and thermal evolution, Egs. (9-13), requires
responding inner boundary condition fbris

knowledge of the equation of state, the opaeityhe neutrino

Lir=0)=0 (10) emissivity ¢, and also the specific heat. We shall devote
] o ) ] Sect[3 to the detailed specification of those variables.

The time derivative ot can be written in the form

de _de dT _ dT

At ar d v ar _ _ _
through the specific heat at constant volumdwhich, for de- Besides the equations of stellar structure and thermal evolution

generate matter, is the same as the specific heat at constant fall also need the equations describing the magnetic field
surecp). evolution. In this paper consideration will be restricted to dipolar

The enerayv transport equation is : (poloidal) magnetic fields. The GR formulation of the evolution
gy P g equation of such fields has been discussed in detail by GPZ00
d(Te?®) 3 kp Le® while for a more general set up sead®er et al. (2000). As has

a 16055 T3 4702 /T — 2Gm/cr (12) been shown in the first reference, such a field can be expressed
in terms of a relativistic generalization of the familiar Stokes

whereT' is the local temperature;sp the Stefan-Boltzmann giraam function (see, e.g., Moffatt 1978, page 53) by:
constant and: the ‘opacity’. (Note that within the relativistic

(11) 2.2. Magnetic evolution equations

framework an ‘isothermal’ configuration is defineddsy- T = r _2F(tr)
. . B"(t,r,0) = ——= cos¥b, (18)
constant instead ofT" = constant.) The associated boundary r2
condition is 1
1 2Gm\? OF(t,r) .
6 _ ’ .
Ty, = Ty(Ly) (13) B (t,r,0) = - (1 ~ 3 > 5 sin 6. (29)

which relates the temperature at the outer boundary (deﬁ%ﬁjile the relevant induction equation (see Appendix) yields the
more precisely further bellow);;, to the luminosity Ly, in this N P y

layer. The location of this outer boundary layer is chosen sufc%IOWIng equation for the relativistic Stokes function
thatL, be equal to the total photon luminosity of the sfar,=  4rs ,OF < 2Gm> 0%F
o\ e

L(r = R), which in turn is related to the effective temperature 2 ¢ 5 Or2

T. by L, = 4nR%*055T*. We can thus write EQ.13 8§ =

Ty(T.) and this T, - T, relationship’ is discussed in Sdct.R.4. 1 OF [2Gm  4nG , (P 2 P 20

The opacity is related to the total (thermal) conductivity by:Jr 2 9or | 2 2z \a” i (20)

3
A\ = M. (14) The appropriate boundary conditionsras; 0, is the same as
3Kp in the flat space case: a regular field at the star’s center requires
If one neglects the red-shiff’ and defines the energy fluxas F®) to be finite. The outer boundary condition, however, dif-
L/(47r%) one can write EG12 as fersfrom thatvalid in the flat space, and its GR form is as follows
(see GPZ00):
F=-\-VT (15
OF(t,r)

whereV is the radial gradient calculated with the proper Iength@iar R =Gy F(t, R) (21)

which is the usual form of the heat conduction equation. The
total conductivity is the sum of the electron and photon condughere:

tivities 2y1In(1 — y*l) 4 2yl
G(y) = YL with y=R/Rs (22
A=A+ A, (16) (y) nyIH(l—y_l)—‘,—y—i—% w1 Y /Rs (22)
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(Rs = 2GM/c? being the star's Schwarzschild radius). Sinceemperature. The correspondirfj,‘— 7T, relationships’ have
G(y) < 0 (in particular, in the flat space-time casé(oco) = been calculated by Page & Sarmiento (1996) for dipolar (and
—1) the boundary condition forces a bendingfofn the upper quadrupolar) fields. We use these results which hence give us a
layers. field dependentr, — T, relationship’ that adjustitself to the evo-

As an initial profile for the Stokes function we use the sanietion of the magnetic field. Note however that, for fields much
formula as UK97, for later comparison with the work of thesstronger than 1 G, this relationship is not reliable whéhn is
authors: much lower than 10K, and it is most probably very inaccurate

) 5 9 5 o whenT. is below 10 K.
F(r,0) = BoR™ (1 —r%/rg)/(1 = R*/r5) at r>ro (23) Our outer boundary condition assumes that the envelope is
made of catalyzed matter. If an upper layer of light elements
were present, the heat transport is strongly enhanced when no

Note that this initialF'(r, 0) does not satisfy the outer boundarynagnetic field is present (Potekhin et al. 1997), but there is, to
condition, but will immediately be forced to do it at the firsflate; no published model of magnetized envelopes with light
numerical time step. There will thus be a rapid relaxatiowof €léments. . .

in its early evolution due to the enforcement of the boundary ©ne should finally emphasize that when the thermal evolu-

condition and the propagation of the resulting curvatur@ of tion is controlled by the Joule heating the star’s luminosity, and
toward higher densities. T, is given by the heating rate and is independent of the outer

boundary condition as discussed at the end of Eett. 4.2.
This closes the system of equations and boundary conditions
to be solved.

Due to the finite conductivity, magnetic energy is dissipated

into heat (= Joule heating). The heat production per unit (properk. Numerical method
time and unit (proper) volume is given by

F(r,0)0=0 at r<ng

2.3. Joule heating

The thermal evolution equations are solved by a Henyey-type

(24) code (e.g., Page 1989) while the induction equation for the
Stokes function is solved with a Crank-Nicholson method (Press
wherej is the current. As it is shown in the Appendix, for £t al., _1986).The whole set ofequations forthetherrn_o-magnetic
dipole poloidal magnetic field, j is given byj = jse,, with evolution sho_uld be solved simultaneously at each time step bl_Jt
we have decided to solve the thermal and then the magnetic

-2
J
Qn=n-qn ="
g

. c sinf equations alternatively, i.e., the thermal equations are solved at
1= 4 : a given time step using the field of the previous step (which ap-

. . pears in the Joule heating term) and once the new temperature
{6(1,(1 B 2Gm)23[€¢ (1 B 2Gm>2aF B QF} (25) is obtained the induction equation is solved to obtain the new

cr ) or cr ) or r2 - magnetic field. This method is much faster than a full simul-
taneous solution and gives results which, as we have verified

