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Abstract. We have investigated magnetically driven superlu-
minal jets originating from rotating black holes. The station-
ary, general relativistic, magnetohydrodynamic wind equation
along collimating magnetic flux surfaces has been solved nu-
merically. Our jet solutions are calculated on a global scale over
a spatial range from several to several 1000 gravitational radii.
Different magnetic field geometries were investigated, param-
eterized by the shape of the magnetic flux surface and the mag-
netic flux distribution. For a given magnetic flux surface we
obtain the complete set of physical parameters for the jet flow.
In particular, we apply our results to the Galactic superluminal
sources GRS 1915+105 and GRO 1655-40.

Our results show that the observed speed of more than 0.9 c
can be achieved in general by magnetohydrodynamic acceler-
ation. The velocity distribution along the magnetic field has a
saturating profile. The asymptotic jet velocity depends either
on the plasma magnetization (for a fixed field structure) or on
the magnetic flux distribution (for fixed magnetization). The
distance where the asymptotic velocity is reached is below the
observational resolution for GRS 1915+105 by several orders
of magnitude. Further, we find that highly relativistic speeds
can be reached also for jets not emerging from a region close
to the black hole, if the flow magnetization is sufficiently large.

Motivated by the huge size indicated for the Galactic super-
luminal knots of about ��� Schwarzschild radii, we point out
the possibility that the jet collimation process in these sources
may be less efficient and therefore intrinsically different to the
AGN. The plasma temperature rapidly decreases from about
����K at the foot point of the jet to about ���K at a distance of
���� gravitational radii from the source. Temperature and the
mass density follow a power law distribution with the radius.
The jet magnetic field is dominated by the toroidal component,
whereas the velocity field is dominated by the poloidal compo-
nent.
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1. Introduction

1.1. Relativistic jets and Galactic superluminal motion

Apparent superluminal jet motion originating in the close envi-
ronment of a rotating black hole is observationally indicated for
two classes of sources concerning mass and energy output. One
class is the family of radio loud active galactic nuclei (hereafter
AGN). In the AGN standard model highly relativistic jet mo-
tion is explained by magnetohydrodynamic processes in a black
hole - accretion disk environment (for a review see Blandford
1990). Jets are magnetically accelerated and possibly also col-
limated by magnetic forces. However, the detailed interaction
process of the magnetized black hole - accretion disk system
which is believed to lead to the ejection of high velocity blobs
is not yet fully understood.

The other class are galactic binary systems for which
radio observations have also detected superluminal mo-
tion (see reviews of Fender 2000 or Greiner 2000). The
two most prominent examples are the high energy sources
GRS 1915+105 (Mirabel & Rodriguez 1994) and GRO 1655-
40 (Hjellming & Rupen 1995; Tingay et al. 1995). The de-
projected jet speed of both sources is �� ��� � and surpris-
ingly similar, although for GRS 1915+105 also a higher veloc-
ity component has been observed recently (Fender et al. 1999).
GRO 1655-40 is a binary consisting of a ��������� �� black
hole and a ��� �� F-subgiant (Orosz & Bailyn 1997) at a dis-
tance of 3 kpc. GRS 1915+105 is at 10–12 kpc distance (Fender
et al. 1999), but the component masses of the presumed binary
are not known. Order of magnitude estimates based on X-ray
variability and QPO properties range from 10–80 �� (Morgan
et al. 1997, Greiner et al. 1998). As for the AGN jet sources, ob-
servational evidence for a black hole - accretion disk system is
found also for the Galactic superluminal sources. Observations
have also indicated that accretion disk instabilities may be re-
lated to jet ejection (Greiner et al. 1996, Belloni et al. 1997,
Mirabel et al. 1998). Therefore, the jet formation process for
extragalactic jets and their Galactic counterparts may be the
same, although the mechanism that accelerates and collimates
the GRS 1915+105 ejecta is yet unclear (Rodriguez & Mirabel
1999).
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Optical polarization measurements have been obtained for
the microquasar GRO J1655-40 (Scaltriti et al. 1997, Gliozzi
et al. 1998). The polarization angle is approximately parallel to
the accretion disk plane. The amount of polarization has been
found to vary smoothly with the orbital phase, being smallest
at binary phase 0.7–0.8. It has been noted that the occasionally
observed X-ray dips occur at the same phase interval (Ueda et
al. 1998, Kuulkers et al. 1998) suggesting that it may be related
to either a thickening of the disk rim at the impact site of the
accretion stream from the companion or the overflow of this
stream above/below the disk. The orbital polarization modula-
tion rules out a synchrotron origin in the jet, and implies the
presence of electron scattering plasma above the accretion disk
which is asymmetrically distributed or asymmetrically illumi-
nated. The existence of such scattering plasma is consistent
with the interpretation of the iron features as observed with
ASCA as absorption lines and edges in a thick, cool torus of
column �� � ����	
�� (Ueda et al. 1998).

The relativistic speed observed for the Galactic superlumi-
nal sources (� �������� � de-projected) corresponds to a bulk
Lorentz factor of � � � � � although this number is not very
accurate (e.g. Fender et al. 1999). Therefore, for any theoretical
investigation of these objects at least special relativity has to be
taken into account. If the superluminal motion originates close
to a black hole, also general relativistic effects may become
important.

The ejection of matter itself is not a stationary process.
In GRS 1915+105 also repeated emission of knots is observed
(Rodriguez & Mirabel 1999). X-ray and radio observations
suggest that a wide range of ejected mass and ejection fre-
quency is possible.

