
Linear instability of magnetic Taylor-Couette flow with Hall effect

Gu
� ¨nther� Rüdiger

�
*

Astr
�

ophysikalisches Institut Potsdam, An der Sternwarte 16, D-14482 Potsdam, Germany

Dima Shalybkov†

A.F
�

. Ioffe Institute for Physics and Technology, 194021, St. Petersburg, Russia�
Received
�

8 May 2003;published22 January2004�
Theinfluenceof theHall effect on thelinearmarginal stability of a molecularhydrodynamicTaylor-Couette

flow
�

in thepresenceof anaxial uniform magneticfield is considered.TheHall effect leadsto thesituationthat
the
�

Taylor-Couetteflow becomesunstablefor any	 ratio of the angular velocities of the inner and outer
cylinders.
 The instability, however, doesnot exist for both signsof the axial magneticfield B0

� . For positive
sheard � /



dR the
�

Hall instability existsfor negativeHartmannnumberandfor negativesheard
� �

/


dR the
�

Hall
instability
�

existsfor positive Hartmannnumber. For negativeshear, of course,the Hall instability combines
with� themagnetorotationalinstability, resultingin a rathercomplexbifurcationdiagram.In this casethecritical
magneticReynoldsnumberswith Hall effect aremuch lower thanwithout Hall effect. In order to verify the
presented� shear-Hall instability at the laboratorywith experimentsusingliquid metals,onewould needrather
lar
�

ge magneticfields ( � 107
�

G)
�

.

DOI: 10.1103/PhysRevE.69.016303 PACS number� s� : 47.20.Ft,47.20.� k, 47.65.� a

I.
�

INTRODUCTION

TheTaylor-Couetteflow betweenconcentricrotatingcyl-
inders
� �

Fig.
�

1� is
�

a classicalproblemof hydrodynamicand
hydromagnetic
 

stability ! 1,2" . Viscosity includedand in the
absence# of any tangentialpressuregradientthe mostgeneral
form
$

of the angularvelocity % of& the flow is

')(
R *,+ a- . b

/
R
0 2
1 ,2 3 14

where5 a- and# b
/

are# two constantsrelatedto the angularve-
locities 6 in and# 7

out8 with5 which the inner and outer cylin-
ders
�

are rotating. With R
0

in
9 and# R

0
out8 (
:
R
0

out8 ; R
0

in
9 )
<

being the
radii= of the two cylindersonefinds

a- >@? in

A ˆ BDCˆ 2

1 EDFˆ 2
1 and# b

/ G@H
inR in
921 1 IKJ ˆ

1 LDMˆ 2
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where5
P ˆ Q@R

out8 /
S T

in
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0
in
9 /
S
R
0

out8 . W 3X Y

According to the Rayleighcriterion the ideal flow is stable
whenever5 thespecificangularmomentumincreasesoutwards
d
Z

(
:
R
0 2
1 [

)
< 21 /S dR
Z \

0 o
]

r

^ ˆ _a`ˆ 2. b 4c d

Theviscosity, however, hasa stabilizingeffect so thata flow
with5 e ˆ fagˆ 2

1
becomes
h

unstableif theReynoldsnumberof the
inner rotationexceedssomecritical value.

If
i

it is not too strong,themagneticfield canplay a desta-
bilizing
h

role and can lead to magnetorotationalinstabilityj
MRI k . This MRI was discovereddecadesago for Taylor-

Couette
l

flow m 3,4
X n

,2 but its importanceasthesourceof turbu-
lence
o

in accretiondiskswith differential p Keplerian
q r

rotation=
was5 only recognizedby BalbusandHawley s 5t u . In the mo-
lecularhydrodynamicv MHD w regimethe Rayleighcriterion
for
$

stability, Eq. x 4c y ,2 changesto

z ˆ { 1 | 5t }

for a weakmagneticfield. ThehydrodynamicTaylor-Couette
flow is only stableif its angularmomentumincreaseswith
radius= but thehydromagneticTaylor-Couetteflow is stableif
the
~

angularvelocity itself increaseswith radius.The MRI
decreases
�

the critical Reynoldsnumberfor weak magnetic
field strengthsfor hydrodynamicallyunstableflow andit de-
stabilizes� the hydrodynamicallystableflow for