It is seen immediately that in the limit® = 1 andm = 0 explicitly in a few case, are practically indistinguishable from
the above expression reduces to its flat space-time countergagtfull simultaneous solution.
(Miralles et al. 1998). Since our numerical calculations assume
spherical symmetry we use, in EEql25, a spherical average3ofinput microphysics
sin? @ (< sin? @ > = 2) obtaining

3.1. The equation of state

<Qp >= ilix The first ingredient needed to build NS models is the equation
24m2 o 12 of state (EQS). In principle the EOS should give us not only the
1 1 2 relationship between pressure and density, Pes P(p), but
{eq’<1 B 2Gm>23[e¢, (1 B 2Gm>28F B QF} .(26) also the chemical composition of matter.
cr ) or cr ) or r2 We separate the crust from the core at the density

per = 1.6 x 10" gcm2 (Lorenz et al. 1993) and use the
EOSs of Negele & Vautherin (1973) for the inner crust, at
p > parip = 4.4 x 101 gem3, and Haensel et al. (1989)
The layers at densities belogy = 10'° gcmi2 are defined for the outer crust, i.e., we assume that the chemical composi-
as theenvelope and extend up to thatmosphergewhere the tionis that of cold catalyzed matter. The EOS, and its associated
photospherds located, while byinterior we mean the whole chemical composition, in the crust is well determined under the
star wherep > p,. The presence of the magnetic field affectassumption that matteris inits (catalyzed) ground state. There is
strongly the heat transport in the envelope (but not in the deepewvever still the possibility that a strong phase of hypercritical
layer wherep > 10'° g cm~3, which motivates the above choiceaccretion occurred after the supernova explosion, which may,
of py), and results in a non uniform distribution of the surfacer may not, alter the chemical composition of the crust. We will

2.4. Outer boundary: magnetized envelopes
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Table 1.Properties of the 1.4/ neutron star models The latter has only a very small effect, mostly when the surface
temperature is arount)® K, i.e., for young stars.
EOS Radius  Crust Crust Central Moment The crucial neutrino emission processes occur in the core
thickness mass  density of inertia and we consider two scenarios (see Page 1998 for more de-
km]  [km] [Me] [10"  [10% tails). In the ‘Standard Cooling’, or ‘slow cooling’, scenario

glem’]  gent’] we include the modified Urca processes and their associated,

Stiff 14.94 1.52 0.069  0.49 1.83 and weaker, bremsstrahlung processes following Yakovlev &
Medium  10.48 0.72 0.022 117 1.08 Levenfish (1995). This scenario applies when the NS core con-
Soft 7.1 0.22 0.003  5.59 0.72 tains only neutrons, protons, as well as electrons and muons

which maintain charge neutrality, and the proton fraction is low
enough that the direct Urca process is forbidden by momen-

not consider this possibility here but only mention that it dodym conservation. In the ‘Enhanced Cooling’, or ‘fast cooling’,
have an enormous effect on the magnetic field and its subseq@s€s We add a strong neutrino emission at densities larger than
evolution (Geppert et al. 1999a) Prast = 4 x 10 gem 3 with a rate

In the core, the EOS is relatively well constrained up to
densities around 2-8p..- while its behavior at higher densitieseZ 5T = 10%° (p/per)?® TS ergg='s! (27)
is still a mystery (Prakash 1998). Since we only study magnetic
fields confined to the crust, the details of the core’s structure avhere T, = 7//10° K. This rate is representative of many of
notimportant to us, except for the neutrino emission and pairitige possible enhanced ones as the direct Urca from nucleons
which strongly affect the cooling and are separately describedhyperons, but is stronger than what produced by a pion or
below. The most relevant property of the high density EOS, fkaon condensate (Prakash 1998). For comparison, the ineffi-
our purpose, is that it determines the size of the star and, heraient modified Urca process gives approximat€)§f/ 2¢4 ~
the thickness of the crust. We will thus consider three differet®?! 7§ erg g=! s 1.
cases which hopefully illustrate the whole range of possibilities. In our three model 1.4/, stars, the masses of the inner
We take as a ‘Medium EOS’ the one calculated by Wiringa ebres where the fast neutrino emission is allowed for the ‘En-
al. (1988), using their model called av14+UVII, a ‘Stiff EOShanced Cooling’ cases are, 0.11, 1.29 and 1439for the Stiff,
from Pandharipande, Pines & Smith (1976) and a ‘Soft EOBledium and Soft EOS, respectively.
from Pandharipande (1971). Note that the Stiff EOS is based
on the presence of a lattice of neutrons in the inner core aéué Paifing
is not anymore considered as realistic but we still use it since™
it has been used by many authors and represents the caséhefoccurrence of pairing, neutron superfluidity and proton su-
extreme stiffness. Moreover, none of the consequences of piggconductivity, strongly affects both the thermal and magnetic
presence of such a lattice phase is taken into account in euolution of neutron stars. The thermal effects are very strong
calculations, e.g., i, €, and the transport coefficients: weduring the neutrino cooling phase, which last from about 10
willassume that neutrons and protons form a quantum liquid atadalmost 10 yrs depending on the model, and the subsequent
also boldly consider them as superfluid and superconductor. @boton cooling phase (see, e.g., Page 1998 for a review). As a
opinion is that this EOS should be abandoned but we consideeisult, pairing will in a large part determine the time at which
for comparison with previous works of other authors. The Safoule heating starts to control the thermal evolution but then,
EOS on the other hand, includes hyperons and is also badadng this Joule heating phase, the effect of pairing becomes
on outdated microphysics but is nevertheless still representatiagligible. We treat the suppressive effect of pairing’grand
of modern soft EOSs for our concerns and represents the casaccording to the treatment of Levenfish & Yakovlev (1994a,
of extreme softness. Again, we use this particular soft EOS1894b) and Yakovlev & Levenfish (1995).
facilitate comparison with the work of previous authors (who The superconductive phase in the core has the effect of pro-

often dubbed it as the ‘BPS EOS’). ducing an impenetrable barrier for the magnetic field, which is
We will consider models of 1.4/, stars whose overall initially confined to the crust in the models of the present work.
properties are listed in Talé 1. This guarantees the confinement of the magnetic field, and the

currents, to the crust since the superconductive phase transition
happens, at the crust-core boundary, well before the magnetic
field had time to diffuse to this layer. For definiteness, we plot
Neutrino emission drives the cooling as long as the interrialFig.[ the pairing critical temperatures that we adopt in this
temperature is higher than abol® K. For processes in the paper. The values we adopt f6%, pairing of both neutrons
crust we consider the two dominant ones which are the plasnand protons are typical of modern calculations. In the case of
process and the electron-ion bremsstrahlung (Page 1989). fikatron3P, pairing we explicitly adopt values which vanish
former is only relevant during the first few years of the life of densities above 10gcm—3 to ensure that pairing will not

the NS but is very strong and brings down the crust temperatgigpress the strong neutrino emission in our Enhanced Cooling
to about10? K, relaxing it from the arbitrary initial conditions. scenarios for the Soft and Medium EOSs.

