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Hall-Drift Induced Magnetic Field Instability in Neutron Stars
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In thepresenceof a strongmagneticfield andunderconditionsasrealizedin the crustandthe super-
fluid core of neutronstars,the Hall drift dominatesthe field evolution. We show by a linear analysis
that, for a sufficientlystronglarge-scalebackgroundfield dependingat leastquadraticallyon positionin
a planeconductingslab,an instability occurswhich rapidly generatessmall-scalefields. Their growth
ratesdependon the choiceof the boundary conditions,increasewith the backgroundfield strength,and
may reach103 times the Ohmic decayrate. The effect of that instability on the rotationaland thermal
evolution of neutronstarsis discussed.
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In thepresenceof a magneticfield the electricconduc-
tivity becomesa tensorand,what is more,two nonlinear
effectsare introducedinto Ohm’s law: the Hall drift and
the ambipolardiffusion. However, if the conductingmat-
ter consistsof electronsandonesort of ionsandnoneutral
particlestakepart in thetransport processes,theambipolar
diffusion is absent[1]. Sucha situationis realized,e.g.,in
thecrystallizedcrustsof neutronstarsand/or in their cores
if the neutronsaresuperfluid, but the protonsarenormal
and the electronsmay thereforecollide with protonsbut
effectively not with the neutrons.

The effect of the Hall drift on the magneticfield evo-
lution of isolatedneutronstarshas beenconsideredby
a numberof authors(see,e.g., [2–8]). They discussed
the redistribution of magneticenergy from an initially
large-scale(e.g.,dipolar)field into small-scalecomponents
due to the nonlinearHall term. Thoughthe Hall drift is
a nondissipative process,the tendency to redistribute the
magneticenergy into smallscalesmayacceleratethefield
decayconsiderably.

Indeed,whenstarting with a large-scalemagneticfield,
the Hall cascade derived in [3] will generatesmall-scale
field componentsdown to a scalelengthlcrit, where the
Ohmicdissipationbeginsto dominatetheHall drift. Con-
sideringnumerically the evolution of a magneticfield in
a spheretaking into accountsphericalharmonicsup to a
multipolarity l ­ 5, Shalybkov and Urpin [6] concluded
that the inclusion of higherharmonicswill not influence
the magneticevolution. This conclusionis whatwe want
to put in question.

In someof theabove-mentionedinvestigations,numeri-
cal instabilitiesare reported if either too strongnonuni-
formities of the field occur [7] or the initial field is too
strong [5]. Also, when consideringthe thermomagnetic
field generationin the crust of young neutronstars[9],
wheresmall-scalemodesare the first onesto be excited,
numericalinstabilitiesoccurredcausedexclusively by the
Hall drift.

Here we want to show that all the observed instabili-
ties arevery likely in their essencenot of numericalori-
gin but have physicalreasons.In presumingthat, we felt

stronglysupported by the closeanalogyof the linearized
field evolution equationincluding Hall drift to the induc-
tion equationincluding the so-called $v 3 $j effect intro-
ducedby Rädler[10]. Within theframework of mean-field
dynamotheory (see,e.g.,[11]), he demonstratedthe pos-
sibleoccurrenceof magneticinstabilitiesin anelectrically
conductingfluid if a shearflow actstogetherwith anelec-
tromotive force(emf) perpendicularto thecurrentdensity
$j ~ curl $B.

To prove the existenceof a Hall-drift induced instabil-
ity, we employ a simplified model: We assumespatial
constancy of the conductive properties of the matterand
show that, under special conditionswith respectto the
(large-scale)backgroundfield’s strengthandgeometry, an
instability occurswhich quickly transfersmagneticenergy
from thebackgroundfield to small-scaleperturbations.We
presentthe result of a linearizedanalysiswhich returns
only growth ratesandthespatialstructureof the unstable
field modes.Only afully nonlinearanalysisis ableto yield
saturationvaluesof theexcited small-scalemodes.

The instability may work in different physicalsystems
but is probablymostefficient in modifying thefield decay
in compactastrophysicalbodies. Then it will act only
during an episodeof the field decay, which unavoidably
leadsto a zero field. This episode,however, may have
observableconsequences.