Though the galactic jet sources are nearby, they are not bet-
ter resolved spatially because the distance ratio between AGN
and microquasars is smaller than their mass ratios. Neverthe-
less, an important implication may also come from the ob-
served size of the superluminal knots which are observation-
ally resolved. In the case of GRS 1915+105 the characteristic
dimension of the ’jet’ is 35 mas, equivalent to �� ���� cm at a
distance of 12.5 kpc (Rodriguez & Mirabel 1999). We empha-
size that such a knot size corresponds to � ��� Schwarzschild
radii for �	 � ���� ��� 
��� ���	
! This is a huge factor
and may be in distinctive difference to the AGN jets. Similarly,
the VLBA data show the core as a collimated jet down to a dis-
tance of 10 AU from the central source with an opening angle
of 	 ��Æ (see Mirabel & Rodriguez 1999) corresponding to
��
 
������ Schwarzschild radii. The length of the radio jet
is about 100 AU.

However, when interpreting the observed emission region,
one has to keep in mind that this region may not represent the
jet flow itself, but some part of another, larger, structure. For
example, in some extragalactic jet sources there is indication
that the knots travel along helical trajectories, believed to be
prescribed by a large-scale helical magnetic field of an almost
cylindrically collimated jet (Zensus et al. 1995; Camenzind &
Krockenberger 1992).

In GRO 1655-40 the motion of the radio knots is com-
plicated and requires (at least) precession between different
ejections (Hjellming & Rupen 1995). The knot structures in
GRS 1915+105 remained fixed implying that the whole knot
moves with the same speed without spatial diffusion and with
an axial velocity profile more or less constant.

Based on minimum energy arguments and only relativis-
tic electrons responsible for the synchrotron radiation in the
knots of GRS 1915+105 , Rodriguez & Mirabel (1999) derive
a magnetic field strength of about 50 mG to 7 mG, the decrease
resulting from the expansion of the knot. They also estimate
the rest mass of a knot of � ���� g, and together with (steady)
photon luminosity of � �� ���� ��� ���, exclude radiation as
driving mechanism for the knots.

1.2. Theory of magnetic jets

From the introductionary remarks it is clear that a quantitative
analysis of superluminal motion must take into account both
magnetohydrodynamics (hereafter MHD) and (general) rela-
tivity.

The first theoretical formulation of the electromagnetic
force-equilibrium in Kerr space-time around rotating black
holes was given by Blandford & Znajek (1977) and Znajek
(1977), who discovered the possibility of extracting rotational
energy and angular momentum from the black hole electro-
magnetically.

Camenzind (1986, 1987) formulated a fully relativistic sta-
tionary description of MHD flows, basically applicable to any
field geometry. The structure of such collimating jet magneto-
spheres in the case of Kerr space time was presented by Fendt
(1997). Solutions of the so-called wind equation in Kerr ge-
ometry (see below) considering the stationary plasma motion
along the magnetic field were discussed by Takahashi et al.
(1990), however, applied for an accretion flow and not for a
wind flow.

While the asymptotic structure of the propagating jets be-
comes more and more understood with the help of time-
dependent magnetohydrodynamical, also relativistic, simula-
tions (e.g. Nishikawa et al. 1997; Mioduszewski et al. 1997;
Hardee et al. 1998), the process of jet formation itself and the
collimation of the outflow region is a task still too complex
for numerical simulations. The involved length scales and gra-
dients require a high resolution in grid size and time stepping.
Koide et al. (1998, 2000) were first to perform general relativis-
tic MHD simulations of jet formation close to the black hole.
In their model, the interaction of an initially cylindrical mag-
netic field with an Keplerian accretion disk results first in an
inflow of matter towards the black hole. This accretion stream
interacts with the hydrostatic corona around the black hole giv-
ing rise to a relativistic gas pressure driven jet. At larger radii
a magnetically driven wind is initiated from the accretion disk.
The simulations were performed for less than two rotations of
the inner disk (corresponding to less than 0.02 rotations of the
disk at the outer edge of the grid). Although these results of
the first fully general relativistic MHD simulations look indeed
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very exciting, some objections can be raised about the underly-
ing model. The initial condition applied is that of a hydrostatic
corona around a black hole, an assumption which is not com-
patible with the boundary of a black hole horizon. Such a con-
figuration is not stable and will immediately collapse. Since the
simulation lasts only over a few Keplerian periods, the ejection
of the jet components could might be only a relict of the unsta-
ble initial condition and might not be present over the long-term
evolution.

1.3. Aim of the present study

In this paper, a stationary magnetic jet flow along a given mag-
netic flux surface is investigated in the context of general rela-
tivity. Due to the stationary approach, we cannot treat any time-
dependent phenomena. Our emphasis is to trace the large scale
behavior of the flow from it’s origin close to the black hole
to large distances. This is an essential point in particular for
the Galactic superluminal sources because of the possible huge
spatial extension of the jets compared to the central black hole.
The stationary model allows for a global treatment of the jet
flow, i.e. an investigation over a large range of magnitudes for
density and magnetic field strength. This is not yet feasible with
time-dependent MHD codes presently available. In particular,
we address the following topics.

– For a given geometry of the magnetic field, which are the
resulting jet dynamical parameters as velocity, density or
temperature?

– How important are the effects of general relativity? Does
the superluminal flow indeed originate very close to a black
hole?

– From the investigation of different field geometries we ex-
pect some hints to the jet opening angle and the length scale
of the collimation process.

The structure of this paper is as follows. In Sect. 2, basic equa-
tions for relativistic magnetospheres are reviewed in the context
of Kerr metrics. In Sect. 3, the model underlying our numerical
calculations is discussed. We present our numerical results in
Sect. 4 and discuss solutions with different geometry and jet
parameters. We summarize our paper in Sect. 5.

2. Description of a MHD flow in Kerr metric

Under the assumptions of axisymmetry, stationarity and infi-
nite conductivity, the MHD equations reduce to a set of two
basic equations describing the local force-balance across the
field and along the field (for references, see, e.g., Blandford
& Znajek 1977; Thorne et al. 1986; Camenzind 1986, 1987;
Okamoto 1992; Beskin & Pariev 1993, Beskin 1997).

The trans-field or Grad-Shafranov equation determines the
field structure, whereas the wind equation describes the flow
dynamics along the field. Due to the stationarity assumption,
certain conservation laws apply. The total energy density, the
total angular momentum density, the mass flow rate per flux

surface and the iso-rotation parameter are conserved quanti-
ties along the surfaces of constant magnetic flux (Camenzind
1986).