3.2. Neutrino processes
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Conductivity [s -1]

Critical Temperature [109 K]

-_ T T

Density [g cm3 ]

e e WM '.' L Fig. 2. Electrical conductivities in the crust. The dashed lines show
10t2 1013 10t 10%° imp, Which is temperature independent, for three different values of
the impurity conten®imp. The continuous lines showfor electron-
phonon scattering, in the solid phase, and electron-ion scattering, in the
Fig. 1.Pairing critical temperatures adopted in this work, for neutronsiiquid phase, at four different temperatures. Note that these four curves
the'S, state (from Ainsworth et al. 1989) afB, state (from Takatsuka all correspond to the solid phase except forth&K one where the low
1972) and protons in thkS, state (from Baldo et al. 1992). The shoridensity part is still in the liquid phase: the dotted extension show the
dash lines show the central densities of our three modell:4stars valueo would have if the matter were in the solid phase and the short
with the Soft, Medium and Stiff EOS. tripped segment indicates the region wheris interpolated between

the electron-phonon and the electron-ion values. Finally, the increase
o inthis10° K case at densities just above the transition density, i.e.,
mperatures just below the melting temperature, is due to the Debye-

Density [gcm™3]

In the case of the Stiff EOS any published calculation (?i

neutron or PrOtO” pairing shows a non vanishing valug ot Waller factor (Itoh et al. 1984). For comparison with the cooling curves,

the density in the center of the star, given the low value of thigice that interior temperatures t4¢, 107, 108, and10° K roughly

central density. To avoid suppression of the neutrino emissigdtrespond to effective temperatures around, 3 x 10°, 10°, and

by pairing we will assume thahe fast neutrino emission is not3 x 10°, respectively.

affected by neutron and proton pairing in this case of Stiff EOS

in the Enhanced Cooling scenario Table 2. Initial magnetic field configurations and impurity concentra-
tions in our three classes of models.

3.4. Electrical conductivities Model Bo[G] po[gm/em?] Qi

In general, the electrical conductivity can be expressed in1 101t 1012 0.1
terms of the electron relaxation timeas 2 1012 10%3 0.01
2 3 10*3 10t 0.001
o= e ne7'7 (28)
me
where Qimp- We show in Fig.2 the value of for typical values ofl"
n imp -
mE = pie/® =me [1+ 1.018 (pg Z/A)?/3]1/2 9) 2 AQimp

is the electron effective mass andthe electron number density

(ue being the electron chemical potentia, = p/10° gcm 3,

Z and A the charge and mass number of the ions). In the ligfe will present here our results for the thermal, magnetic and

uid phase we use the calculationof= 7,_; for electron-ion rotational evolution of isolated neutron stars considering 1.4

scattering by Itoh et al. (1983). In the solid phasis given by M, stars built with the three EOSs described above within both

1 1 1 the ‘standard’ and the ‘fast’ cooling scenarios. In order to in-

i + p— (30) vestigate the influence of the (a priori unknown) initial struc-
e—ph eTmp ture and strength of the magnetic field onto NS’s evolution, we

where we use the results of Itoh et al. (1984) for the electrocensidered for each EOS and cooling scenario three classes of

phonon scattering._,;, and of Yakovlev & Urpin (1980) for the qualitatively different field models, existent at the beginning of

electron-impurity scattering._imp. In generalr._; is a func- the evolution. They are characterized by the initial surface field

tion of p, A and Z, andr._,;, depends also on the temperaturstrengthB, depth of penetration of the curremfand impurity

T while 7., depends op, Z and the impurity concentration concentratior®;,,, as listed in Tablg]2.

4. Results
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$10°F
103§

1013; -+

1012'
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o 1011
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10> 100 10° 10® 10% 10

Age [yrs]

Fig. 3. Evolution of the internal temperature (lower panel) and surface 18}
magnetic field for the model described in K. 4, continuous line. The

two models in dashed and dotted lines show the corresponding e%®- 1015
lution for impurity contents);mp = 0.001 and 0.1, respectively (the O,

continuous line ha®imp = 0.01). Note that in these cases the heating_, X

is so small that the three models follow the same thermal evolution —1015,

track.

_1018'

4.1. A detailed example —101% ]
™ 4
We first discuss here an example of the internal evolution @
the Stokes function, magnetic field, currents and local hea 108}
ing rate, as shown in Figl 4, which will help for the gen-% [
eral discussion presented below. We choose theM.dstar = 104' ¢ i
with the medium EOS and ‘standard’ cooling; the initial sur- ]
face field strength is 16 G and the currents are initially lo- T T T B
cated atpy = 10'3 gcm=3. The impurity content fowy,, is 1010 1011 1012 1018 1014
Qimp = 0.01. This is the model 2 of the central panel of Fij. 5 p [gmicm3]
butitis reproduced in Figl 3 along with two similar models with
different impurity contents (upper panel) and the evolution &f9. 4.Stokes function, magnetic fiel, currents, and Joule heating
the internal temperature (lower panel). Note that at the plottée. @; in the crust, for model 2 of the central panel of Fig. 5. See
times the star has practically reached isothermality. GR effet§&t Sect. 4.1, for details.
are included but will be discussed in the next subsections.