In the absenceof motionsand of ambipolardiffusion,
the equationswhich govern the magneticfield are

Ù$B ­ 2ccurl

µ
c

4ps
fcurl$B 1 vBtescurl $B 3 $eBdg

∂
,

div $B ­ 0, (1)

wherec is thespeedof light, s is theelectricconductivity
causedby electrons,te is theelectronrelaxationtime,and
vB ­ ej $Bjymp

ec is the electronLarmor frequency, with e
beingthe elementary charge andmp

e theeffective massof
an electron. $eB is the unit vector in the $B direction. An
estimateof the two termson the right-handside of (1)
gives rise to the suppositionthat the Hall drift becomes
important only if vBte . 1.
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Using standardarguments,one can immediatelystate
that in the absenceof currentsat infinity the total energy
of any solutionof (1) is boundtodecreasemonotonicallyto
zerosincetheHall term~ curl$B 3 $eB is unableto deliver
energy (nor to consumeit).

For simplicity, we assumethe conductive properties of
the matter to be constantin spaceand time; that is, we
assumeconstants andteymp

e. Thus,the inductionequa-
tion canberewritten in dimensionlessvariablessuchthatit
no longercontainsany parameterandthe evolution of the
magneticfield is solely determinedby its initial configu-
ration $Bs $x, 0d. For that purpose,we normalizethe spatial
coordinatesby acharacteristiclengthL of themodel(for a
neutronstarit couldbe,e.g.,its radiusor the thicknessof
its crust), the time by the Ohmic decaytime 4psL2yc2,
andthemagneticfield by BN ­ mp

ecyete. Thegoverning
equationsin thesedimensionlessvariablesread

Ù$B ­ D $B 2 curlscurl $B 3 $Bd, div $B ­ 0 , (2)

wherethedifferentialoperationshaveto beperformedwith
respectto the now dimensionlessspatialandtime coordi-
natesx, y, z, andt, respectively.

Steppingnow into the searchfor instabilities,we first
have to define a proper referencestate $B0. In order to
avoid difficulties in defining the term “instability” andto
facilitate thecalculations,we assume$B0 to beconstantin
time. Consequently, weareforcedto assumetheexistence
of an additional emf which prevents $B0 from decaying.
Althoughappearingto bevery artificial, we find this mea-
sureto be legitimateas long asthe resultsof the stability
analysisareappliedto realphysicalsituationsobeying the
constraintthat the backgroundfield $B0 is changingonly
slightly during theconsideredperiodof time.

Linearizationof (2) about $B0 yields
Ù$b ­ D $b 2 curlscurl $B0 3 $b 1 curl$b 3 $B0d,

div $b ­ 0 ,
(3)

describingthe behavior of small perturbations $b of the
referencestate.

With respectto the magneticenergy balance,Eq. (3)
shows a remarkabledifferenceto Eq. (2). Along with the
term curl$b 3 $B0 which is againenergy conserving,now
asa secondHall termcurl $B0 3 $b occurswhich maywell
deliver or consumeenergy (to/from $b) sincein generalthe
integral

R
V scurl$B0 3 $bd ? curl$b dV will not vanish.This

reflectsthefact that thelinearizedHall-inductionequation
describesthebehavior of only a part of the total magnetic
field. Actually, perturbationsmay grow only on the ex-
penseof theenergy storedin thebackgroundfield.

Considering(3), we candeterminea scalebelow which
theOhmicdissipationdominatestheHall drift. Estimating
jcurl $B0j and jcurl$bj by B̄0 and b̄yl, respectively, we find
the critical scaleof $b to be lcrit & 1yB̄0, which is denor-
malized lcrit & LysvB̄0 ted, identical with the expression

derivedin [3] consideringtheHall cascadein analogywith
the turbulent flow of an incompressiblefluid.