In this paper the motion of a magnetized plasma is calcu-
lated from the wind equation. The plasma moves along a pre-
scribed axisymmetric magnetic flux surface which originates in
a region close to a rotating black hole.

2.1. Space-time around rotating black holes

The space-time around a rotating black hole with a mass � and
angular momentum per unit mass 
 is described using Boyer-
Lindquist coordinates with the line element

��� � 
���� � ��� 
��� ����� � 
����� ��� � �� ���� (1)

where � denotes the global time, � the angle around the axis of
symmetry, �� � similar to there flat space counterpart spherical
coordinates, and where geometrical units � � � � � have been
applied (see Appendix A for further definitions). The horizon
of the Kerr black hole is located at �� � � �

�
�� � 
�.

We will normalize all radii to gravitational radii �� � ��

 �
�� � � . The angular velocity of an observer moving with
zero angular momentum (ZAMO) is � � 
������
���, cor-
responding to the angular velocity of the differentially rotating
space. The lapse function is 
 � 
������
��� describing the
lapse of the proper time � in the ZAMO system to the global
time �.

2.2. Description of the electromagnetic field

In the 3+1 split of Kerr space time (Thorne et al. 1986) the elec-
tromagnetic field ���, the current density �, and the electric
charge density �� can be described very similar to the usual ex-
pressions, if measured by the ZAMO’s according to the locally
flat Minkowski space. These local experiments then have to be
put together by a global observer for a certain global time us-
ing the lapse and shift function for the transformation from the
local to the global frame.

With the assumption of axisymmetry a magnetic flux func-
tion can be defined measuring the magnetic flux through a loop
of the Killing vector� � ���	�,

�
�� �� �
�

��

�
�� 
 �� � �� �

�

���
	� ��� (2)

corresponding to the magnetic flux through an area �
� ��� �� �

around the symmetry axis (in the limit of Minkowski space).
With the assumption of a degenerated magnetosphere,

��� ���� �� �� 
�� � � an ’angular velocity of field lines’
can be derived from the derivative of the time component of
the vector potential �� � ��
�� � ����
�������. We will
denote this quantity with the term ‘iso-rotation parameter’.

2.3. The wind equation

It has been shown that a stationary, polytropic, general relativis-
tic MHD flow along an axisymmetric flux surface �
�� �� can
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be described by the following wind equation for the poloidal
velocity �� 
 �����,

��� � � � ���
�
�

�

��
���� � ������

� � ���
�


�� � ������
� (3)

where

�� �  ���
�
� � � ���� �  ���

�� � ����
!

�
�

�� � �
�
 �� � � ��

!

�
�  ��

!�

��

�
�
�
 ��� �  �� ��

�
(Camenzind 1986, Takahashi et al. 1990). The Alfvén Mach
number � is defined as � � � ��"���� ���

�, with the proper
particle density ", the specific enthalpy �, and a poloidal mag-
netic field ��� � ���
 ���� �����, rescaled for mathematical
convenience. For a polytropic gas law with the index � 
 "�#,
the wind equation (3) can be converted into a polynomial equa-
tion,

������
���

��
$� ���� �����!� ����
���
� � � � (4)

(Camenzind 1987, Englmaier 1993, Jensen 1997), where the
coefficients �� are now defined as functions of the normal-
ized cylindrical radius $ � ���� (see Appendix B). The shape
of the axisymmetric magnetic flux surface � is prescribed as
function %
$� ��. The flux function � �

�� ��� describes the
opening of the flux surface. The faster � decreases the faster
magnetic energy is converted into kinetic energy. We define
the dimensionless magnetization parameter 1 at the ‘injection’
point $� following Takahashi et al. (1990),

�� �
��
�

��#�&��
� (5)

measuring the Poynting flux in terms of particle flux &� 
�� "��. The magnetization determines the maximum energy
available for plasma acceleration and thus determines also the
asymptotic poloidal velocity. The other wind parameters are to-
tal energy density �, total angular momentum !, and the iso-
rotation parameter ��.

We choose the polytropic index � � ��� for a hot rela-
tivistic proton-electron plasma (a hot electron-positron plasma
would imply � � ���). Then, at each radius $ the polynomial
equation (4) has �"� �# � �� solutions. Some of these math-
ematical solutions have no physical meaning, e.g. because � �

�

is negative. The remaining physical solutions form a bunch of
different curves in the ��
$�-diagram representing different so-
lution branches (see our solution S1 in Appendix C, Fig. C1).

1 Note that this definition for the magnetization varies from the orig-
inal Michel magnetization parameter �� � ��

��������
�
�, where

�� is the magnetic flux, �� the mass flux and �� the light cylinder.
This comes from the fact that the general relativistic equations have
been normalized to the gravitational radius, whereas the special rela-
tivistic equations have been normalized to the light cylinder

The unique branch of the ’wind’ solution starts at a small radius
with small velocity continuing outwards with increasing ve-
locity. For an other parameter choice also ’accretion’ branches
can be found, starting from a large radius with small velocity
and continuing inwards with increasing velocity (not shown in
Fig. C1).

However, not for all parameters ��!� � there exist physi-
cal solutions which are continuous functions of $ and there-
fore defined along the whole flux surface. It is well known that
at the magnetosonic points the wind equation (3) becomes sin-
gular (see Camenzind 1986, Takahashi et al. 1990). Regularity
of the solution requires a flow velocity equal to the speed of
the MHD waves in order to obtain a smooth (self-consistent)
transition at the magnetosonic points. In order to match astro-
physical boundary conditions we fix the following parameters
by our model,

– the ’injection’ radius, $�, the location where the matter
couples to the magnetic field. This radius also determines
the iso-rotation parameter ��.

– the ’injection’ velocity ��� � ��
$��, defining the initial
kinetic energy.