The four chosen times, labeled as ach& d aremarked
in the upper panel of Figl 3 and correspond, respectively, to a)
the initial field decay during the period when the neutron staantly, i.e., with large positive and negative coefficiants to
is still hot ando is temperature dependent, being dominatgatoduce a mutual cancellation resulting in a vanishit{(@, ¢)
by electron-phonon scattering, b) the plateau where the coolinghe high density region. The diffusion of the stoke function
lead to an enormous increasesgfand consequently a stagnainto the high density region is simply due to the faster decay of
tion of the field decay, which will eventually be controlled byhe modes witthn > 1 compared to the nodeless fundamental
impurity scattering, ¢) second phase of decay of the field wherode. When the fundamental mode is dominating, i.e., when the
time becomes comparable to the impurity scattering decay tisteke function is non zero in the whole crust (it has reached the
scale and, finally, d) the late exponential decay. crust-core boundary through diffusion), the field evolution is a

The four panels of Fifll4 directly illustrate the diffusion opower-law like decay, phase c (Urpin et al. 1994). Finally, when
the field toward regions of higher conductivity as time runenly the fundamental mode = 1 is left the decay becomes
Oncec becomed” independent the diffusion equation formupurely exponential, phase d.
lates an eigenvalue problem whose solution can be formally Note that the field strength inside the crust is at least one
written asF(p,t) = > .o, exp(—t/m,)anFn(p), in terms of order of magnitude higher than at the surface: this is due to a
eigenmodeg’, with decay times;,, and expansion coefficientsvery largeBy forced by the presence of the derivatili&/dr in
a,. Since the n-th mode;), (p), has n nodes, in the crust, ini-Eq[19, while at the surface the boundary condition ensures that
tially a very large number of modes must contributes signifi3,, and By are comparable.
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With respect to the currents, noticeable are the negative cur- Note that the differences in the thermal evolution for the dif-
rents in the layers where the field is growing which are due terent EOSs, before Joule heating becomes efficient, are mostly
induction, i.e., Lenz law. Once the field has reached the crudtie to the differences in the fraction of the core which is paired.
core boundary the currents are positive in the whole crust addarger paired region implies a lower neutrino emission, and
the only negative currents left are the supercurrents inducedhns a higher temperature during the neutrino cooling era, and
the skin layer of the proton superconductor. Instead of impadso a lower specific heat, and thus an earlier transition to the
ing an ad-hoc boundary condition at the crust-core interfaceghoton cooling era and a faster temperature drop during that era
simulate the effect of the proton superconductor we have p(eee, e.g., Page 1998). We have taken here the choice of well
ferred to keep the central boundary condition and introduce defined density dependencesi®f for both the neutrons and
enormous value for, 10°°° s~1, once protons become superprotons, independently of the EOS, as shown in[Big. 1. Different
conductor, i.e., whefl’ < T,.. This allows us to see explicitly density dependences of tiig's would obviously give different
the induced supercurrents which, however, because of the fimésults. For example, assuming high valueg,adown to center
radial resolution of the numerical scheme, are located in tb&the star for the Soft EOS would results in a cooling history
whole last zone of the crust instead of the physical skin layeractically indistinguishable form the cooling history of the Stiff
of the superconductor which is a few tens of fermis thick. WEOS model. Given the present uncertainty on the value and den-
have checked explicitly that an ad-hoc crust-core boundary caity dependence @, for 3P, neutron pairing (Baldo et al. 1998)
dition for F' gives the same results as our boundary conditi@my choice has, unfortunately, some arbitrariness. Any effect of
with enormouss. the resulting cooling history on the field evolution should thus

As a last remark, from Fi@] 3, and comparing with Eig. Zye specifically formulated in terms of cooling history and not
we see that impurity scattering starts to dominatafter the in terms of the stiffness of the EOS.
field has reached the plateau (phase b): this stagnation valuewWe have, very roughly, for the field decay time-scale,
of the field is independent @;,.,, and is only a result of the 74.cay o 1%, I being a typical length scale of the crustal field
enormous increase ofdue to the cooling. After this, the lengthstructure. This immediately implies thaf..., increases when
of the plateau (phase b) is controlled Qy..;,, higher impurity pg increases and also when the stiffness of the EOS is increased,
contents leading naturally to an earlier onset of the second phsisee both increase Moreover, since alsfyccay o o, a higher
of field decay (phase c). po locates the currents in a region of higherand increases
MOreTyecay- Thus, the models 1 give fast decay, models 2 inter-
mediate decay and models 3 slow decay, as is clear forrhlFig. 5.

The cooling influences the field decay by risimgill it be-
comes temperature independent when dominated by impurity
In Figs[5 and B we present the modeled evolution of the, maseattering. This happens during the photon cooling era as men-
or less, observable quantities, i.e. the surface temperature (miemed above, and happens earlier for stiffer E@8&n our
sured by a far distant observer) and the surface magnetic fieldoice of EOS independent’s. Consequently, we obtain that
While the surface temperatures, or, at least, its upper limits,aétiffer EOS results in a slower field decay because of its cool-
isolated NSs can be inferred from X-ray spectra, the magnetig behavior and also because of the larger length sc@er
field of isolated pulsars is mostly estimated by the precise mefoice ofT,. thus maximalize the effect of the EOS'’s stiffness
surement of the rotational period and its time derivative. on the field decay.

Within the ‘standard’ cooling scenario the surface temper- We now turn our discussion to the analysis of GR effects
ature stays quite highy( 10° K) during the neutrino dominated upon magnetic field evolution. For each model we simulated the
cooling era, which lasts about 10°yrs (for our Stiff EOS field evolution with and without GR effects, but note that GR
models) to almost- 107 yrs (Soft EOS models). Later on theeffects on the star structure and cooling have always included.
cooling is driven by photon emission from NS's surface whicfHad we, for instance, turned off the GR effects on the star
appears in the cooling curves as a strong increase in the slagricture, the resulting models would make no sense at all since
During the neutrino cooling era, the surface temperature drape changes in the size, the central density etc, of the model
by a factor of abouR (Stiff EOS) to4 (Soft EOS), i.e. the would render them unrealistic.) On the other hand, GR effects
approximately isothermal crust has at the end of the neutrian the cooling have already been discussed in the literature long
cooling epoch a temperature of abdut 10 (Soft EOS) to ago (Nomoto & Tsuruta 1987, Gudmundsson et al. 1983). The
108K (Stiff EOS). As seen from Fi§l2, for such and highemodels with GR effects included are marked as ‘GR’ in[Hig. 5
temperatures, the electrical conductivity in the crust is detemd drawn with thick lines. It is seen from those plots that the
mined by electron—phonon collisions except at the highest delecay of the field is faster in NSs built on the Soft EOS than
sities. With the following temperature drop during the photoin the case of the Medium or Stiff EOS but the decelerating
cooling era, the electron-phonon relaxation time,;, increase GR effects are more pronounced. This is most remarkable for
dramatically and thus impurity scattering will begin to contrdbng living fields: the difference of the surface field strength
o (see EQ3D), at a temperature, and thus an age, dependimgnodel 3, with the Soft EOS, aftai0'® yrs of evolution is
on the impurity concentration. From that stage @hecomes about four orders of magnitude. Comparing the field evolution
temperature independent. for the Soft and Stiff EOS cases, while the final surface field