*Electronic
�

address:gruediger@aip.de
†
�
Electronicaddress:dasha.astro@mail.ioffe.ru FIG. 1. Cylinder geometryof the Taylor-Couetteflow.
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�ˆ 2 �K� ˆ � 1. � 6� �

Therearevery basicfactsfor theMRI. At first, MRI depends
only& on the amplitudeof the magneticfield and doesnot
depend
�

on its direction.At second,MRI existsin hydrody-
namically unstablesituations( � ˆ �a�ˆ 2

1
)
<

only if the magnetic
Prandtl
�

numberPmis not very smallasshownin � 4c � already#
and# later in � 6–

�
9� ; the critical Reynoldsnumbersvary as

1/Pm for hydrodynamicallystableflows ( �ˆ 2 �K� ˆ � 1) � 7,8
�  

,2
so� that it is themagneticReynoldsnumberwhich directsthe
instability
�

. Pm is really very small for laboratoryconditions
(1
:

0¡ 5
¢

and# smaller£ . This is themainreasonwhy theMRI has
never� beenobservedexperimentallyin the laboratory.

Theimportanceof theMRI for accretiondisk physicsand
for plannednewexperiments¤ 6,10,1

�
1¥ highly stimulatedthe

theoretical
~

investigationof thestability of theTaylor-Couette
flow
¦ §

6–
�

12̈ .
Here we are discussingthe marginal stability of a fluid

with5 Hall effect.Theinfluenceof theHall effect on MRI was
first
©

discussedby Wardle ª 13« and# later by BalbusandTer-
quem¬ ­ 14® and# SanoandStone ¯ 15,16° in

�
relation to accre-

tion
~

physics.We mainly shall consideronly axisymmetric
disturbances
�

but in relation to the Cowling theoremof dy-
namo� theoryalsothenonaxisymmetricmodeswith m± ² 1 are
concerned.³

II. BASIC EQUATIONS

R
0

,2 ´ ,2 andzµ are# the cylindric coordinates.A viscouselec-
trically
~

conductingincompressiblefluid betweentwo rotat-
ing infinite cylindersin thepresenceof a uniform axial mag-
netic� field admits the basic solution UR

¶ · Uz¸ ¹ B
º

R
¶ » B
º ¼¾½

0
]

and#

Bz¸ ¿ B0
À Á const,³ U Â¾Ã aR- Ä b

/
R

,2 Å 7� Æ

where5 U
Ç

is the velocity, B is the magneticfield, anda- and# b
/

are# givenby Eqs. È 2É . We areinterestedin thestability of this
solution.� The perturbedstateof the flow is describedby

uÊ RË ,2 R
0 ÌÎÍ

uÊ Ï Ð ,2 uÊ z¸ Ñ ,2 B
º

RÒ ,2 B
º Ó Ô

,2 B
º

0
À Õ B
º

z¸ Ö . × 8Ø Ù

The
Ú

linear stability problemis consideredin full generality
with5 nonaxisymmetricperturbations.By developingthe dis-
turbances
~

into normalmodes,the solutionsof the linearized
MHD equationsareconsideredin the form

uÊ RÛÝÜ uÊ R
¶ Þ R0 ß eà i(

á
mâ ã¾ä kz

å æèç
té )ê ,2 B

º
RëÝì B
º

R
¶ í R0 î eà i(

á
mâ ï¾ð kz

å ñèò
té )ê ,2

uÊ ó ôöõ uÊ ÷ùø R ú eà i(
á
mâ û¾ü kz

å ýèþ
té )ê ,2 B ÿ � � B ��� R � eà i(

á
mâ ��� kz

å 	�

té )ê ,2

uÊ z¸ ��
 uÊ z¸ � R0 � eà i(
á
mâ ��� kz

å ���
té )ê ,2 B

º
z¸ ��� B
º

z¸ � R0 � eà i(
á
mâ ��� kz

å ���
té )ê . � 9� �

The
Ú

equationshavebeenderivedby Chandrasekhar 17! and#
Roberts
" #

18$ . We usehereonly a different Ohm’s law and
dif
�

ferentnormalizations.
The generalform of the inductionequationwith Hall ef-

fect
$

is

%
B
&
'

t( ) rot * u+ , B-/.10 rot2 rot B 3 B4/576�8 B,2 9 10:

with5 ; as# the magneticdiffusivity and < the
~

Hall parameter
which5 both are consideredas uniform in the presentedcal-
culations.³ Theelectricfield for which the inductionequation=
10> results= is

