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In the presencedf a strongmagneticfield andunderconditionsasrealizedin the crustandthe super-
fluid core of neutronstars,the Hall drift dominatesthe field evolution. We shov by a linear analysis
that, for a sufficiently stronglarge-scalebackgroundield dependingat leastquadraticallyon positionin
a planeconductingslab, an instability occurswhich rapidly generatesmall-scalefields. Their growth
ratesdependon the choiceof the bounday conditions,increasewith the backgroundield strength,and
may reach 10’ timesthe Ohmic decayrate. The effect of that instability on the rotationaland thermal

evolution of neutronstarsis discussed.
DOI:

In the presenceof a magneticfield the electricconduc-
tivity becomesa tensorand, what is more,two nonlinear
effectsare introducedinto Ohm’s law: the Hall drift and
the ambipolardiffusion. However, if the conductingmat-
ter consistof electronsaandonesott of ionsandno neutral
patticlestakepatt in thetranspot processegheambipolar
diffusionis absen{1]. Sucha situationis realized,e.g.,in
the crystallizedcrustsof neutronstarsandor in their cores
if the neutronsare superflid, but the protonsare normal
and the electronsmay thereforecollide with protonsbut
effectively not with the neutrons.

The effect of the Hall drift on the magneticfield evo-
lution of isolated neutron stars has been consideredby
a numberof authors(see,e.g., [2—8]). They discussed
the redistritution of magneticenegy from an initially
large-scalde.g.,dipolar)field into small-scaleomponents
due to the nonlinearHall term. Thoughthe Hall drift is
a nondissipatie processthe tendeng to redistribute the
magneticenegy into small scalesmay acceleratehefield
decayconsiderably

Indeed,whenstating with a large-scalemagneticfield,
the Hall cascade derived in [3] will generatesmall-scale
field componentsdown to a scalelengthl.,;;,, wherethe
Ohmicdissipationbeginsto dominatethe Hall drift. Con-
sideringnumerically the evolution of a magneticfield in
a spheretaking into accountsphericalharmonicsup to a
multipolarity / = 5, Shalybka and Urpin [6] concluded
that the inclusion of higher harmonicswill not influence
the magneticevolution. This conclusionis whatwe want
to put in question.

In someof theabore-mentionednvestigationsnumeri-
cal instabilities are repotted if eithertoo strong nonuni-
formities of the field occur[7] or the initial field is too
strong[5]. Also, when consideringthe thermomagnetic
field generationin the crustof young neutronstars[9],
where small-scalemodesare the first onesto be excited,
numericalinstabilitiesoccurredcausedsxclusively by the
Hall drift.

Here we want to shav that all the obsered instabili-
ties are very likely in their essencanot of humericalori-
gin but have physicalreasons.In presumingthat, we felt
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strongly suppoted by the closeanalogyof the linearized
field evolution equationincluding Hall drift to the induc-
tion equationincluding the so-calledo X j effectintro-
ducedby Radler[10]. Within theframewvork of meanfield
dynamotheoly (see,e.g.,[11]), he demonstratedhe pos-
sible occurrenceof magneticnstabilitiesin anelectrically
conductingfluid if ashearflow actstogethemwith anelec-
tromotive force (emf) perpendiculato the currentdensity
J o curlB.

To prove the existenceof a Hall-drift induced instabil-
ity, we employ a simplified model: We assumespatial
constang of the conductve propeties of the matterand
shov that, under special conditionswith respectto the
(large-scalebackgroundield’s strengthandgeomety, an
instability occurswhich quickly transferanagneticenegy
from thebackgroundield to small-scaleerturbations.We
presentthe result of a linearizedanalysiswhich returns
only growth ratesandthe spatialstructureof the unstable
field modes.Only afully nonlinearanalysigs abletoyield
saturationvaluesof the excited small-scalanodes.

The instability may work in different physicalsystems
but is probablymostefficientin modifying the field decay
in compactastrophysicalbodies. Thenit will act only
during an episodeof the field decay which unavoidably
leadsto a zerofield. This episode,howvever, may have
obsenable consequences.