Let us now specifythe geometry of our modelandthe
backgroundfield. We considera slabwhich is infinitely
extendedboth into the x and the y directionsbut hasa
finite thickness2L in the z direction. The background
field is assumedto be parallel to the surfaceof the slab
pointing, for instance,in the x direction and to depend
on the z coordinateonly, i.e., $B0 ­ fszd$ex . Guidedby
theconditionsunderwhich theabove-mentionedmagnetic
instability [10] maywork, we concludethatfszd hasto be
at leastquadratic,therebyensuringthatthefirst termin (3)
is ableto play theroleof theshearflow, thesecondtherole
of the $v 3 $j term. Note that by this choicecurl $B0 3 $B0
representsa gradient. Thus the unperturbedevolution of
thebackgroundfield is not at all affectedby theHall drift;
in theabsenceof anemf it would decaypurelyOhmically.

Further on, we decomposea perturbation $b into a
poloidal and a toroidal component,$b ­ $bp 1 $bt, which
can be representedby scalarfunctionsS and T , respec-
tively, by virtue of the definitions

$bp ­ 2curls $ez 3 =Sd, $bt ­ 2$ez 3 =T , (4)

ensuringdiv $b ­ 0 for arbitrary S, T .
For the sakeof simplicity, we will confineourselvesto

thestudyof planewave solutionswith respectto thex and
the y directions,thusmakingthe ansatzΩ

S
T

æ
s$x, td ­

Ω
s
t

æ
szd expsi $̃k $̃x 1 ptd , (5)

where $̃k ­ skx, kyd, $̃x ­ sx, yd, andp is a complex time
increment. It guaranteesas well the uniquenessof the
poloidal-toroidaldecompositionsince,from ~DsS, T d ­ 0,
it follows sS, Td ­ 0 with ~D being the two-dimensional
lateralLaplacian(see[12]). With (5) we obtainfrom (3)
two coupledordinary differential equations:

pt 2 t00 1 k̃2t ­ ikxfss00 2 k̃2sd 2 ikxf 00s ,

ps 2 s00 1 k̃2s 2 ikyf 0s ­ 2ikxft ,
(6)

where dashesdenotederivatives with respectto z. To-
getherwith appropriateboundary conditions,Eqs.(6) de-
fine an eigenvalueproblemwith respectto p.

We considertwo types of boundary conditions(BC):
For the vacuumcondition,we assumecurl $B ­ $0 outside
the slab and require continuity of all componentsof $B
acrossthe boundary. For the perfect-conductorcondition,
an electric field must be preventedfrom penetratinginto
the region outsidethe slab; that is, the normal magnetic
andtangentialelectricfield componentsmustvanishat the
boundary. In termsof thescalarss andt, this meansfsg ­
fs0g ­ t ­ 0 for thevacuumconditionands ­ t0 ­ 0 for
theperfectconductorconditionwheref?g denotesthejump
acrossa boundary. For t0 ­ 0 to bevalid thevanishingof
$B0 at theboundary is required.Making useof thevacuum
solutionsvanishingat infinity for eitherhalfspace,z $ 1
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andz # 21, respectively, thevacuumboundary condition
for s can be expressedas s0 ­ 7k̃s for z ­ 61, with

k̃ ­ j $̃kj.
Obviously, three distinguishablecombinationsof the

boundary conditionsarepossible:vacuumon eitherside
(VV), perfectconductoron eitherside(PP),andvacuum
on onesideandperfectconductoron theothersideof the
slab(PV). Thelatterchoicecomesclosestto neutronstar
conditionsif we think of thecrustbeingneighboredupon
a superconductingcoreon the onesideanda region with
very low conductivity on theotherside.TheVV boundary
condition may in turn be appropriatefor a galacticdisk.
Since both the PV and the VV BC were to be consid-
ered,we choosesufficiently curved backgroundfield pro-
files, which obey them, i.e., fszd ­ B0s1 1 zd s1 2 z2d
andfszd ­ B0s1 2 z2d for BC ­ PV andBC ­ VV, re-
spectively.

For certain rangesof the wave numberskx , ky and for
B0 * 3, we foundeigenvaluesp with a positive realpart,
i.e., exponentiallygrowing perturbations.Thedependence
of the growth rate ℜspd on the wave numbersfor B0 ­
1000 andBC ­ PV is shown in Fig. 1.

Figure2 showsthedependenceof growth rateandwave
numberkx of the fastestgrowing modeon B0.