4.2. Magneto-thermal evolution
within the ‘standard’ cooling scenario
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strength for model 3 in the Stiff case is larger than that of tlease of the Stiff EOS since its strength is large enough for that
Soft case by a factor df0)®> when GR effects are neglected, thatintil about10® yrs. For long periods Joule heating is especially
factor reduces to about 50 when relativistic effects are taken imtifective in NSs with a stiff EOS: their crust is quite thick, they
account correctly. keep a larger field and there is a lot of magnetic energy to dissi-
In the late photon cooling era, when most of the initial thepate. The effect of GR on the Joule heating is not spectacular but
mal energy of the NS has been irradiated away, the Joule heattili noticeable in the case of a soft EOS at the latest stages. For
by the decay of the crustal field completely determines the cotiie different EOSs it can result in stronger or weaker heating:
ing behavior. Note, however, that most of the magnetic enertipe rate of dissipation of magnetic energy is lower with GR but
has been dissipated earlier when it had no effect on the coolittge magnetic energy to be dissipated is larger due to the previous
The amount of heat released in the process of Joule heatingl@ver evolution and the net effect can be an enhancement or a
determined by the strength of the field at that time and its deaaguction of the heating.
rate. Therefore, an initial field configuration as given by mod- Note that at these late ages when the thermal evolution is
els of class 3 will result in a significant Joule heating while iantirely controlled by the Joule heating the outer boundary con-
models of class 1 the effect is practically nil. The field decay dition, Eq[I3, has no influence on the thermal evolution: this is
the class 2 models yields some noticeable Joule heating onlglire to the fact that the heating mechanism is temperature inde-
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pendent since is totally controlled by impurity scattering. Thedifference in the surface temperatures between the ‘standard’
star’s luminosityL, is thus simply given by the total heatingand the accelerated cooling scenario vanishes.
rate integrated over the whole star Asinthe case of ‘'standard’ cooling, the field evolution scales
linearly with its initial valueB.
L>®=H= / qne’® av (31)
4.4. Rotational evolution
since, given the low temperature at this timgs g, This is
very fortunate for our study since th&, — 7., relationship’ is _Given the temporal eyolution of_ the magnetip field for. the var-
poorly known at the low temperatures reached in this late phd@ds EOSs and cooling scenarios, the rotational period of the
of evolution. This would of course not be the case if the heatif}SS can be estimated by integrating the equation which relates
mechanism were temperature dependent. the loss of rotational energy to the radiation of electromagnetic
Let us mention that, in the case of magnetars, the Jogergy by magneto—dipole radiation
heating dominates the cooling from the very beginning and thus 272 RS B2(1)
has a strong effect onto the field evolution (Geppertetal. 1999B) P = ST
With the field strengths we consider in this work, the field ~
affects the thermal evolution at times when the conductivityhere B is surface magnetic field at the magnetic pole, &nd
is temperature independant and there is thus no feedbacksdhe star's moment of inertia. An accurate relativistic expres-
the field strength on the field decay. Consequently, the fiedbn for the moment of inertia is given by= 0.21 e=2% M R?
evolution depends linearly oB, and the evolution curves of (Ravenhall & Pethick 1994). However, this classical magneto—
Fig.[H can be scaled up or down, a fact we will use in $ect. 4dipole radiation formula assumes flat space-time. Ideally we
would like to have the exact GR version of this equation. To
our knowledge, the GR version of it remains to be calculated
and in the absence of the exact formula we shall only use an
approximate expression. We may recall that[E§. 32 implicitly
Enhanced neutrino emission is caused by the presence of ‘exnsiders the energy loss at the light cylinder and then ex-
otic’ states of matter in the NS core. Kaon or pion condensatidrapolates the field strength back to the star’s surface assum-
hyperons, quarks as well as possible direct Urca processes eimgrthe flat space-timé/r? radial dependence of the field. The
mously enlarge the neutrino emissivity. This results in a vefyll GR solution of a slowly rotating dipolar field, in vacuum,
fast cooling of the core, so that during the so calfedhermal- shows however (Muslimov & Tsygan 1990, 1992) that the ac-
ization phasehe heat of the hotter crust is transported into theal field at the star's magnetic pole is amplified by a factor
core. Depending on the EOS and the assumptions about pAir= —3y?[yIn(1 — y~!) + $(2 + y~')], wherey = R/Rs,
ing that phase can last of the order of 1 to 100yrs (see, egpmpared to the flat space-time one. For instance, for our Soft
Page 1998). During this phase the surface temperature drB@S star of 1.4V/, , the resulting value of the amplification
very rapidly and after this the crustal temperature is so low tHattor is f = 1.86 while for the Stiff one,f = 1.27 (Page &
the conductivity is almost completely controlled by electronSarmiento 1996). In view of the Muslimov-Tsygan results, we
impurity collisions. Thus, for a period of time given by thewill henceforth relate the surface magnetic fiélcat magnetic
impurity decay time scale,,,;,, the field suffers practically no pole as we numerically calculated it, to the corresponding field
decay. Fott > 7, the field decays according to a power lawB used in Eq_3R for the rotational evolution By= f B. For
and, when it has diffused down to the crust—core boundary, #@ch of our three EOS (and a fixed stellar mass ofi1:4) and
decay becomes exponential. In class 3 models the power & two cooling scenarios, we specify the initial field strength
like decay is missed because the field is already initially locatadd current depthg, and finally the impurity contenf);y,,.
close to the crust—core boundary so that it reaches this deplie specification of those parameters yields a unique evolu-
during 7i,,p,. Note thatr;,,, < Q;-1 and that it is also reducedtion for the surfaceB-field and via Eq3P the correspondify
with the softening of the EOS as an effect of the decreasimye resulting magneto-rotational evolution of isolated NSs is
crustal thickness. Generally, the field decay is slower thanpresented in Fi@l7.
the ‘standard’ cooling scenario. We have also plotted, as dots, the PSRs data of the Princeton
Due to the accelerated cooling, the Joule heating, even éatalogue (Taylor et al. 1993): theff field is calculated with
the model 1 and 2 fields, dominates the cooling earlier corig[32, usingP® and P from that catalogue and the appropriate
pared to the ‘standard’ cooling scenario. At ages abou®” — GR ‘f factor’ for each stellar model. The star’s radiRsand
108 yrs, however, the star's temperature is comparable, or eveoment of inertial correspond to the values of the respective
higher, to that predicted by the analogous models within theodels of mass 1.4/, for each of our EOSs. The set &6
‘standard’ cooling scenario. In class 2 and particularly classFBdiagrams of Fid.17 is the arena where our theoretical models
models with the Stiff EOS, the stars’ temperatures in this rangenfront reality. There is a major effect on the data interpretation
of ages are noticeably higher, compared to the analogous ‘starising from varying the EOS: we see that given the observed
dard’ cooling cases, since the magnetic field is higher and thBisP data the “observedsurface B-field of pulsars differ al-
the joule heating more efficient. Aftei0'® yrs, however, the most one order of magnitude when we consider models where