E ? J
@
ACB u+ D B E1FHG rot B I BJ . K 11L

W
M

e have used the additional relations divB N 0
]

and J
@

O 1/P 0
À rot= B

&
. TheNavier-Stokesequationis usedin its stan-

dard
�

form, i.e.,

Q R u+S
t( TVU u+ W u+ XZY P

[ \^]`_/a
u+ b J

@ c
B
&

. d 12e

Let d
Z f

Rout8 g R in
9 be
h

the gapbetweenthe cylinders.We use

H hVi R ind
Z j 1/2 k 13l

as# the unit of length, the velocity m /
S
H as# the unit of the

perturbedn velocity, o /S Hp 2 as# theunit of frequencies,B
º

0
À as# the

unitq of themagneticfield fluctuations,H r 1 as# theunit of the
wave5 number, and s in as# the unit of the t . The dimension-
lessnumbersof the problemare the magneticPrandtlnum-
ber
h

Pmu
v
w ,2 x 14y

where5 z is
�

thekinematicviscosity, Ha is theHartmannnum-
ber
h

, andRe is the Reynoldsnumberof the inner rotation:

Ha
{ | B

º
0
À Hp} ~
0
À �`��� , R2 e�

�
inH
� 2
1

� ,2 � 15�

where5 � is the density. We only considermarginal stability
and# stationarymodes,i.e., ��� 0

]
. Using the samesymbols

for normalizedquantitiesas before, the equationscan be
written5 asa systemof ten equationsof first order, i.e.,

du
Z

R

dR
Z �Z� uÊ R

R
0 � i

� m±
R
0 uÊ ��� iku

�
z¸ ,2 � 16�

du
Z �
dR
Z � X

�
2
1 � uÊ �

R
,2 � 17�

du
Z

z¸
dR
Z � X3

� ,2 � 18�

dX
Z

1

dR
Z   m± 2

1
R2 ¡ k

¢ 2 uÊ R
¶ £ i

� ¤¦¥¨§
m± Re
" ©«ª

uÊ R
¶ ¬ 2

­
i
� m±
R2

uÊ ®

¯ 2Re° uÊ ±³² ik
�

Ha2
1
BR ,2 ´ 19µ
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dX
Z

2
1

dR
Z ¸ m± 2

R2
1 ¹ k

¢ 2
1

uÊ º�» i
� ¼¦½¨¾

m± Re¿«À uÊ Á�Â 2i
� m±
R2
1 uÊ R Ã 2a- ReuÊ R

Ä ik
�

Ha2B Å�Æ m± 2

R2
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R

uÊ z¸ É i
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R

X1 ,2 Ê 20Ë

dX
Z

3
�
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1
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¢ 2 uÊ z¸ Î i
� Ï¦Ð¨Ñ

m± Re
" Ò«Ó

uÊ z¸ Ô X
�

3
�

R
0 Õ ik
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{ 2B
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Ö
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R
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R
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º ß�à

ikB
�
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dB
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R
,2 ç 23è
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Z
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dR
Z é i
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¢
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�
k
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¢ X4

õ
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R
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º

z¸ ø i
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Z
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 iku
� ���

2PmRe
b
/

R2
BR
ë ��� ˆ m± 2

R2
BR
ë ��� ˆ 2

km
�
R

Bz¸
��� ˆ 2

1
k
� 2
1
B ��� i

� � ˆ ����� m± Re 	! PmBR " i
� # ˆ ku
�

R

$
i
� % ˆ m±

R
0 X
&

4
õ ,2 ' 25

­ (

with5

) ˆ *
+

B
º

0
À

, . - 26
­ .