In the absenceof motionsand of ambipolardiffusion,
the equationswvhich governthe magneticfield are

3 I > > .
B = —ccurl<—[curlB + wpT.(CUrlB X eB)]>,
4o

divB = 0, 1)
wherec is thespeedof light, o is theelectricconductvity
causeda)i electronsy, is the electronrelaxationtime, and
wp = e|B|/mc is the electronLarmor frequeng, with ¢
beingthe elementay chage andm; the ejfective massof
an electron. ¢z is the unit vectorin the B direction. An
estimateof the two termson the right-handside of (1)
givesrise to the suppositionthat the Hall drift becomes
importantonly if wg7, > 1.
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Using standardarguments,one can immediately state
thatin the absenceof currentsat infinity the total enegy
of ary solutionof (1) is boundto decreasenonotonicallyto
zerosincetheHall termo curlB X ¢ is unableto deliver
enegy (nor to consumat).

For simplicity, we assumehe conductve propeties of
the matterto be constantin spaceand time; that is, we
assumeconstanto andr,/m;;. Thus,the inductionequa-
tion canberewrittenin dimensionlessariablessuchthatit
no longercontainsary parameteandthe evolution of the
magneticfield is solely determinedby its initial configu-
ration B(x,0). For that purposewe normalizethe spatial
coordinatedy acharacteristidengthL of themodel(for a
neutronstarit could be, e.g.,its radiusor the thicknessof
its crust), the time by the Ohmic decaytime 47 o L?/c?,
andthe magneticfield by By = mc/et.. Thegoverning
equationgn thesedimensionleswariablesread

B=AB —curllcurlB X B), divB=0, (2)

wherethedifferentialoperation$iave to be performedwith
respectto the now dimensionlesspatialandtime coordi-
natesx, y, z, and 7, respectrely.

Steppingnow into the searchfor instabilities, we first
have to ddfine a proper referencestate By. In orderto
avoid difficulties in defining the term “instability” andto
facilitate the calculationswe assumeBo to be constantin
time. Consequentlywe areforcedto assumehe existence
of an additional emf which prevents By, from decaying.
Although appearingo be very attificial, we find this mea-
sureto be legitimateaslong asthe resultsof the stability
analysisareappliedto real physicalsituationsobeying the
constraintthat the backgroundfield By is changingonly
slightly during the consideredperiodof time.

Linearizationof (2) aboutB,, yields

b= Ab — curl(curlﬁo X b + curlh X Eo),

divb = 0, ®)
describingthe behaior of small perturbationsl? of the
referencestate.

With respectto the magneticenegy balance,Eq. (3)
shavs aremarkabledifferenceto Eq. (2). Along with the
term curlb X Bo which is againenepy conserving,now
asasecondHall term curlBo X b occurswh|ch may well
deliver or consumeenegy (to/from b) sincein generathe
integral fv(curIBo X b) curlb 4V will not vanish. This
reflectsthefactthatthelinearizedHall-inductionequation
describeghe behaior of only a patt of the total magnetic
field. Actually, petturbationsmay grow only on the ex-
penseof the enegy storedin the backgroundield.

Considering3), we candeterminea scalebelonr which
the OhmicdissipatiordominatesheHall drift. Estimating
lcurlB,| and |curlp| by By andb/I, respectiely, we find
the critical scaleof b to be lesic = 1/Bg, which is denor-
malized /iy = L/(wg,7.), identical with the expression
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derivedin [3] consideringheHall cascadén analogywith
the turbulent flow of anincompressiblédluid.

Let us now specifythe geomety of our modelandthe
backgroundfield. We considera slabwhich is infinitely
extendedboth into the x andthe y directionsbut hasa
finite thickness2L in the z direction. The background
field is assumedo be parallelto the surfaceof the slab
pointing, for instance,in the x_direction and to depend
on the z coordinateonly, i.e., By = f(z)e,. Guidedby
the conditionsunderwhich the abore-mentionednagnetic
instability [10] maywork, we concludethat f(z) hasto be
atleastquadratictherebyensuringhatthefirst termin (3)
is ableto play therole of theshearflow, the secondherole
of the @ X j term. Notethat by this ch0|cecurlBo X Bo
representsa gradient. Thusthe unpeturbedevolution of
thebackgroundield is not at all affectedby the Hall drift;
in theabsencef anemfit would decaypurely Ohmically

Further on, we decomposea perturbation 4 into a
poloidal and a toroidal componentp = b, + b;, which
can be representedy scalarfunctionsS and T, respec-
tively, by virtue of the definitions

b, = —curl@. X VS), b, =—¢é, Xx VT, (4)

ensuringdivE = 0 for arbitrayy S, T.