(32)

4.3. Magneto-thermal evolution
within the ‘fast’ cooling scenario
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evolution of pulsars. The field evo-
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the equation of state is varied from the extreme soft one updimnce: assuming a soft EOS, a comparison of the evolutionary
the extreme stiff one (see also UK97). This effect is a straightacks with the observed pulsar population strongly favors the
forward consequence of the fast growth of the magnetic fieldeathanced cooling scenario. Within the ‘standard’ cooling sce-
small distance from the star, which is moreover amplified by Gfario, only the strongestinitial fields 10'4 G are acceptable. In
effects, combined with the much smaller stellar radius obtaintids case, ever, ~ 103 G requires very highp, and very low
by employing the Soft EOS. It should emphasized howevé);.,;,, definitely making the ‘standard’ cooling scenario with a
that although a complete and accurate model of pulsar spéoft EOS very unappealing. Note that the fast cooling scenario
down will probably alter the simple EQ.132 (expected at least imvery natural for a soft EOS since the central densities reached
modify the overall numerical coefficient) it certainly will notin NSs are above ten times nuclear matter density. Even if the
change the radial dependence of the field in the near zone. pulsar fields (for a giver®) were much lower than estimated

A basic feature emerging from the Higy. 7, is the following: we would still be in the same situation since the high field is
given model is viable if it manages to maintain a strong enougquired to spin down the pulsars to the range of obseR/ed
field for a long enough time such that its rotational period cdrefore the field decays too much. In the case of a medium EOS
increase up to values compatible with the bulk of the observigk requirements are much less stringent. Within the ‘standard’
pulsar population. It is also clear that if a ‘standard’ coolingooling scenario, initial fields of the order of *f0G require
scenario applies and irrespectively of the EOS, the field dagh initial depthsp, and low pollution in order for the evolu-
cays much faster than in the case of the accelerated coolitignary tracks to reach the bulk of the pulsar population. Finally,
this results in smaller saturation values of the rotational penithe case of a stiff EOS, the field decay is slow enough that
ods compared to the accelerated cooling model, with the satihe whole pulsar population is reachable with initial fields in
initial field structure and the same EOS. the range 18 - 10'3 G without basically any significant re-

The evolutionary tracks offer the possibility to checlstrictions ornp, andQ;n,, in both the fast and the slow cooling
whether a given EOS can be naturally compatible with the obsscenarios.
vational constraints without extreme “fine tuning” of the initial One cannot overemphasize that the above analysis is
parameterg, and By, of the impurity parameteR;..., and its plagued by the intrinsic uncertainties of Eg] 32 and should be
preference to standard versus enhanced cooling. Thus, fordansidered as only indicative. Moreover, it is worth stressing
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here that tracks starting with an initial field, = 10'“G 5.2. General relativistic effects

have to be considered with reserve since for such (and lar . . . . .
field strengths the decay may not any longer described bgWPuIe previous studies considered the influence of GR effects

linear diffusion equation. The possible occurrence of a Hal Q?O the star's structure and on its thermal evolu'Flor!s (see e.g.
cascade (Goldreich & Reissenegger 1992) would imply that t age 1989), their incorporation into the magnetic field evolu-
field evolution would deviate significantly from HEqg.J20, which'o" had not been properly accounted for. In the present paper

is strictly valid in the limit that the magnetization parametevrve have been working with the GR version of the diffusion

wpT < 1 (wp being the Larmor frequency andhe relaxation equation, Eq. 20, accompanied by proper boundary conditions,

: . Eq[21, derived in detail by GPZ00.
time of the electrons as given by &gl 30). The analysis of GPZ00 clearly showed that most of the effect

of GR on the field decay is due to the presence of the red-shift
5. Discussion factore® in Eq[Z0. This can be intuitively understood by notic-

o ) ) ) ing that the red-shift factor relates the proper time in each layer
We studied in detail, and for a large variety of possible mode|Sgiqe the star, i.e., the physical time in the layer where the cur-

the magnetic, thermal, and rotational evolution of isolated N%@nts are located and decaying, to the time of an observer who

assuming that their magnetic fields, and the currents supporti@gserying the decay, at infinity (i.e., the coordinate time). As

them, are confined to the stellar crust. Our calculations takeirig%an be easily seen from HG20, the effects of the red shift

account_, for the_first time, aII_mutuaI_effects of the therma! anctor on the field decay could be approximated by a flat space-

magnetic evolution self consistently in a wholly GR formalisme giffusion equation running however on a slower time scale,
given by some kind of averaged red-shift. This is clear from our

5.1. Comparison with the work of Urpin and Konenkov Figs[® andb where the GR curves have the same shape as the

i non-GR ones but shifted to the right.
Urpin & Konenkov (1997, UK97 thereafter) have presented the ' o ha1ing the field evolution when GR effects are included

most detailed study of the evolution of crustal neutron star Madith the evolution when they are neglected, we see that we
netic field while Miralles et al. (1998) completed the formegy,ain quite larger fields already in phase a, and in the late decay
work by the mcluspn of Joule heating in thg thermal evolutlor%r‘)lgase ¢), we obtain much larger fields, by up to four orders of
_lt should be menngned, howevfgr,l that ?e!ther of these wor, gnitude for very compact stars. GR effects in a field evolution
mcorpo;gtled GFF eliects 0r|1 the- 'E d evo utlf?n. , can be viewed as almost equivalent to an evolution without GR
Our field evolution results, without GR effects incorporategye s hut with currents initially located to higher densities and,
are very close to those of UK97 (their curves labeled 3, dashgh e |ate decay phase, with lower impurity content. This means

