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Is the Butterfly diagram due to meridional motions?
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Abstract. The dynamo equation is solved for the solar convection zone with the given (“observed”) rotation law and positive
�-effect. If the latter exists in the entire convection zone the resulting dynamo shows strong toroidal field belts in the polar
region migrating equatorwards. The same happens for � concentrated at the bottom of the convection zone but then we get
too many belts with higher amplitude. The cycle period is always too short.
Including meridional circulation which is directed equatorwards at the bottom of the convection zone (where the eddy diffu-
sivity is reduced), the amplitude of the toroidal field grows and the butterfly diagram reaches low-latitudes. The cycle time
approaches the solar value.
The dynamo regime is highly sensitive to the interplay between flow and diffusivity at the bottom of the convection zone.
Stationary solutions are not very seldom.
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1. Introduction

Solar dynamo theory is the explanation of the sunspot cycle.
The theory is 35 years old, and yet we do not know the final
solution.

Fortunately there are many more observational facts from
the Sun so that we can and we must fulfill with our models
a long check-list – not very long, but also not short. The full
ckeck-list contains the topics

– cycle period ( 22 yrs),
– parity (dipolar),
– butterfly diagram (equatorwrds, low latitudes),
– amplitudes (��������� � �������),
– phase relations & reversals (�� � �� � �),
– long-term stability (Maunder minimum)
– stellar statistics (e.g. of cycle times).

The last topic is also of the high relevance. Here we only men-
tion one point; the possible cycles of young MS stars which
were not included in the Wilson sample but which we now
start to find with the astronomical plate archives (see Fröhlich
et al., 2002). To fulfill the constraints, one needs more knowl-
edge about the input parameters than what we have at present.
Fortunately, one input parameter is now known – and this is
the rotation law within the convection zone.
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Fig. 1. The internal rotation law of the Sun from the inversion of
SOHO data

2. Rotation law & meridional flow

In all our models we shall use the rotation law within the so-
lar convection zone known by the results of helioseismology.
Shortly speaking, the well-known equatorial acceleration is
the result of a strong polar subrotation and a (slightly) weaker
equatorial superrotation – with consequences for the dynamo
regime. The solar core rotates rigidly approximately with the
same angular velocity as the surface rotates at midlatitudes
(Fig. 1).

The known stellar-surface rotation laws lead to the strik-
ing result that the absolute equator-pole differences of the MS
stars hardly differs from star to star. This is also the result of
our theory of the rotation law for stars with outer convection
zones (Fig. 2, see Küker & Rüdiger, 2002). The only free pa-

c�WILEY-VCH Verlag Berlin GmbH, 13086 Berlin, Germany 2002 0004-6337/02/3-408-0432 $ 17.50+.50/0
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Fig. 2. The absolute equator-pole differences of the angular veloc-
ity observed for several stars and after the theory of Kitchatinov &
Rüdiger (1999)

Fig. 3. The meridional circulation at mid-latitudes (45Æ) at the bot-
tom (LEFT) and the top (RIGHT) of the convection zone for both a
solar model and a K5 main-sequence star as a function of rotation
period (Kitchatinov & Rüdiger 1999). The circle represents the solar
case. The flow at the bottom is equatorwards (as it is the flow at the
surface, there are 2 cells in radius

rameters in the theory are the mixing-length �, ����, and
the basic rotation rate of the star, �.

Always such nonuniform rotation simultanously exists
with meridional flows, e.g. as then the centrifugal force can-
not be written anymore as a conservative force. The flow
which occurs in our simulations always at the bottom of the
convection zone flows equatorwards with an amplitude of
about 6 m/s (cf. Fig. 3). With �� � � � ���� cm�/s the mag-
netic Reynolds number Rm= ������ is of order unity so
that the meridional flow only plays a minor role in the dy-
namo equation. Only if the magnetic eddy diffusivity is re-
duced by two orders of magnitude the meridional flow will
strongly affect the dynamo regime (Choudhuri et al. 1995).