For the sakeof simplicity, we will confineoursehesto
the studyof planewave solutionswith respecto thex and
the y directions,thus makingthe ansatz

{i}(x 7) = {j}(z)eXp(iii +p7), (5

wherek = (ky, ky), X = (x,y), and p is a comple time

increment. It guaranteess well the uniquenessf the
poloidal-toroidaldecompositiorsince,from A(S, T) = 0,

it follows (S,7) = 0 with A being the two-dimensional
lateral Laplacian(see[12]). With (5) we obtainfrom (3)

two coupledordinaly differential equations:

pt — 1" + &Pt = ik f(s" — k%s) — ik f"s,
ps — 5" + k% — ikyf's = —ikoft,

where dashesdenotederivatives with respectto z. To-
getherwith appropriatebounday conditions,Egs. (6) de-
fine an eigervalue problemwith respecto p.

We considertwo typesof bounday conditions (BC):
For the vacuumcondition, we assumecurlB = 0 outside
the slab and require continuity of all componentsof B
acrossthe bounday. For the perfect-conductocondition,
an electricfield mustbe preventedfrom penetratinginto
the region outsidethe slab; that is, the normal magnetic
andtangentiaklectricfield componentsnustvanishat the
bounday. Intermsof thescalarss and¢, thismeangs] =
[s'] = ¢t = 0 for thevacuumconditionands = ¢/ = 0 for
the perfectconductorconditionwherel - ] denoteghejump
acrossa bounday. For ' = 0 to bevalid the vanishingof
By atthe bounday is required.Making useof the vacuum
solutionsvanishingat infinity for eitherhalfspacez = 1

(6)
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andz = —1, respectiely, thevacuumbounday condition
for s can be expressedas s’ = Tks for z = =1, with
k= kl.

Obviously, three distinguishablecombinationsof the
bounday conditionsare possible: vacuumon eitherside
(VV), perfectconductoron eitherside (PP),andvacuum
on onesideandperfectconductoron the othersideof the
slab(PV). Thelatterchoicecomesclosestio neutronstar
conditionsif we think of the crustbeingneighboredupon
a superconductingoreon the one sideanda region with
very low conductvity ontheotherside. TheVV bounday
condition may in turn be appropriatefor a galacticdisk.
Since both the PV and the VV BC were to be consid-
ered,we choosesufficiently curved backgroundield pro-
files, which obey them, i.e., f(z) = Bo(1 + z) (1 — z?)
andf(z) = Bo(1 — z?) for BC = PV andBC = VV, re-
spectvely.

For cettain rangesof the wave numbersk,, k, and for
By = 3, we found eigemvaluesp with a positive real pat,
i.e., exponentiallygrowing perturbations.The dependence
of the growth rate ( p) on the wave numbersfor By =
1000 andBC = PV is shawn in Fig. 1.

Figure 2 shavsthe dependencef growth rateandwave
numberk, of the fastestgrowing modeon By,.

An interestingfeatureis thatthe maximumgrowth rates
occurfor all By considereditk, = 0. Of coursethisasym-
metty is dueto the choiceof the backgroundield: Once
it was chosenparallel to the y direction, the maximum
growth rateswould occurat k£, = 0. Anotherinteresting
resultis thedependencef thegrowth rateonthebounday
conditions.BC = PV yieldsthelargestvalues by afactor
1.6-3 larger thanfor BC = VV, while BC = PP results
in very small growth rates. Note that the mostunstable
eigenmodesre alwaysnonoscillatoy, thoughoscillating
unstableonesexist.

Evidently the obtainedgrowth ratesare in agreement
with the constraintformulatedabove: In comparisorwith
thebackgroundield decaythegrowth of themostunstable
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FIG. 1. Growth rateasafunctionof k, andk, for B, = 1000
and BC = PV. Negative valueswere setto zero.
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perturbationsis a fastprocessthuswe may considerit as
“episodically unstable.”

With respectto the asymptoticbehaior o — o for a
fixed (unnormalized)backgroundfield, one hasto note
that the time incrementp is normalizedon the Ohmic
decayrate(= o ~!). FromFig. 2it canbeinferred( p) «
Bg,q < 1 for By = 100, which meansthat in the limit
of ngyligible dissipationthe growth ratein physicalunits
tendsto zero.