lines, in their Fig. 2 correspond to our models 2). The main dilfﬁat all constraints previously obtained about the location of the
ferences are seenin Fhe early evolution of the field (our phasg rrents and the impurity contents of the crust are significantly
this can be easily attributed to the fact that UK97 started the fi akened when GR effect are taken into account

evolution at an age of 100 yrs while we started it immediately
at the star’s birth. Since UK97 used isothermal stars for their _ _
modeling of the B-field evolution they could not model the earl§-3. Comparison with the work of Sengupta

hot, and non isothermal, phase properly. In our calculations, tQis ¢z as the previously mentioned work of Sengupta (1998)
time difference allows the initial currents to rapidly relax froms ~qncerned although we are in qualitative agreement with
their initial distribution (Ed. 2B, whicldoes nofulfill the outer g requits, we find many quantitative as well as interpreta-
condition coundition) during a phase of low conductivity whilgiong| gifferences. For instance this author considered a soft
the models of UK97 must do it in conditions of higher conzgg (similar to the one we used) and field configurations with
ductivity, i.e., their relaxa'_uon is much slower. Howe\_/er: if ONErrents supposedly initially located at densitieg efL0'! and
contemplates the scenario in which crustal magnetic fields gre i1 g cm3. However, we obtain much higher densities at
generated by a thermomagnetic instability during this early Kl gepths at which he locates these layers: using his values of
phase (Blandford et al. 1983, Urpin et al. 1986, Wiebicke & _ r/R =0.979 and 0.9834 we find densities of the order of
Geppert 1996) it is equally reasonable to start the B-field evgs, 1413 gnd2.6 x 1013 g cm? respectively. Consequently, his
lution by pure ohmic decay at the end of this phase as UK§Z|q gecay curves should be compared with our class 2 mod-
did. The sllghtdlﬁgrences seenin th(_a strength of the field at thg- \ve see then a rough quantitative agreement with respect
onset of the impurity scattering dominated phase (phase b) ¢gfhe importance of the GR effects with the significant differ-
be easily explained as due to slight differences in the cooligg e that the late exponential decay (phase d) is absent in his
histories, particularly differences in the time at which photog g models. As mentioned above, since the B-field evolutionary
cooling ;akes over neutrino cooling (the knee at ages aroy|¢yes with and without GR effects should show approximately
10° - 107 yrs) and also as a result of the differences in the prgiiiar shapes we deduce that the different behavior ofthe
vious phase a. field at late times obtained by Sengupta, must be mostly due to

Finally, the field evolution in the late phases, ¢ and d, agrGmerical inaccuracies possibly combined with his neglect of
well with the results of UK97 once we take into account the

small differences in the previous phases.
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appropriate boundary conditions at the stellar surface as well asThese two lines of arguments are consistent with the con-
his employment of the Schwarzschild geometry. clusions arising from the crustal field hypothesis, including GR
effects: the EOS of neutron stars is away from the very soft
regime and their thermal evolution is close to the prediction of

5.4. Constraining the neutron star EOS and cooling histor
ning u ng i y the ‘standard’ model.

within the crustal magnetic field hypothesis

The analy_sis of thés — P diagrams of S_edEA may be a.tO(.)Is.G. Joule heating and detectability
to constrain the structure of matter at high density. In a similar of old isolated neutron stars
analysis, UK97 concluded that a stiff EOS with ‘standard’ cool-
ing is the most promising model for understanding the observ@dirr study of the effect of the Joule heating produced by the de-
pulsar population properties and that a medium EOS requigeg/ing currents gives results very similar to the ones of Miralles
currents located at relatively high densities and low impurigt al. (1998) and shows that the GR effects on the field evolution
contents. These authors prefer the ‘standard’ cooling scenat@mnot introduce any important change on the resulting late time
on the basis that it implies an early decay of the field whidhermal evolution.
may have an observational support in the fact the young pulsars Another consequence of the GR effects on the B-field evo-
with an associated supernova remnant have stronger magretion is that we can predict significantly stronger field strength
field than the bulk of the population. Our results, with GR inever a Hubble time. Thisimplies that Old Isolated Neutron Stars
cluded, show that a medium EOS with ‘standard’ cooling isill be spinning very slowly and are hence more likely to be
also compatible with the observétiand P with much weaker able to accrete matter from the interstellar medium. As a con-
constraints on the initial dipole strengHy and penetration den- sequence, this significantly increases the chances of detecting
sity po and on the impurity conterg;,, than when GR effects them through their thermal radiation, either due to the Joule
are neglected. A soft EOS with ‘standard’ cooling needs vehgating or to the accretion.
special conditions to accommodate the observational data: very
large By, high pg, and very lowQimp.

But, notice that in case fast neutrino cooling is operating agy conclusions
EOS could be compatible with the observed pulsar population _ .
with On|y weak constraints OBO, 005 aninmp as we argued The effect of GR on both the thermal and magnetlc evolution
in Sect. 4.4. However, this cooling scenario is more physidglto slow it down, mostly because the proper time inside the
in the case Of a Soft EOS and probab|y incompatib|e W|th &tﬁr runs more SlOWIy than the Observer's t|me ThIS ef‘feCt iS
EOS as stiff as our Stiff EOS (for which the central density & course stronger the more compact the star is. On the other
a 1.4 M, star does not even reach twice the nuclear densitfand, with increasing compactness the field decay, as any dif-
In summary, it appears rather difficult within the crustal fielf#sion process, is accelerated because of the reduction of the

hypothesis alone to draw any strong conclusion about the E89th scale. The competition of these two opposite tendencies
of neutron stars and their cooling histories. reduces the sensitivity of the field evolution to the softness or

stiffness of the EOS. As a result, it is difficult to draw conclu-
sions about the nature of the dense matter EOS from magnetic
field evolution studies alone. However when taking into account
information from other approaches, as the cooling history, grav-

There exist independent arguments in favor of a not too séfttionallensing, kHz QPO's, a consistent picture of neutron star
neutron star EOS, none of them being, at the present tirgucture and evolution is obtained, in which the EOS is not too
compelling. Interpretation of kilohertz quasi-periodic oscillasoft and the cooling history is close to the so called ‘standard’
tions (KHz QPO’s) in several low mass X-ray binaries indicooling scenario.
cate these systems contain neutron stars with masses aroundReversely, we can consider these results as an argument
2 My, (Kluzniak 1998) which a very soft EOS is not able tdn favor of the crustal magnetic field hypothesis. It is seen to
sustain. The strong gravitationa| ||ght bending around a Vew c_:ompatible with the observed distribution of pulsars in the
compact star would make it almost impossible for such a stgr-?’> diagram without requiring fine tuning of the models’ pa-
to show any modulation in its surface thermal emission, in cof@meters. Moreover, these model parameters are consistent with
tradistinction to some observations (Page & Sarmiento 1996yalues deduced from various other neutron star studies.