3. The �-effect

We are only probing dynamo models with positive(negative)
�-effect at the northern (southern) hemisphere. Both simula-
tions as well as observations are suggesting such a constel-
lation. Ossendrijver et al. (2001) have presented new simula-
tions of the solar convection influenced by a uniform large-
scale magnetic field and again found the basic result that the
�-component ��� is positive in the bulk of the convection
zone and is negative in the (very thin) convection zone (Fig.
4). There is also increasing empirical evidence for negative
(positive) current helicity �� ����� at the surface (Seehafer
1990, Pevtsov et al. 1995) which after Keinigs (1983) means

Fig. 4. The ��� component at the south pole. The top of the convec-
tion box is at the 0 on the left of the axis while the stable overshoot
region begins at the 1 near the middle part of the axis.

positive(negative) �-effect in the northern(southern) hemi-
sphere (Rädler & Seehafer 1990, Rüdiger et al. 2001). Our
question here is to probe the radial distribution of the (pos-
itive) �-effect by comparing the resulting dynamo activity
with the above-mentioned check-list.

4. Dynamo solutions

The dynamo equation

��

��
� ��� ���� 	 � Æ� � �� ����
 (1)

is solved with � as the given solar rotation law. The eddy
diffusivity, ��, is assumed as homogeneous within the entire
convection zone while the solar core is considered as a per-
fect conductor. The �-effect always runs with ��� �, its radial
dependence is assumed to be unknown. Only the kinematic
theory is considered. If the angular velocity, �, has only a
radial gradient, then the cycle time turns out to be of order
	��� � �

� ����� with � as the depth of the convection
zone. The value �� � ���� cm�/s is thus a reference value
which would lead to the cycle time of 10 yrs.

4.1. Distributed dynamos

Let us apply the “observed” rotation law to Eq. (1) and as-
sume the �-effect as depth-independent. The characteristic
form of the butterfly diagram is given in Fig. 5.

We can only find a radial drift of the toroidal field belts
rather than a latitudinal one (Steenbeck & Krause 1969,
Köhler 1973, Küker et al. 1999). The parity of the solution
is dipolar, but the toroidal magnetic amplitudes are too weak
(�10 in units of the poloidal pole field) and also the phase
relation does not fit the observations. Also the cycle time is
too short (see Fig. 6).

We can improve the problems with the field amplitudes
and the cycle time if the �-effect is concentrated to a thin
layer at the bottom of the convection zone. Then the ampli-
tude ratio exceeds values of 200 but we always get more mag-
netic belts than we need (Fig. 7). Also, of course, the butter-
fly diagram is seated at much too high latitudes and will never
reach the low latitudes which are necessary to reflect the solar
observations correctly.

Summing up, simple kinematic ��-dynamos working in
the convection zone with positive �-effect and the real ro-
tation law are not able to fulfill the main constraints of our
above check-list.
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Fig. 5. Butterfly diagram (top) and �� � ��-relation (bottom) for
dynamo models with the solar rotation law, positive �-effect, with
eddy diffusivity of 10�� cm�/s and with thick outer �-layer, �� ��

cm/s, and �� � � for a run with �-quenching (Küker et al. 2001)

Fig. 6. The reference dynamo model with �-effect in the convection
zone (0.7� � �1). The cycle time is given in units of the diffusion time
(33 yrs for �� � � � ��

��)

4.2. Advection-dominated dynamos

The inclusion of the meridional flow �� has a strong impact
in the mean-field dynamo when the eddy diffusivity �� is
so low that the magnetic Reynolds number �� � ������
reaches values of the order of ���. As a consequence, de-
pending on the localization of the dynamo wave, one expects
a strong modification of the dynamo regime. This possibility
has been a subject of intense numerical investigation (Dik-
pati & Charbonneau 1999, Küker et al. 2001, Bonanno et al.
2002) where it has been shown that solutions with high mag-
netic Reynolds number provide correct cycle period, butterfly
diagrams, magnetic phase relations with a positive �-effect in
the northern hemisphere.