Figure 3 shawvs theeigensolutionss, 7) (z) of thefastest
growing modefor threedifferent valuesof By andBC =
PV. Onecanobsene thatwith increasingB, the toroidal
field becomesmore and more small scaledand concen-
tratedtowardsthe vacuumbounday. In contrastthe cor-
respondingpoloidal field remainslarge scaled.

Themagnetidield structureof thefastesgrowing mode
for B; = 2000 andBC = PV is shavn in Fig. 4.

Clearly, arny assignmentf the resultsgainedwith the
help of a very simplified modelto astrophysicabbjects
hasto be donewith greatcare. Even whenacceptingthe
plane layer as a reasonableapproximationof a neutron
stars crust,onehasto concedehatthe very specificpro-
files of By assumeabore may merelyexemplify the field
structurein the crust.

An acceptableapproximationof the radial prdfile of a
dipolar crustalfield asgiven, e.g.,in [13] will, in general,
have to allow for a linear pat and nhonzerovaluesat the
boundaries Moreover, the strongdependencef the con-
ductive propetieson theradial coordinateshouldarnyway
be takeninto account.

To getan impressionof possibleconsequencefr the
evolution of neutronstars, we now simply assumethat
the real B profile is sufficiently “curved” (i.e., its second
derivative is big enough)and associatghe parameterB,
with a typical value of thefield.

Assuming further electric conductvity and chemical
compositionto be constant,c = 5 X 10%° s~! and the
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FIG.2. Growth rate and wave number kM@ of the fastest
growing modeasfunctionsof By. Solid lines anddashedines
correspondio BC = PV and BC = VV, while thick and thin
lines correspondo growth ratesand k" respectiely.
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FIG. 3. Moduli of (s, t) (z) of thefastesgrowing mode;BC =
PV. Solid lines, dash-dottedines, and dashedlines refer to
By = 2000, By = 100, and By = 10, respectrely.

relative atomic weight A/Z = 25, respectiely, we find

the normalizationfield at a density p = 10'* gcm™ to

be7 X 10'° G (seee.qg.,[13]). Thatis, for typical (inner)

crustal magneticfields ranging between7 X 102G and
1.4 X 10G we find a By betweenl100 and2000andthe

e-folding time of the mostrapidly gronving unstablemode
to be 0.0035 and 0.0003 times the Ohmic decaytime,

respectiely. Thus, an initial perturbation will quickly

evolve to a level at which the linear analysisis no longer
feasible,that is, at which it stats to drain a remarkable
amountof enegy out of the backgroundield.

Wewantto emphasizagainthata sufficientcurvatureof
thebackgroundield profileis anecessarconditionfor the
occurrenceof an unstablebehaior. Thereforeneitherthe
derivation of the well-known helicoidalwaves (whistlers)
nor its modificationpresentedh [8] couldrevealit because
a homogeneoubackgroundield wasassumedhere.

With even more care,we may speculateaboutpossible
obsenationalconsequenced.heinstability discussedhere
may perhapsact effectively in the crustof not too young
(aget = 10° yr) neutronstars.For thosestars,the small-
scalefield modednitially generatear existingin thecrust
have alreadybeendecayedandthe magneticfield is con-
centratecalmostcompletelyin thelarge-scalefor instance,
dipolar mode. Simultaneouslyin the processof cooling,
the coefficientm)c/er, becomesmallerandsmallerun-
til the nonlinearHall term in (2) dominatesthe linear
Ohmic term. From that momentthe Hall instability may
rise small-scalenodesdown to scalelengths=1..;, on ex-
penseof the dipolar mode. This would lead to a change
of the spin-davn behaior of isolatedneutronstars.Devi-
ationsfrom the “standard”rotationalevolution will occur
whenthedipolarfield decreaserapidly dueto theinstabil-
ity. This may lead to the obsenation of brakingindices
n > 3 [14] during the action of that instability. Another
possible obsenational consequenceas due to enhanced
joule heatingwhichwill keeptheneutronstarwarmerthan
standardcooling calculationspredict after an age critical
for theonsetof theHall instability. Third, thestrongsmall-
scalefield componentsausestrong small-scaleLorentz
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FIG. 4. Field structureof the fastestgrowing modefor B, =
2000 andBC = PV. Arrows: b, .. Grey shading,value of b,:
dark—into the plane;light—out of the plane.

obsenablein glitchesor, dependingon the available en-
engy, evenin gamma-andx-ray bursts[15].
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