Introducing dimensionlessquantitiesthe latter can also be
written5 as

/ ˆ 0�1
0
À Pm1/2Ha, 2 273

with5

4
0
À 5

6
Rout8

7
0
À 8

9ˆ : 1 ;=<ˆ > . ? 28@

The
Ú

definitions of X
&

2
1 ,2 X
&

3
A ,2 and X

&
4
õ follow
$

from Eqs. B 17C ,2D
18E ,2 and F 23G and# the X1 is given by

X
&

1 H du
Z

R

dR
Z I uÊ R

R
0 J P

K L
Ha
{ 2
1
B
º

z¸ ,2 M 29
­ N

with5 P as# the pressurefluctuation.The influenceof the Hall
efO fect is indicated by the P ˆ terms

~
in Eqs. Q 24

­ R
and# S 25

­ T
.

W
M

ithin the frame of the short-waveapproximation,without
the
~

inductionof theflow field andfor small U a# local disper-
sion� relationof the form

RmVXW 1Y
d
Z Z

/
S
dR
Z [ 30

X \

resultswith magneticReynoldsnumberRm] Pm Re, indi-
cating³ that positive ^ and# negativesheard

Z _
/
S
dR
Z

form
$

the
same� instability asnegativè and# positivesheard

Z a
/
S
dR
Z

.
An
b

appropriateset of ten boundaryconditionsis needed
to
~

solvethe systemc 16d – e 25
­ f

. It is easyto seethat the Hall
efO fect leaves the boundaryconditions used in g 8Ø h as# un-
changed,³ i.e., the no-slip conditionsfor the velocity,

uÊ R i uÊ j�k uÊ z¸ l 0,
] m

31
X n

and# for the magneticfield,

dB
Z o
dR
Z p B q

R r 0,
]

BR s 0,
] t

32
X u

for
$

conductingwalls. The boundaryconditionsarevalid for
R v R in and# for R w Rout8 . For insulatingwalls the magnetic
boundary
h

conditionsaredifferentat R
0 x

R
0

in
9 and# R

0 y
R
0

out8 ,2 i.e.,

BR z i
� B
º

z¸
Imâ { kR

� | m±
kR
� Imâ } kR

� ~��
Imâ � 1 � kR

� � �
0
] �

33
X �

for
$

R
0 �

R
0

in and#

BR
ë � i

� B
º

z¸
Kmâ � kR

� � m±
kR
� Kmâ � kR

� ���
Kmâ � 1 � kR

� � �
0
] �

34
X �

for R � Rout8 where5 In� and# Kn� are# the modified Besselfunc-
tions.
~

With

B
º ��� m±

kR
� B
º

z¸ � 0,
] �

35
X �

the
~

condition for the toroidal field is the sameat both loca-
tions.
~

III. RESULTS

The numericalmethodis alreadydescribedin our papers�
7
� �

and# � 8Ø   . Hereonly theresultsincludingtheHall effect are
presented.n

A. Positive shear

In
i

the presentsectionan instability is describedwhich
existsO only in the presenceof the Hall effect. It destabilizes
flows
¦

with ¡ ˆ ¢ 1 £ i.e.,
�

with positivesheard
Z ¤

/
S
dR
Z

)
<

for which
so� far nootherinstability is known.Figures2–4 illustratethe
instability for both conductingandnonconductingboundary
conditions³ for a containerwith a wide gap ( ¥ˆ ¦ 0.5)

]
. The

flow is unstablebut only for negativeHartmannnumber, i.e.,
if angularvelocity and magneticfield haveoppositedirec-
tions.
~

The result dependson the sign of the Hall resistiv-
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ity;
�

here the positive Hall resistivity is used.For negative
Hall resistivity the orientationis opposite.The fact that Hall
efO fect destabilizesflows with the angularvelocity increasing
outwards& was already describedby Balbus and Terquemª
14« .