We start with a model where the (positive) �-effect ex-
ists through the whole convection zone. In Table 1 the re-
sults are given. Suffix A denotes (dipolar) solutions with an-
tisymmetry with respect to the equator and suffix S denotes
(quadrupolar) solutions with symmetry with respect to the
equator. The drift amplitude varies between 2 cm/s and 10
cm/s but almost always the quadrupole solution occurs with
the lowest �-effect amplitude. Also the oscillation period of

Fig. 7. �-effect only at the bottom (0.7� � �0.8). Note the increase of
the toroidal field amplitude

Fig. 8. Advection dominated dynamo: �-effect in the entire convec-
tion zone: Toroidal (left) and poloidal (right) antisymmetric (dipo-
lar) field configuration for ��� ��

��
��

�/s, �� � � m/s. The solu-
tion is plotted as �� isocontours and poloidal magnetic field lines.
Solid contours corresponds to positive toroidal field and dashed con-
tours to negative toroidal field Bonanno et al. (2002)

the linear dynamo is given: the dipole cycles are larger than
the quadrupole cycles by a factor of 2. As usual, with the
small values of eddy diffusivity which we have used, the cy-
cle period becomes too long compared with the 22 years of
the Sun. As we know from the theory of the overshoot dy-
namo the inclusion of nonlinear feedback of the magnetic
field (via �-quenching) the periods can be reduced to more
realistic values (Rüdiger & Brandenburg 1995).

The toroidal field belts are concentrated at the bottom
of the convection zone, and the poloidal field exhibits a
rather small-scaled structure close to the surface (Fig. 8). The
toroidal field belts are migrating equatorwards but, the maxi-
mum field strengths exist in the polar region.

The situation is completely changed if the �-effect is lo-
cated only at the bottom of the convection zone. We have
worked with a thin �-layer between 
 � ��� and 
 � ���.
In Table 2 one finds the eigenvalues for this model. Now and
only now always the dipolar parity has the lowest values. At
the same time, the meridional flow advects the field equa-
torwards producing a butterfly diagram of the observed type
(Fig. 9).
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Fig. 9. Advection dominated dynamo: �-effect at the bottom (0.7� � �
0.8). The flow amplitude is 5 m/s. The �� is 10�� cm�/s throughout
the convection zone (Bonanno et al. 2002)

Table 1. Critical �-values (cm/s) and periods � (yrs) for models
with �-effect in the entire convection zone. Bold is used when the
dipolar solution has the smallest �-value.

�� �� �� �� ��

��� 0.90 � 1.28 131
��� 1.83 82 1.70 83
��� 2.46 51 2.17 54
���� 3.93 37 3.45 41

Table 2. Critical �-values (cm/s) and periods (yrs) for a very thin
�-layer located between �� � ��� and �� � ���� for various val-
ues of the flow (m/s), for both antisymmetric and symmetric field
configurations and for �� � ��

��
�	

�/s.

�� �� �� �� ��

� 0.43 � 1.14 90.8
� 1.37 � 1.83 �

� 4.36 74 4.94 64
� 7.53 38 8.46 35
� 9.22 34 9.65 33
�� 16.61 23 16.77 23

Fig. 10 presents an example with ��� ��������s. The
toroidal field is concentrated at the bottom of the convection
zone, where, however, the highest field amplitudes occur in
the polar regions.

Fig. 10. Advection dominated dynamo: �-effect at the bottom
(0.7� � � 0.8). The flow amplitude is 5 m/s. The �� is 10�� cm�/s
in the bulk of the convection zone but it is smaller at its bottom. The
core has an eddy diffusivity of � � ���� cm�/s
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