– the Alfvén radius $�, which fixes the total angular momen-
tum of the flow.

The critical wind solution for a given flux surface can then be
found by varying the flow parameters in Eq. (4). Due to numer-
ical convenience, we vary

– the sound speed ��� at the injection radius, defining the ini-
tial density (or gas pressure and temperature),

– the magnetization parameter at the injection point ��
�� �
��
��
��#�&���.

In turn, the condition of a regular flow at the slow magnetosonic
point fixes the sound speed and, thus, jet mass flow rate.

3. The model assumptions

3.1. The model in general

Observationally the jet phenomenon of AGN, young stellar ob-
jects and microquasars is always connected to the signatures of
an accretion disk. We therefore assume a similar disk-jet sce-
nario for the jet formation in Galactic superluminal jet sources.
In general our model geometry follows the standard model for
jet formation in AGN (cf. Blandford 1990).

Two typical length scales enter the problem. (i) The gravita-
tional radius �� measures the influence of gravity on the metric.
(ii) The asymptotic light cylinder �� describes the influence of
rotation on the electrodynamics.

3.2. The central black hole

The black hole mass and angular momentum determine the ge-
ometry of space. Since we use dimensionless equations nor-
malized to the gravitational radius, our results scale with the
mass of the black hole. For parameter estimates we assume



Fendt & Greiner: General relativistic magnetic jets 5

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������
���������������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������
����������������������

Black hole

Disk

Magnetic field line

M
ag

ne
tic

 fl
ux

 su
rfa

ce
s

Fig. 1. Model geometry applied for our numerical calculations. The
poloidal field structure is prescribed as magnetic flux surfaces with
different opening angle. These flux surfaces different foot point radii
along the accretion disk (not visible). The central source is a black hole
implying that general relativistic effects have to be taken into account.
The toroidal field follows from the solution of the wind equation.

a black hole mass of � �� which is about the value inferred
for the galactic superluminal sources. The angular momentum

 as the other black hole parameter is not known for any of
the relativistic jet sources. Interpretation of the high effective
temperatures of the accretion disk as well as the stable QPO
frequency (as Thirring-Lense effect) suggests that 
 ��0.9 for
GRS 1915+105 and GRO 1655-40 (Zhang et al. 1997). Theo-
retically, one may expect a rapidly rotating black hole because
of angular momentum conservation during the collapse and
also accretion of angular momentum from the accretion disk
(King & Kolb 2000). Here, we choose 
 � ���, a value which
is not extreme, but clearly different to Schwarzschild metric.
The rotation rate of the black hole is defined as �� 
 �
��� �

�
�����. The Kerr parameter 
 does not influence the solu-
tion of the wind equation directly. However, for rotating black
holes the marginally stable orbit ��� is closer to the horizon,
��� � ��� for 
 � � and ��� � �� for 
 � �). Thus, if the
jet magnetic field is anchored just outside the marginally sta-
ble orbit, this means that for a rapidly rotating black hole also
the maximum angular speed of the jet foot points increases by
a factor of ���� � ����. Correspondingly, the light cylinder
radius of the jet moves inward by the same factor.

In addition to the well-known special relativistic light cylin-
der, the differential rotation of the space � leads to the forma-
tion of a second light surface. At this position the ’rotational ve-
locity’ of the field lines relative to the ZAMO equals the speed
of light (see Blandford & Znajek 1977). The position of the
two light surfaces ��� is defined by ���

� � 
�
 ��
�� � ����,
where the � (�) sign holds for the outer (inner) light surface
with �� � � (�� 	 �). However, these light surfaces have
no direct implication for the MHD flow. In the limit of a strong

magnetization, the MHD Alfvén surfaces (for inflow and out-
flow) approach the corresponding light surfaces.

3.3. The accretion disk

X-ray observations of GRS 1915+105 detected strong inten-
sity variations indicating major instabilities of an accretion disk
(Greiner et al. 1996). Belloni et al. (1997) find that the highly
variable X-ray spectra could be explained if the inner disk is al-
ternatively removed and replenished due to a thermal-viscous
instability. Simultaneous X-ray and infrared observations of
GRS 1915+105 revealed evidence for a disk–jet interrelation
(Eikenberry et al. 1998, Mirabel et al. 1998). The observed
flares in the X-ray and IR bands have a consistent offset de-
lay of � �� min indicating an origin from the same event.

The accretion rate in GRS 1915+105 and GRO J1655-40
can be determined from the observed X-ray luminosities (e.g.
Greiner et al. 1998). Depending on the chosen efficiency (5%
in non-rotating versus 42% in maximally rotating black holes)
the accretion rate ranges between �� �� ���
������ (GRS
1915+105) and ���� �� ���������� (GRO J1655-40), re-
spectively.

From the theoretical point of view an accretion disk sur-
rounding the black hole is the essential component concerning
magnetic jet formation. It is considered to be responsible for
the following necessary ingredients for jet formation, propaga-
tion, and collimation.

– The generation of the magnetic field. In contrast to stel-
lar jets the magnetic field of jets from black holes cannot
be supplied by the central object but has to be generated
by the surrounding accretion disk. Dynamo action in gen-
eral relativistic accretion disks were discussed by Khanna
& Camenzind (1996a, 1996b) and Brandenburg (1996).

– The mass loading of the jet. The accreting material be-
comes partly diverted into the jet. Evidently, no mass out-
flow is possible from the black hole itself, in difference to
a stellar wind. Self-similar accretion-ejection mechanisms
were investigated by Ferreira (1997).

– The electric current system. Differential rotation of the disk
is also responsible for driving the poloidal electric current
system in the jet magnetosphere. Such a current extracts
angular momentum from the disk and eventually allows for
mass accretion into the central object.