For smallHartmannnumberthe ¬®­ 1 behavior
h

of Eq. ¯ 30
X °

is
�

confirmedandfor strongmagneticfields the instability is
suppressed.� The minimum value of the Reynoldsnumber
already# resultsfor Hartmannnumberof order unity; it be-
comes³ smallerandsmallerfor increasingshear± see� the esti-
mate² ³ 30

X ´¶µ
. Figure4 demonstratesthevalidity of therelation

Re· 1/Pmwhich is alsoindicatedby the relation ¸ 30
X ¹

. Again
the
~

Reynoldsnumber takes its minima at such Hartmann
numbersthat the Lundquist numberHa* º Ha» Pm is con-
stant.�

Figures
�

2 and 3 demonstratethat the influence of the
boundary
h

conditionsis not negligible what is quite charac-
teristic
~

for themagneticTaylor-Couetteproblem ¼ evenO in the
small-gap� approximation½ as# shownalreadyby Niblett ¾ 19¿
and# later by Rüdiger

�
età al. À 8Ø Á . In particular, for vacuum

boundary
h

conditions the suppressionof the instability by
strong� magneticfields is a ratherweakeffect comparedwith
the
~

magnetic suppressionin a container with perfect-
conducting³ cylinder walls. Once the Reynoldsnumberex-
ceeds³ the minimum value given in the Fig. 3, then the
Taylor-Couetteflow is unstablefor a very wide range of
Hartmann
{

numbers.

According
b

to Eq. Â 2­ Ã ,2 therotationlaw doesnot dependon
the
~

inner angularvelocity Ä in for Å ˆ Æ 1 and the situationis
practicallyn the sameas if the inner cylinder wereat rest. In
this
~

case,theReynoldsnumberof theouterrotation,Reout8 , i2 s
the
~

real parameterof the probleminsteadof Re:

Re
"

out8 Ç�È ˆ Re
" É=Ê out8 H2

1
Ë . Ì 36

X Í

W
M

e have indeednumericallyconfirmeda behaviorsuchas
Re Î 1/Ï ˆ for large Ð ˆ . The value of Reout8 corresponding³ to
minimal Re Ñ which5 is for Hartmannnumberof orderunityÒ
is
�

Re
" Ó

20.
­ Ô

37
X Õ

In Fig. 5 the critical wave numbersare given for which
the
~

Reynoldsnumberis minimum for given Hartmannnum-
ber
h

. The threecurvesrepresentthe solutionswith different
boundary
h

conditions.The solid line standsfor vacuumcon-
ditions
�

for both cylinders while the dashedline concerns
perfect-conductorn solutions.If the outerboundarycondition
concerns³ thevacuumandif within the innercylinder thereis
a# perfectconductor, thenthe dot-dashedline givesthe wave
numbers.As expected,the standardbehavior can be ob-
served;� i.e., the wave numbersinks for growing magnetic
field
©

so that the cells areelongatedparallel to the magnetic
field lines. The vertical extensionof one cell follows from
the
~

relation

FIG. 2. The line of marginal stability for magnetic Taylor-

Couetteflow with Hall effect ( Ö 0
� × 1) for Øˆ Ù 0.5,

Ú
PmÛ 1 andfor

positived Ü /


dR: Ý ˆ Þ 2 ß solidà lineá , 1.5 â dashed

ã
lineä , and1.2 å dot-

ted lineæ . Boundaryconditions ç 32
è é

for conductingê cylinder
 walls.

FIG.
ë

3. The sameas in Fig. 2 but for the vacuumì boundary
í

conditions î 33ï – ð 35ñ . Notethevery weakinfluenceof themagnetic
field on the onsetof the instability.

FIG. 4. The sameas in Fig. 3 but for Pmò 10ó 5
ô
.õ

FIG. 5. The dependenceof the critical wave numberson the
magneticfield for variousboundaryconditions:vacuumconditionsö
solid lines÷ , perfect-conductorconditionsø dashed

ã
linesù ,ú andmixed

conditionsû vacuumü outercylinder, perfectconductorinnercylinder,

dot-dashedlinesý .õ þ ˆ ÿ 2.
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�
zµ

Rout8 � R in

���
k
�

crit�
�
38
X 	



for �ˆ � 0.5)

]
. For perfect-conductingcylinders,however, the

trend
~

is opposite.For this casetheverticalwavenumberk
�

crit�
becomes
h

very small for small Hartmannnumbers.The rea-
son� is that a solutionB

º 
��
R
0 � 1 and# B

º
R
ë � 0
]

existswhich ful-
fills the boundaryconditions � 32

X �
and# Eqs. � 16� – � 25� for �� k

� �
Ha
{ �

0
]

. This current-freesolution,however, is always
marginal sothat it cannotbeexcitedif it doesnot existat the
beginning.
h

If oneof theboundaryconditionsdiffersfrom Eq.�
32
X �

,2 then this solution cannotexist and the wave numbers
have
 

their normalbehaviorasshownin Fig. 5.