An interestingfeatureis thatthemaximumgrowth rates
occurfor all B0 consideredatky ­ 0. Of coursethisasym-
metry is dueto the choiceof thebackgroundfield: Once
it was chosenparallel to the y direction, the maximum
growth rateswould occurat kx ­ 0. Another interesting
resultis thedependenceof thegrowth rateontheboundary
conditions.BC ­ PV yieldsthelargestvalues,by a factor
1.6–3 larger than for BC ­ VV, while BC ­ PPresults
in very small growth rates. Note that the most unstable
eigenmodesarealwaysnonoscillatory, thoughoscillating
unstableonesexist.

Evidently, the obtainedgrowth ratesare in agreement
with theconstraint,formulatedabove: In comparisonwith
thebackgroundfielddecay, thegrowth of themostunstable

FIG. 1. Growth rateasa functionof kx andky for B0 ­ 1000
and BC ­ PV. Negative valueswereset to zero.

perturbationsis a fastprocess;thuswe mayconsiderit as
“episodicallyunstable.”

With respectto the asymptoticbehavior s ! ` for a
fixed (unnormalized)backgroundfield, one has to note
that the time incrementp is normalizedon the Ohmic
decayrate(~ s21). FromFig. 2 it canbeinferredℜspd ~
B

q
0 , q , 1 for B0 $ 100, which meansthat in the limit

of negligible dissipationthe growth rate in physicalunits
tendsto zero.

Figure3 shows theeigensolutionsss, td szd of thefastest
growing modefor threedifferent valuesof B0 andBC ­
PV. Onecanobserve that with increasingB0 the toroidal
field becomesmore and more small scaledand concen-
tratedtowardsthe vacuumboundary. In contrast,thecor-
respondingpoloidal field remainslargescaled.

Themagneticfield structureof thefastestgrowing mode
for B0 ­ 2000 andBC ­ PV is shown in Fig. 4.

Clearly, any assignmentof the resultsgainedwith the
help of a very simplified model to astrophysicalobjects
hasto be donewith greatcare. Even whenacceptingthe
plane layer as a reasonableapproximationof a neutron
star’s crust,onehasto concedethat the very specificpro-
files of $B0 assumedabove maymerelyexemplify thefield
structurein the crust.

An acceptableapproximationof the radial profile of a
dipolar crustalfield asgiven,e.g.,in [13] will, in general,
have to allow for a linear part and nonzerovaluesat the
boundaries.Moreover, the strongdependenceof the con-
ductive propertieson theradialcoordinateshouldanyway
be takeninto account.

To get an impressionof possibleconsequencesfor the
evolution of neutronstars, we now simply assumethat
the real $B profile is sufficiently “curved” (i.e., its second
derivative is big enough)and associatethe parameterB0

with a typical valueof the field.
Assuming further electric conductivity and chemical

compositionto be constant,s ­ 5 3 1026 s21 and the

FIG. 2. Growth rate and wave number kmax
x of the fastest

growing modeasfunctionsof B0. Solid lines anddashedlines
correspondto BC ­ PV and BC ­ VV, while thick and thin
lines correspondto growth ratesandkmax

x , respectively.
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FIG. 3. Moduli of ss, td szd of thefastestgrowing mode;BC ­
PV. Solid lines, dash-dottedlines, and dashedlines refer to
B0 ­ 2000, B0 ­ 100, andB0 ­ 10, respectively.

relative atomic weight AyZ ­ 25, respectively, we find
the normalizationfield at a density r ­ 1014 gcm23 to
be7 3 1010 G (see,e.g.,[13]). That is, for typical (inner)
crustal magneticfields ranging between7 3 1012G and
1.4 3 1014G we find a B0 between100 and2000andthe
e-folding time of themostrapidly growing unstablemode
to be 0.0035 and 0.0003 times the Ohmic decay time,
respectively. Thus, an initial perturbation will quickly
evolve to a level at which the linear analysisis no longer
feasible,that is, at which it starts to drain a remarkable
amountof energy out of the backgroundfield.

Wewanttoemphasizeagainthatasufficientcurvatureof
thebackgroundfield profileis anecessary conditionfor the
occurrenceof an unstablebehavior. Thereforeneitherthe
derivation of the well-known helicoidalwaves(whistlers)
nor its modificationpresentedin [8] couldrevealit because
a homogeneousbackgroundfield wasassumedthere.