With regard to the thermal evolution of neutron stars, com-
parison of cooling models with current estimate of surface temcknowledgementsThis work was supported by a binational grant
perature of young neutron stars shows no clear evidenceppiG (grant #444 - MEX - 1131410) - Conacyt (grant #£130.443), Co-
occurrence of fast coolingdgelman 1995; Page 1998). Thisacyt (grant #2127P - E9507), UNAM - DGAPA (grant #IN105495)
means that if these neutron stars do contain some ‘exotic’ phasé Coordinadin Cientfica - UMSNH. D.P. and T.Z. are thankful to
of matter, its strong neutrino emission must be quenched by p#ie Astrophysikalisches Institut Potsdam for its kind hospitality and
ing (Page & Applegate 1992; Page 1998) so that their therntafs- to the Instituto de Astronoia of UNAM.
evolution is very close to the ‘standard’ one.

5.5. The EOS and cooling history of neutron stars
and the crustal magnetic field hypothesis
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Appendix A: induction equation and joule heating rate The above form of the induction equation combined with
. . . . ; g[A.8 as well the line element Eqd. 1 with the metric func-
In this appendix, we shall provide a few of the intermediate C.{rbns corresponding to a non singular perfect fluid solution of

?(;Jrl?ﬁlgr‘]lf)helzﬂggt}r? tr:ind?(r)lv:;loirr: fr:;ii;ﬁﬁ?;ﬂ%rix%r; S’Ei)ln instein’s equations yield EQ. R0 of the main text (for a detailed
g employ P Brivation see GPZ00).

We begin by recalling that the covariant form of Maxwell's . . .
equations are as follows (Misner et al. 1973 Wald 1984)- We now consider the GR expression for the Joule heating.
quatt ws (Mi ' ' ): To do so, we start from the covariant expression of the energy

VOF = _4jJ (A.1) momentum tensor for an arbitrary electromagnetic field (Misner
of c P ' etal. 1973; Wald 1984) i.e.:
Viafsy =0 (A.2) 1

1
= — |F . F" — =guF.3F*"| . (A.10)
whereF, 3 = —Fj,, J, andV are the coordinate components S L
of the Maxwell tensor, the conserved four current and the CB'singthe representation of Eq. AA.4, one can easily show that the

variant derivative operator, respectively. We may first recall thglte : :
. ! o ctromagnetic energy densfiyas seen by the static observers
once a solutiort’ 3 of Eqs[A.1£A.2 has been specified, an oy 9 9y ® y

server with four velocityyU« , U*U, = —1 measures electric given by:

and magnetic field§F , B) given, respectively, by: T, UrUY = SL[EQEQ + BB, =

E,=F,3U", B, = —%eaﬁ‘;FwUﬁ (A.3) f

wheree, 5.5 stands for the four-dimensional Levi-Civita tensor 8?[E E+B-B]=¢ (A.11)
Sleerlljgy It follows then easily from £.A.3 that an InVersmr\}vhereE and B stand for the physical components of the elec-

tric and magnetic fields, respectively, satisfying Eqs] B.5+A.7.
Fop = UaEs — UsEq + €03,6U"B° (A.4) Poynting's theorem now has the following form

Thorne etal. (1982, 1986) have introduced an elegant versionggf

curved spacetime electrodynamics, the absolute space formiga- = -V-8§+29-8§-35-FE (A.12)
tion, that is reminiscent of the familiar flat spacetime electrody-
namics formulated in terms of the electric and magnetic fields. ere
This can be accomplished by working directly with the physica} — L(E x B) (A.13)
frame components of the electric and magnetic fiélls B), 4m
as determined by the static observers relative to their orthongrthe Poynting vector and
mal frames. Recalling that such observers have a four velocity
field U* = e®62, (see EQIL) it then follows that Maxwell's , — _VZ _ g (A.14)
Eqs[A1EA2 can be written in the following equivalent form: zZ
V.E=drp, V-B=0 (A.5) i_s thg gravitational acceleratio_dr = Z dt being the proper
time interval. The second terminther.h.s. ofEq. A.12 is a purely
Vx(ZB) = 4LTZJ + 10E (A.6) relativistic effect which results from the inertia of (electromag-
c c ot netic) energy (see, e.g., Thorne etal. 1986). The only dissipative
16B termin EqLA.I2 isthe lastone, i.e., the Joule heating term, using
VX(ZE)=———- (A7) ohms law:
where in this appendiX stands for the lapse function related I(Z?(GR) _ Ji (A.15)
the red shift factor byZ = ¢® and theV operators are formed " o '
out of the following three metric: . (GR) , ,
) By construction,, ™ represents energy per unit (proper) time
dr
2 _ 2 7002 and (proper) volume.
ds®s 1= 2Gm/r + redQ”. (A.8)

by the rules of vector calculus as applied to the above ortha@eferences

onal coordinate system. It follows then rather easily that in t?oﬁp T L. Wambach J.. Pines D.. 1089 Phvs. Lett. B222. 173
absence of any convective motion EGsJA53A.7, combined wig'sWorth 1.4, Wambach J., Fines B., » Fys. Letl ‘
Y éaldo M., Cugnon J., Lejeune A., Lombardo U., 1992, Nucl. Phys.

Ohm’s lawJ = o E, and within the MHD approximation (i.e., A536, 349

neglecting the displacement current in [EQLIA.6), yield the foIl:"aldo M., Elgargy @, Engvik L., Hjorth-Jensen M., Schultze H.-J.,
lowing induction equation governing the evolution of the neu- ;g9g Phys. Rev. C58, 1921

tron star magnetic field: Baym G., Pethick C., Pines D., 1969, Nat 224, 673
1B c Bhattacharya D., Wijers R., Hartman J., Verbunt F., 1992, A&A 254,
-— 4+ VXx[—Vx(ZB)] =0, (A.9) 198

c Ot
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