B. Negative shear

The
Ú

Hall effect also modifiesthe critical Reynoldsnum-
bers
h

for both hydrodynamicallyunstableflows ( � ˆ �! ˆ 2)
<

and
for magnetohydrodynamicallyunstableflow ( " ˆ # 1) result-
ing in a rathercomplexsituationillustratedwith Fig. 6. The
dashed
�

line is theMRI without Hall effect andthedottedline
is
�

the shear-Hall instability with neglectedflow perturba-
tions,
~

i.e., without MRI. It is insofar the counterpartto the
lines in Fig. 2. An instability is shownof the axial magnetic
field
©

asthe resultof a combinationof shearandHall effect.
The
Ú

combinationof MRI and this shear-Hall instability is
given$ as the solid line in Fig. 6. A deepminimum of the
Reynoldsnumberis producedfor weakmagneticfields,much
deeper
�

than the minimum resultingwithout Hall effect. On
the
~

other hand,for increasingHartmannnumbersthe solid
line hasa very weakslopeso that the magnetic-fielddepen-
dence
�

of thecombinedinstability % ‘HMRI’ & is ratherweakas
already# shownby Wardle ')( 13* ; seehis Fig. 1c+ . Again the
Hall
{

effect is importantfor only oneorientationof the mag-
netic field.

IV. NONAXISYMMETRIC MODES

It is also importantto probethe existenceof nonaxisym-
metric modes.After the Cowling theoremonly nonaxisym-
metric² modescan be maintainedby a dynamoprocess.We

already# havediscussedthe appearanceof nonaxisymmetric
modesfor the magneticTaylor-Couetteflow with negative
shear� . Thecommonresultwasthat the linesof marginal sta-
bility
h

for m± , 0
]

andm± - 1 havea very differentbehaviorfor
dif
�

ferent electrical boundary conditions . 12/ . One finds
crossovers³ of the stability lines for m± 0 0

]
andm± 1 1 for con-

tainers
~

with conductingcylinder walls and one neverfinds
such� crossoversfor containerswith vacuumboundarycondi-
tions.
~

The samehappenshere for the shear-Hall instability
for magneticTaylor-Couetteflows with positive shear, i.e.,2 ˆ 3 1. In Fig. 7 the lines for both axisymmetricandnonaxi-
symmetric� modesaregiven for conductingboundarycondi-
tions
~

andin Fig. 8 theyaregiven for vacuumboundarycon-
ditions.
�

Thecrossoverof the linesonly existsfor conducting
cylinder³ walls. As usual, in the minimum the m± 4 0

]
mode

dominates
�

but for strongermagneticfields the mode with
m± 5 1 dominates.

V. DISCUSSION

W
M

e haveshownthat the Hall effect destabilizesthe mag-
neticTaylor-Couetteflow sothat for anyvalueof theparam-
eterO 6 ˆ a# critical amplitudeand one of the directionsof the
magneticfield exist for which the flow is unstable.

T
Ú
aylor-Couetteflows with 7 ˆ 8 1, i.e., with positiveshear

d
Z 9

/
S
dR
Z

,2 are stable in both hydrodynamicand traditional
MRI
:

regimes.If, however, the Hall effect is includedin the
induction
�

equation,thenevensucha flow becomesunstable
underq the influenceof an axial magneticfield but only for
one& of the two possibleorientationsof thefield. For vacuum
boundary
h

conditionsandnot too small magneticfields there
is
�

only a rather weak dependenceof the critical Reynolds
numberon the Hartmannnumber ; see� Fig. 3< .

The
Ú

other magneticorientationdestabilizesall the flows

FIG. 6. The sameas in Fig. 2 but for resting outer cylinder

( = ˆ > 0, i.e., negative d
� ?