3.4. model parameters for the wind motion

3.4.1. The magnetization parameter

The leading parameter for the wind solution along a
fixed poloidal field is the magnetization parameter (5). Re-
normalization to astrophysical units gives

��
�� �
��
�

��#�&��
� ��

���
�
�

�  ����
�����
�

��
���

�
�

�  ����
��

�
��

��

��
(6)

where  ����
�� �� ��#�"������
�
� is the jet mass flux

enclosed by an area of radius ��. A first order estimate of
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the magnetization can be derived from the disk equipartition
field strength. Then, with a reasonable assumption on the jet
mass flow rate related to the disk accretion rate, this gives the
jet magnetization. Although the equipartition field strength is
model-dependent, the different models (e.g. either advection
dominated disk or standard disk, either Kramer’s opacity or
Thomson scattering) give rather similar results. A self-similar
advection dominated disk model with the accretion rate  ����

gives

�� � ���� ���! 

�

�

�

!"�

�
�

���

�� �

�

�
 ����

 �#

��

��
�

��

�� �

�

� (7)

where  �# � ��� � ���

������ ������ is the Edding-
ton luminosity and 
!"� is the viscosity parameter (see e.g.
Narayan et al. 1998). In comparison, an optically thin standard
accretion disk with Thomson opacity gives �� �

�
��' �	

��
( ��� � ��� � ���!

����
!"� 
����������
���������

(see Blandford 1990). Note that these estimates are only valid
within certain limits of the accretion rate and the disk radius.
Using the advection dominated disk model equipartition field
strength, we obtain the following estimate for the magnetiza-
tion at the injection radius,

��
�� � ��
�


!"�

�
�

���

��  ����

 ����

����
��

��

����

(8)

A comparison with the original Michel magnetization parame-
ter must take into account a factor 
�������.

3.4.2. The magnetic field distribution

The normalized magnetic field distribution is prescribed by

– the shape of the field line, %
$�,
– the magnetic flux distribution, �
$� � ��
$�

	� �
����.

We apply different functions %
$� and ��
$� in order to in-
vestigate the influence of collimation, rotation and magnetic
flux distribution on the jet acceleration. The function %
$� we
choose (i) weakly collimating and anchored close to the black
hole, (ii) rapidly collimating and anchored close to the black
hole, (iii) rapidly collimating and anchored at some distance
from the black hole. One example for the shape of the flux sur-
face is % � ���
$ � $�����, which describes a rather conical
surface with only a slight collimation (solution S4, S4b, see
Fig. 2). A possible choice for the magnetic flux distribution is
��
$� � 
$�$������, resulting in magnetic flux function �
$�
decreasing with radius faster than a monopole where �
$� � �.

Clearly, the amount of magnetic energy available for ac-
celeration at a certain position is a function of space � �

�
�� ��.
That “opening” of the flux surfaces being related to the two-
dimensional field distribution is not known in general. De-
pending on the intrinsic field generation mechanism the field
strength decreases with radius. For a monopole type field dis-
tribution (for which � � const.) the field strength decreases

with � ��� as for a dipole type distribution we have � ���.
Our choice for the flux function � is between these cases.

Prescribing both the flux distribution and the shape of the
flux surface does not over-determine the problem. The mag-
netic flux function � describes the opening of the magnetic flux
tubes. With the shape of the flux surface chosen, the choice of
the flux function just defines the position of the “other” flux
surfaces. In a fully self-consistent approach, the field structure
is determined by the solution of the Grad-Shafranov equation.
Such solutions are not yet available.

3.4.3. The plasma temperature

The temperature distribution along the field line follows a poly-
tropic gas law, ( � (� 
"�"��

$��. In our approach the tem-
perature at the injection radius $� is determined by choosing
the sound speed at this point, ���,

(� �
�� �

�

�
����

�� �� ����

�
#��

�

�%
(9)

For typical parameters applied in our calculations, � �� � ����,
� � ��� this gives a gas temperature of the disk corona of
about ��������K at the jet injection radius. This temperature is
in rough agreement with the disk temperature of the advection
dominated accretion disk models at small radii (Narayan et al.
1998).

3.4.4. The iso-rotation parameter ��

The iso-rotation parameter ��
�� is determined from the posi-
tion of the injection radius of the field line $�. This choice cor-
responds to the interpretation often applied for �� as the “an-
gular rotation of the field lines”. Here, we assume that the field
lines are anchored in a Keplerian disk, �� � �&"�' � �(
$��.
For a radial position not too close to the black hole, the angu-
lar velocity in the accretion disk follows its Newtonian value.
Close to a black hole �� is limited due to the ‘rotation of space’
�. A Keplerian disk would give ��
$�� � $

����
� . An injection

radius $� � ��� typical for our solutions gives �� � ����
which is about �����.

4. Results and discussion

We now discuss our numerical solutions of the general rela-
tivistic magnetic wind equation for different field geometries
and input parameters. With the prescribed poloidal field our
solution is uniquely defined by the conditions along the jet foot
point and the condition of regularity across the magnetosonic
points. Due to the stationarity assumption and the prescription
of the field distribution, the spatial range of the computation is
in principle not limited in radius. This is essential if one con-
siders the huge size of Galactic superluminal jets in terms of
the size of the central object.

In general, we show that the acceleration of plasma from
regions close to a black hole to the speed of ���� � observed for
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Table 1. Comparison of leading parameters for the wind solution. Magnetic flux distribution ������, shape of the poloidal field line ����,
iso-rotation parameter ��, sound speed at the injection radius ���, magnetization at the injection radius ��, cylindrical Alfvén radius ��,
cylindrical injection radius ��, total energy 	, normalized to 
��

� normalized total angular momentum �� � ��	, asymptotic velocity ���,
and distance from the central object when this speed is reached ���������. Other Parameters are: ��� � �
��	
, � � �
�, � � 
�
.

prescribed calculated

������ ���� �� ��� �� �� �� 	 �� ��� ���������

S3 � � �
���� ���
	�
 0.035 0.05165 979.4 22.931 8.3 2.7887 20.03886 �

 �� ���

S3c � � �
��� � ���
��� 0.035 0.0525 3588 25.0 8.3 4.7383 23.54 � 


 � 
� ��	

S4 � ��
�� �
���� ���
	�
 0.035 0.049 2380 22.931 8.3 2.7879 20.037 � �
� � ��


S4b � ��
�� �
���� ���
	�
 0.014 0.03865 25850 60.53 15.3 3.5282 52.973 � 

� � �� ��	

S9 � ��
�� �
���� ���
��� 0.035 0.05165 2777 22.92 8.3 2.7572 19.93 2.6 � 
���

Fig. 2. Projected magnetic flux surface. Shape of the poloidal field line
/ flux surface as function ���� for the solutions S4 (and S4b, S3, S1)
and S9 (and S3c).

