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Linear instability of magnetic Taylor-Couette flow with Hall effect
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Theinfluenceof the Hall effect on the linearmamginal stability of a molecularhydrodynamicTaylor-Couette
flow in the presencef anaxial uniform magneticfield is consideredThe Hall effect leadsto the situationthat
the Taylor-Couetteflow becomesunstablefor any ratio of the angularvelocities of the inner and outer
cylinders.The instability, however doesnot exist for both signsof the axial magneticfield B,. For positive
sheard()/dR the Hall instability existsfor negativeHartmannnumberandfor negativesheard(2/dR the Hall
instability existsfor positive Hartmannnumber For negativeshear of course,the Hall instability combines
with the magnetorotationahstability, resultingin arathercomplexbifurcationdiagram.In this casethe critical
magneticReynoldsnumberswith Hall effect are muchlower thanwithout Hall effect. In orderto verify the
presentecghearHall instability at the laboratorywith experimentausingliquid metals,onewould needrather

large magneticfields (~ 10" G).
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I. INTRODUCTION

The Taylor-Couetteflow betweenconcentricrotating cyl-
inders (Fig. 1) is a classicalproblemof hydrodynamicand
hydromagneticstability [1,2]. Viscosity includedandin the
absencef anytangentialpressuregradientthe mostgeneral
form of the angularvelocity Q) of the flow is

b
Q(R)=a+ Q' (1)

wherea and b are two constantgelatedto the angularve-
locities ), and Q,,; with which the inner and outer cylin-
ders are rotating. With R, and R,; (Roue>Rin) being the
radii of the two cylindersonefinds

A ay ~

m=7 1-n
a=0—=,; and b=Q;R{——, 2
-7 1-9
where
:Z’« =Qou/Qin  and ;7: Rin/Rout- 3

According to the Rayleighcriterion the ideal flow is stable
whenevethe specificangularmomentumincrease®utwards
d(R2Q2)?/dR>0 or

p>. @

Theviscosity however hasa stabilizingeffect sothata flow

with 1< 7? becomesinstabldf the Reynoldsnumberof the
inner rotation exceedssomecritical value.
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PACS numbefs): 47.20.Ft,47.20—k, 47.65+a

If it is not too strong,the magneticfield canplay a desta-
bilizing role and can lead to magnetorotationalnstability
(MRI). This MRI was discovereddecadesago for Taylor
Couetteflow [3,4], but its importanceasthe sourceof turbu-
lencein accretiondiskswith differential (Kepleriar) rotation
was only recognizedby Balbusand Hawley [5]. In the mo-
lecular hydrodynamic(MHD) regimethe Rayleighcriterion
for stability, Eq. (4), changedo

u>1 (5)

for aweakmagneticfield. The hydrodynamicTaylor-Couette
flow is only stableif its angularmomentumincreaseswith
radiusbut the hydromagnetidfaylor-Couetteflow is stableif
the angularvelocity itself increaseswith radius. The MRI
decreaseshe critical Reynoldsnumberfor weak magnetic
field strengthdor hydrodynamicallyunstableflow andit de-
stabilizesthe hydrodynamicallystableflow for
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FIG. 1. Cylinder geometryof the Taylor-Couetteflow.
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7<u<l. (6)

Therearevery basicfactsfor the MRI. At first, MRI depends
only on the amplitude of the magneticfield and doesnot
dependon its direction.At second,MRI existsin hydrody-

namically unstablesituations( < 72) only if the magnetic
PrandtinumberPmis not very smallasshownin [4] already
and later in [6-9]; the critical Reynoldsnumbersvary as

1/Pmfor hydrodynamicallystableflows (7?<u<1) [7,8],

sothatit is the magneticReynoldsnumberwhich directsthe
instability. Pm is really very small for laboratoryconditions
(10~° andsmalley. This is themainreasorwhy the MRI has
neverbeenobservedexperimentallyin the laboratory

Theimportanceof the MRI for accretiondisk physicsand
for plannednew experimentg$6,10,1L] highly stimulatedthe
theoreticalinvestigationof the stability of the Taylor-Couette
flow [6-12].

Here we are discussingthe mamginal stability of a fluid
with Hall effect. Theinfluenceof the Hall effecton MRI was
first discussedy Wardle[13] and later by Balbusand Ter-
guem[14] and Sanoand Stone[15,1§ in relationto accre-
tion physics.We mainly shall consideronly axisymmetric
disturbancesut in relation to the Cowling theoremof dy-
namotheoryalsothe nonaxisymmetrienodeswith m=1 are
concerned.

I1. BASIC EQUATIONS

R, ¢, andz arethe cylindric coordinatesA viscouselec-
trically conductingincompressibldluid betweentwo rotat-
ing infinite cylindersin the presencef a uniform axial mag-
netic field admits the basic solution Ug=U,=Bgr=B;=0
and

B,=Bgy=const, U,=aR+ (7)

ﬁ!
whereU is the velocity, B is the magneticfield, anda andb
aregivenby Eqgs.(2). We areinterestedn the stability of this
solution. The perturbedstateof the flow is describedoy

Ug, RQ+uy, uy, Bg, By, Bot+B;. 8
The linear stability problemis consideredn full generality
with nonaxisymmetrigerturbationsBy developingthe dis-
turbancednto normal modes.the solutionsof the linearized
MHD equationsare consideredn the form

)ei (meo+kz+ wt)

UI,?: UR(R Bll?: BR(R)ei(m¢+kZ+wt)'

u(il,:u¢(R)ei(m¢+kZ+mt)’ B(,'[;: B¢(R)ei(m¢+kz+(ut),

U; — Uz( R) ei(m¢+ kz+ wt), B; — Bz( R) ei(mchr kz+ mt)_ (9)
The equationshavebeenderivedby Chandrasekhdr. 7] and
Roberts[18]. We use hereonly a different Ohm’s law and
differentnormalizations.