/


dR). @ 0

� A 0 B dashedlineC andD E
0
� F 1G

solid lineH . The dotted line is for I 0
� J 1, but for u K 0

Ú L
velocityü

fluctuationsneglected,i.e., kinematic caseM .õ The minimum of the
dashedline indicatesthe Lorentzforce-inducedMRI.

FIG. 7. The linesof marginal instability for conductingcylinder

walls for N ˆ O 2 with axisymmetric(m P 0, solid lineQ andD nonaxi-
symmetric(m R 1, dottedlineS modes.Note the crossoverof both
lines.

FIG. 8. The sameas in Fig. 7 but for vacuumboundarycondi-
tions.No crossoverof both the lines exist.

LINEAR INSTABILITY OF MAGNETIC TAYLOR- . . . PHYSICAL
§

REVIEW E 69
�

, 016303 T 2004
� U

016303-5



with5 V ˆ W 1, i.e., with negatived
Z X

/
S
dR
Z Y

see� Fig. 6Z . The lin-
earizedO inductionequation[ 10\ is

�
invariantagainstthetrans-

formation
$

B
º

0
À ]_^ B

º
0
À ,2 uÊ 0

À `_a uÊ 0
À ,2 b 39

X c

so� that the simultaneouschangeof the signsof d
Z d

/
S
dR
Z

and#
B0
À leads to the sameinstability. After the splitting of the

induction equation into poloidal and toroidal components
one& finds the scheme

B
º

tor
e fgf!h

Hall
B
º

poli jlkmkon
Hall

shear

B
º

tor
p q ; r 40

c s

hencealso the shearmust be changedif the Hall effect is
changed.t If this is true, then the shearis necessaryfor the
existenceu of an instability. The shearappearsas the energy
sourcev of the instability.

The magneticfield for an importantinfluenceof the Hall
efu fect shouldbe very high. The minimum valueof the Rey-
noldsw numberfor both positiveandnegativeshearexistsforx ˆ y 1. The correspondingvalueof the magneticfield is

B0
z {}|~ . � 41�

The
�

Hall coefficient( � 0
z � in
�

our notation� for
�

liquid metals
is
�

about 10� 10 m� 3
A
/
�
C, with ��� 10� 1 m� 2/

�
s and with � 0

z� 4 ��� 10� 7
�

for the magneticfield B0
z � 107

�
G
�

is yielded.
This valueis too high for the laboratoryexperiments.

W
�

e haveanothersituation for astrophysicalapplications�
13–16� . In Table I the Hall coefficientsand the magnetic

dif
�

fusivities aregiven for variousobjectswhich areso cool
or� haveso hugemagneticfields B

�
obs� that
�

the Hall effect is
suspectedv to be important.

The situation in protoplanetaryaccretion disks is pre-
sentedv in Fig. 9 wherethe numbersare takenfrom a model

by
�

SanoandStone   15¡ . Theamplitudeof themagneticfield
comest from the condition that the magneticMach number
equalu 1. Above the lowest line the Hall effect dominatesthe
Ohmic
¢

dissipationand v.v. One finds that indeedthe mag-
neticw field maybesostrongthattheHall effect dominatesthe
Ohmic
¢

dissipation.The critical magneticfield amplitudeat
R
£ ¤

1 AU is about 0.1 G. Such high valuescan hardly be
imaginedas due to a magnetizedcentralobject.Polar field
strengthsv of order ¥ 105

¦
G
�

at the surfaceof a protosunare
neededw in order to produce0.1 G at a distanceof 1 AU.

Magneticfields with amplitudesof 1 G at 1 AU shouldv
thus
�

only begeneratedby theactionof a § turbulent
� ¨

dynamo.
�

In
©

this case,however, we cannotusethe molecularconduc-
tivities
�

to estimatethe valuesof the parametersas it was
done
�

in ª 13–16« . E.g.,theturbulentmagneticdiffusivity may
increaseby severalordersof magnitude.No considerations
of� the effect of turbulenceon the Hall diffusivity areknown
to
�

us.This effect might be smallerthanthe influenceon the
magneticdiffusivity dueto the lineardependenceof theHall
dif
�

fusivity on the magneticfield. If it is so, then the role of
the
�

Hall effect for the weakly ionized protostellaraccretion
disks
�

might easilybe overestimated.
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