Galactic superluminal motion is possible to achieve. Depend-
ing on the poloidal magnetic field distribution, the asymptotic
speed of the jet is reached at a radius of about 100 gravitational
radii.

For comparison the leading parameters for all 5 astrophys-
ical examples are summarized in Tab. 1. Additionally, the ex-
ample solution S1 shows the typical behavior of the solu-
tion branches in the case of super- or sub-critical parameters
(Fig. C.1, Appendix C).

4.1. The wind solution – a collimating relativistic jet

Compared to the other examples, solution S3 (Fig. 3) is rel-
atively weakly magnetized. The initial opening angle of the
magnetic flux surface is large. The magnetic flux function ��
$�
is constant along the field line. Therefore, the magnetic accel-
eration is less efficient with magnetic flux being transformed

into kinetic energy only slowly (compared to e.g. solution S4).
The asymptotic poloidal velocity of �� � ��� is reached be-
yond a radius $ � ��� (corresponding to a distance from the
black hole of %
$� � �� ���).

Figure 3 also shows the distribution of other physical pa-
rameters. The poloidal field strength �� decreases with the
opening of the magnetic flux surfaces. While the poloidal field
distribution is prescribed in our approach, the toroidal mag-
netic field profile is a result of computation and therefore de-
termined by the critical wind solution. At the injection point
the toroidal field strength is about ten times smaller then the
poloidal component. Outside the Alfvén radius the toroidal
field becomes much larger than the poloidal component. For
large radii the magnetic field helix is dominated by the toroidal
component. We find that here the toroidal field component fol-
lows a power law distribution �
"#���� � �
"#� $�. There-
fore, in the asymptotic part the poloidal electric current is al-
most constant & � $�� � 	#��$� In relativistic MHD electric
fields cannot be neglected. The electric field orientation is per-
pendicular to the magnetic flux surfaces and the field strength is
�� � 
������� . Therefore, the electric field is dominating
the poloidal magnetic field outside the light cylinder.

The density and temperature distributions (Fig. 3) are inter-
related by the polytropic gas law. At the injection point the gas
temperature ( � ����K and density � � ��� 	
�� are com-
parable with the conditions in the inner disk (see Sect.3.4.3).
Density and temperature decrease rapidly along the field line
following a polytropic expansion. For $ ��30 the proper mass
density follows a power law � � � � ����$��	�. At a radius
$ � ���� the gas temperature is about ���K. Therefore we can
estimate the size of the X-ray emitting region of about several
���� �� in diameter. For the example of GRS 1915+105 this
corresponds to ��� � ���� arcsec. It would be interesting to
calculate the X-ray spectra of such an relativistically expand-
ing high temperature gas distribution.

Solution S3c has the same distribution of the magnetic flux
function � as solution S3. The magnetic flux surfaces, however,
are collimating more rapidly. The derived critical wind solution
has a large magnetization. The Alfvén radius comes closer to
the light cylinder, although �� is the same in both solutions
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Fig. 3. Solution S3. Properties of the critical wind flow along a given
flux surface (for the flow parameters see Tab. 1). Poloidal velocity ���
(in �), proper mass density � (in ����), temperature � (in K), poloidal
and toroidal field strength, ��� �� (normalized to the magnetic flux
at the injection radius). The asymptotic jet velocity of �� � �

 is
reached after about � � ��� . The critical (magnetosonic) points are
located at the intersections of the two solution branches.

S3 and S3c. The terminal speed and the total energy density
�
�� of the S3c solution is much larger. Because of the large
magnetization type S3c jet solutions correspond to jets with a
low mass flow rate.

Solution S9 relies on the same magnetic flux surface as S3c.
The jet reaches its asymptotic velocity of �� � ��� already at
$ � ���. In this rapidly collimating field structure this position
corresponds to a distance from the central black hole of about
% � ����. As a difference to S3c the magnetic flux function de-
creases with radius implying that the magnetic energy is slowly
converted into kinetic energy and the terminal speed is corre-
spondingly lower. This is interesting because it proves that not
only the magnetization determines the asymptotic speed, but
also the distribution of the magnetic flux along the field line.

Solution S4 has the same magnetic flux distribution as
S9, however, the field line is only weakly collimating. The
asymptotic jet speed and the magnetization parameter is about
the same. Only, the initial acceleration is weaker because the
magneto-centrifugal mechanism works less efficient in the field
with a smaller opening angle.

Solution S4b has essentially the same field distribution as
S4, but the injection radius is chosen larger. Therefore, the iso-
rotation parameter �� is decreased by a factor of 
������������

following a quasi Keplerian angular velocity of the field line’s
foot points. As a result, the critical wind solution could be ob-
tained only for a very high plasma magnetization and the termi-
nal jet velocity is large. Such a solution is feasible if the mass
flow rate in the jet decreases with radius faster than the field
strength (or flux distribution). This proves that highly relativis-
tic jets can be expected even if the jet is not emerging from a re-
gion close to the black hole. The question remaining is whether
the required high field strengths can be found at these positions.

We summarize the results of this section. The asymptotic
speed is determined by the plasma magnetization and the dis-
tribution of the magnetic flux along the field line. The shape of
the magnetic flux surface determines the velocity profile along
the field, thus, the position where the asymptotic velocity is
reached. Highly relativistic outflows can be obtained even if
the jet foot point is not very close to the black hole. However,
in this case a high plasma magnetization is necessary. seems to
be in contradiction to the accretion disk theory (see below).