With even morecare,we may speculateaboutpossible
observationalconsequences.Theinstabilitydiscussedhere
may perhapsact effectively in the crustof not too young
(aget / 105 yr) neutronstars.For thosestars,the small-
scalefield modesinitially generatedor existing in thecrust
have alreadybeendecayedandthe magneticfield is con-
centratedalmostcompletelyin thelarge-scale,for instance,
dipolar mode. Simultaneously, in the processof cooling,
the coefficientmp

ecyete becomessmallerandsmallerun-
til the nonlinear Hall term in (2) dominatesthe linear
Ohmic term. From that momentthe Hall instability may
risesmall-scalemodesdown to scalelengths*lcrit on ex-
penseof the dipolar mode. This would lead to a change
of thespin-down behavior of isolatedneutronstars.Devi-
ationsfrom the “standard”rotationalevolution will occur
whenthedipolarfield decreasesrapidlydueto theinstabil-
ity. This may lead to the observation of braking indices
n . 3 [14] during the action of that instability. Another
possibleobservational consequenceis due to enhanced
jouleheating,whichwill keeptheneutronstarwarmerthan
standardcooling calculationspredict after an agecritical
for theonsetof theHall instability. Third, thestrongsmall-
scalefield componentscausestrongsmall-scaleLorentz
forceswhich maybeableto crackthecrust.This couldbe

FIG. 4. Field structureof the fastestgrowing modefor B0 ­
2000 andBC ­ PV. Arrows: bx,z . Grey shading,value of by :
dark—into the plane;light —out of the plane.

observable in glitchesor, dependingon the available en-
ergy, even in gamma-andx-ray bursts[15].

Theauthorsaregratefulto K.-H. Rädler, D. Konenkov,
and K. Baumgärtel (AIP, Potsdam),K. Gärtner (Weier-
strassInstitute, Berlin), A. Reisenegger (PUC, Santiago
deChile),andD. Yakovlev (JoffeInstitute,St. Petersburg)
for helpfuldiscussions.Wethankthecreatorsof theeigen-
valuepackageARPACK.

[1] D. Yakovlev andD. Shalybkov, Astrophys.SpaceSci.176,
191 (1991).

[2] P. Haensel,V. Urpin, andD. Yakovlev, Astron.Astrophys.
229, 133 (1990); D. Shalybkov and V. Urpin, Astron.
Astrophys.321, 685 (1997).

[3] P. Goldreichand A. Reisenegger, Astrophys.J. 395, 250
(1992).

[4] A. G. Muslimov, Mon. Not. R. Astron. Soc. 267, 523
(1994).

[5] T. NaitoandY. Kojima,Mon.Not.R. Astron.Soc.266, 597
(1994);V. Urpin andD. Shalybkov, Mon. Not. R. Astron.
Soc.304, 451 (1999).

[6] D. Shalybkov and V. Urpin, Mon. Not. R. Astron. Soc.
273, 643 (1995).

[7] V. Urpin and D. Shalybkov, Astron. Astrophys.294, 117
(1995).

[8] S. Vainshtein,S. Chitre, and A. Olinto, Phys.Rev. E 61,
4422 (2000).

[9] H.-J. Wiebicke and U. Geppert, Astron. Astrophys.309,
203 (1996).

[10] K.-H. Rädler, Mon.berDtsch. Akad. Wiss. Berl. 11, 194
(1969).

[11] H. K. Moffat, Magnetic Field Generation in Electrically
Conducting Fluids (CambridgeUniversity Press,Cam-
bridge,England,1978).

[12] H.-J. Bräuer and K.-H. Rädler, Astron. Nachr. 309, 1
(1988).

[13] D. Page,U. Geppert, and T. Zannias,Astron. Astrophys.
360, 1052 (2000).

[14] S. Johnstonand D. Galloway, Mon. Not. R. Astron. Soc.
306, L50 (1999).

[15] C. Thompsonand R. Duncan, Astrophys. J. 473, 322
(1995).

-4 -4

ACC. CODE LG8545 AUTHOR rheinhardt AIP ID 028211PRL