4.2. The question of magnetization

The magnetic acceleration of jets and winds can be understood
either as a consequence of conversion of Poynting flux (mag-
netic energy) to kinetic energy or due to Lorentz forces along
the poloidal field line. Thus, the higher the plasma magnetiza-
tion the more energy can be transformed into kinetic energy of
the wind. It has been shown theoretically that the relation be-
tween magnetization and asymptotic velocity is that of a power
law, ��� � ����, for conical outflows (Michel 1969) and for
collimating flows (Fendt & Camenzind 1996), if the flux distri-
bution is the same, respectively. However, both papers do not
consider gravity (and not general relativistic effects). The new
solutions presented in this paper are in general agreement with
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Fig. 4. Solutions S9 (upper left), S3c (lower left), S4 (upper right), S4b (lower right). Poloidal velocity ��� along the field line in units of the
speed of light. For the solution parameters see Tab. 1.

those results. The power law distribution is, however, not ex-
actly obtained, since other parameters vary between the differ-
ent solutions.

The wind magnetization is determined by the disk proper-
ties at the jet injection points along the disk surface. For a stan-
dard thin disk model that the ratio of the mass flow rate in the jet
to the disk accretion rate is about 1% (Ferreira 1997). The ob-
servational data for various jet-disk systems are consistent with
this theoretical value. The accretion disk magnetic flux can be
estimated assuming equipartition between magnetic field pres-
sure (energy) and gas pressure (thermal energy) in the disk (see
Sect. 3.4.1). From Eq. (7) we find an equipartition field strength
of about �� � �� ���G, if 
!"� � ��� and �� � ����. Equa-
tion (8) then defines an upper limit for the plasma magnetiza-
tion at the injection radius, �� � �����, for  ���� � ���  ����.
Such a value is in general agreement with our solutions (Tab. 1).
The maximum equipartition field strength estimated with the
above given formulae can be much larger for Galactic black

hole jet sources as for AGN (see Eq. 7). For a low black hole
mass (with a smaller horizon) the disk comes closer to the sin-
gularity and therefore becomes hotter.

Finally, we come back to the examples S4 and S4b. As al-
ready mentioned, these solutions demonstrate that the jet origin
must not be necessarily close to the black hole. One may think
that a strong magnetization at larger disk radii would do the
job. On the other hand, the equipartition field strength in the
disk decreases with radius implying that the highest magneti-
zation and, thus, jet velocities must be expected from the inner
part of the disk. Only, if the mass transfer rate from the disk
into the jet decreases more rapidly with radius than the field
strength, the magnetization increases.
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4.3. The question of collimation

The huge size observed for the knots of the Galactic super-
luminal sources leaves the possibility that the jet is basically
un-collimated.

Our numerical solutions have shown that the asymptotic
speed of the jet does not depend very much on the degree of
collimation in the flow. That speed is reached within a distance
of about �����. However, the observed upper limit for the knot
size is still a factor 10 larger. Therefore, from our solutions,
the observed knots are consistent with both a collimated and an
un-collimated jet flow. In particular, solution S9 which is more
collimated, has the same asymptotic speed as solution S4.

In the case of extragalactic jets a high degree of collimation
is indicated. The “lighthouse model” by Camenzind & Krock-
enberger (1992) gives opening angles of only 0�Æ1 for the quasar
2C273 or 0�Æ05 for typical BL Lac objects. The question arises
whether there could be an intrinsic difference between the jets
of AGN and Galactic high energy sources. Why should Galac-
tic superluminal jets be un-collimated? A difference in the jet
magnetization seems to be unlikely since the jet velocities are
comparable. We hypothesize that if the jets of these sources
are systematically different, this should rather be caused by
the conditions in the jet environment. If the jets are collimated
by external pressure, a different external/internal pressure ratio
will affect the degree of jet collimation. Extragalactic jets are
believed to be confined by the interstellar matter in the galaxy
bulge. It is likely that Galactic superluminal sources provide
an example where the jet pressure exceeds the pressure of the
ambient medium. While AGN jets bore a funnel through the
galactic bulge, Galactic superluminal jets freely expand into
the empty space. Such a picture seems to be supported by the
fact that the Galactic superluminal jet knots move with constant
velocity over a long distance.

5. Summary

We have investigated magnetically driven superluminal jets
originating from a region close to a rotating black hole. The sta-
tionary, general relativistic, magnetohydrodynamic wind equa-
tion along collimating magnetic flux surfaces was solved nu-
merically. The wind solutions were normalized to parameters
typical for Galactic superluminal sources.

The assumption of stationarity allows us to calculate the jet
velocity on a global scale over a huge radial range in terms of
radius of the central source. The wind is launched close to the
rotating black hole at several gravitational radii. The calcula-
tion was performed up to a radius of 10 000 gravitational radii,
but is in general not limited in radius. Different magnetic field
geometries were investigated. The model allows for a choice of
the shape of the magnetic flux surface and the flux distribution
of that field.

The physical wind solution is defined by the regularity con-
dition at the magnetosonic points. As the poloidal field is pre-
scribed, the choice of the following input parameters deter-
mines the wind solution completely, (i) the injection radius of

the matter into the jet, (ii) the injection velocity and (iii) the
plasma magnetization (the ratio of magnetic flux to mass flux).
The results of our numerical computation are the following.

– In general, the observed speed for Galactic superluminal
sources of more than 0.9 c can be achieved.

– For a fixed magnetic field distribution the asymptotic jet
velocity depends mainly on the plasma magnetization, in
agreement with earlier papers (Michel 1969, Fendt & Ca-
menzind 1996). The higher the plasma magnetization, the
higher the final speed. The velocity distribution along the
magnetic field shows a saturating profile depending on the
distribution of the magnetic flux.

– The magnetic flux distribution along the field line also in-
fluences the plasma acceleration. Since the real field distri-
bution is not known, we have considered two cases which
show the typical behavior and which are probably close to
the reality. We find that the jet velocity in a (spatially) faster
decaying field is lower (for the same magnetization).

– For jet solutions not emerging from a region close to the
black hole, a highly relativistic velocity can be obtained if
the flow magnetization is sufficiently large. However, one
we hypothesize that the field strength required for such
a magnetization can be generated only close to the black
hole.

– Investigation of two different jet opening angles has shown
that both field distributions allow for a relativistic velocity.
The asymptotic jet velocity is reached considerably earlier
in the case of the faster collimating flux surface. For a open-
ing angle of the flux surfaces of about 15Æ(45Æ) the asymp-
totic speed is reached at a distance from the injection point
of ������ (�����). This distance is below the observational
resolution by several orders of magnitude. Therefore, the
question of the degree of collimation for the superluminal
jets of GRS 1915+105 and GRO 1655-40 could not be an-
swered by our approach.

– Motivated by the huge size of the observed knots in the
Galactic superluminal jets, we point out the possibility that
the jet collimation process in these sources may be intrin-
sically different in comparison to the AGN. For example,
the upper limit for the knot diameter in GRS 1915+105 is
about ��� Schwarzschild radii, which is distinct from typ-
ical estimates for AGN jets with diameters of about 100 -
1000 Schwarzschild radii.

– The gas temperature at the injection point is about ����K
which is one order larger then the disk temperature at
this point. With the polytropic expansion the temperature
decreases rapidly to about ���K at a distance of ����
Schwarzschild radii from the source. Both the temperature
and the mass density follow a power law distribution with
the radius.

– The calculations show that the jet magnetic field is dom-
inated by the toroidal component. Similarly, the velocity
field is dominated by the poloidal component.

In summary, our numerical calculations have shown that
the highly relativistic speed observed for galactic superluminal
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sources may be achieved by magnetic acceleration. For a given
magnetic flux surface we obtain the complete set of physical
parameters for the jet flow. The calculated temperature, density
and velocity profile along the jet would provide a promising set
of input parameters for a computation of the spectral energy
distribution.

Acknowledgements. C.F. acknowledges helpful discussions with
Mikael Jensen at Lund Observatory.

Appendix A: Parameters of Kerr metric

For the reason of completeness, here we list the parameters ap-
plied in the equations of Kerr geometry. In Boyer-Lindquist
coordinates with the parameters

�� 
 �� � 
� 	#�� �� � 
 �� � 
� � �� ��

%� 
 
�� � 
��� � 
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%��� ��� ��
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 � 
� ���%�� 
 
 �
�

��%�

the components of the metric tensor are defined as
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 �� � �����
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�� ���

 �� � ���
�� �����
�� ��

 �� � ���
�� ���

 �� � ��%
�� ��� ���
�����
�� ���

 
 &�$
�
� � � � �� ��
 ��� �  �� ���

In our paper we have chosen a negative sign of the metric,
�� � ��.

Appendix B: Wind polynomial

Here we provide the polynomial coefficients of the general rel-
ativistic magnetohydrodynamic wind equation Eq. (4). For a
derivation, see Camenzind (1986), Takahashi et al. (1990), or
Jensen (1997). The specific angular momentum, properly nor-
malized, is

�! � �
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 �� � �� ��� (B1)

For convenience we define the following parameters,
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With the corresponding values at the injection radius $� the
total specific energy density of the flow � is defined as
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The polynomial coefficients of the wind equation (4) are
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All coefficients with the same second index have to be summed
up, �� �

�

 �

��. The polytropic indices " � �, # � � give a

polynomial of 16th order.

Appendix C: Example wind solution in Kerr metric

Here we show an example solution of the wind equation (4).
The parameters are chosen such that a variation of �� and ���
clearly demonstrates the criticality of the wind solution. They
do not necessarily match astrophysical constraints. However,
the asymptotic poloidal velocity is comparable to the speed of
the Galactic superluminal sources. The solution (solution S1)
considers a highly magnetized plasma flow with �� � � ���.
The flux geometry is that of a slightly collimating cone with an
opening angle decreasing with distance from the source.

Figure C1 shows the solution branches with a positive ��
�.

An overlay of solutions for three parameter sets is displayed in
order to show the typical behavior of wind solution. There is
only one unique solution, the critical solution, with one branch
continuing from small to large radii without any gaps in �� or
$. The magnetosonic points are located at the intersections of
the solution branches of the critical solution. The critical wind
solution is regular at all three magnetosonic points. It is de-
fined by a unique set of the parameters ��! and � (for �� pre-
scribed). In the critical solution the slow magnetosonic point is
passed close to the foot point of the jet. The Alfvén point is lo-
cated at $ � �� and the fast magnetosonic point not far beyond.
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Fig. C1. Example solution S1. Overlay of solutions ����� for three
different parameter sets. �� � ���
�, ��� � �
�
�
 gives the critical
solution which is regular across the magnetosonic points. The critical
wind solution is the continuous branch starting with low velocity and
accelerating to high speed. The magnetization �� is the critical param-
eter for the FM point, whereas ��� is the critical parameter for the SM
point. Sub- or super-critical solutions are obtained by variation of the
parameters ��, ���. The choice of �� � 
��
�, ��� � �
���
 results
in gaps in �����, the choice of �� � ���
�, ��� � �
�	�
 in gaps in
�����. The other parameters are �� � 
�
�, ��� � �
��, �� � 

�,
�� � �
� �� � �
��
, � � �
�.

The asymptotic speed of the flow is �� � ����, equivalent to
�� �� ��� � (not shown in the Figure).

Sub- or super-critical wind parameters lead to solution
branches which are not defined for all radii or all velocities.
Even for a slight variation of these parameters the solution
will be not continuous anymore, implying “jumps” or “shocks”
across the gaps in the solution branches. At these locations the
stationary character of the solution most probably breaks down.
Such solution branches are inconsistent with the assumptions
and are therefore referred to as unphysical.
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