The generalform of the induction equationwith Hall ef-
fectis
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JB
Ezrot (uXB)— B rot(rot BXB)+ nAB,

(10)
with 7 asthe magneticdiffusivity and 8 the Hall parameter
which both are consideredas uniform in the presentectal-
culations.The electricfield for which theinductionequation
(10) resultsis

J
E=;—u><B+,8(rot BXB). (12)

We have used the additional relations divB=0 and J
=1/uq rot B. The NavierStokesequationis usedin its stan-
dardform, i.e.,

p (12

Jau
E+(u~V)u) =—VP+prAu+JXB.

Let d=R,,— Ri, be the gap betweenthe cylinders.We use

H=(R,d)" (13
as the unit of length, the velocity »/H as the unit of the
perturbedvelocity, »/H? astheunit of frequenciesB, asthe
unit of the magneticfield fluctuationsH ~* asthe unit of the
wave number and ), asthe unit of the (). The dimension-
lessnumbersof the problemare the magneticPrandtinum-
ber

14
Pm=—, (14)
7

wherev is the kinematicviscosity Ha is the Hartmannnum-
ber, and Re is the Reynoldsnumberof the inner rotation:

’ BoH a Q,H? 15
a= ——, Re=———,
Viop VT v

wherep is the density We only considermaiginal stability
and stationarymodes,i.e., ®=0. Using the samesymbols
for normalized quantitiesas before, the equationscan be
written asa systemof ten equationsof first order i.e.,

dug Ug .m

d—R——E—Iﬁud)—lkuz, (16)
duy, Uy
d_R_Xz_ﬁ' (17)
WMy 18
ar X (18
dX; [m? _ m
R ¥+k uR+|(w+mReQ)uR+2|§u¢
—2Reu,—ikHa’Bg, (19
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dX, [m* _ m
2
) m m m
dX3 m2 2 ) X3 .
T ¥+k uZJr|(w+mReQ)uZ—E—|kHazBZ
m ) _
+k§u¢,+k u,—ikXy, (21
dBr Bk .m .
dB, By
E—X‘l—ﬁ, (23)
4B, ;[ ™ k| Re))B My
ﬁ_l ?4‘ R—T(w+m ) R+UR_ﬁ 4
.m ”
—iBgB,+i1BKB,, (29)
dX, [m? _ .m
. b ~m? ., km
—|ku¢+2PmReI§BR+ﬁ¥BR—,B FBZ
+ B?k?B,+i B(w+ mReQ ) PmBg—i Bkug
.m
+|B§X4, (25)
with
. BBy
=—, 26)
p=— (

Introducing dimensionlesgjuantitiesthe latter can also be
written as

B=BoPm‘Ha, (27)
with
_B [ _rop
Po= Rout ;7(1— ;7) (28)

The definitions of X,, X3, and X, follow from Egs. (17),
(18), and(23) andthe X; is given by

dug Uugr
+__

=R TR

P—H&B,, (29
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with P asthe pressurdluctuation.The influenceof the Hall

effect is indicated by the B termsin Egs. (24) and (25).
Within the frame of the short-waveapproximationwithout
theinductionof theflow field andfor small 8 alocal disper
sionrelationof the form

1

R = 2 40/dR

(30

resultswith magneticReynoldsnumberRm=Pm Re, indi-
cating that positive 8 and negativesheard()/dR form the
sameinstability asnegative and positive sheard()/dR.
An appropriateset of ten boundaryconditionsis needed
to solvethe system(16)—(25). It is easyto seethat the Hall
effect leavesthe boundary conditions usedin [8] as un-
changedi.e., the no-slip conditionsfor the velocity,

Ugr=Ugz=U,=0, (31
andfor the magneticfield,

dBy , By_

R R Br=0, (32

for conductingwalls. The boundaryconditionsare valid for
R=R;, andfor R=R,,. For insulatingwalls the magnetic
boundaryconditionsaredifferentat R= R, andR=R, i.e.,

Br+i B M (KR)+I kR)|=0 (33
R+||m(—kR) KR m(KR)+ 11 1(kR) | = (33

for R=R;, and
Bg+i B M (KR)=K...(kR) | =0 (34
R+|W KR m(KR) =K 1(kR) | = (34)

for R=R,, wherel, andK,, are the modified Besselfunc-
tions. With

m

the condition for the toroidal field is the sameat both loca-
tions.

I1l. RESULTS

The numericalmethodis alreadydescribedn our papers
[7] and[8]. Hereonly theresultsincludingthe Hall effectare
presented.

A. Positive shear

In the presentsectionan instability is describedwhich
existsonly in the presenceof the Hall effect. It destabilizes

flows with ,ZL>1 (i.e.,with positivesheard()/dR) for which
sofar no otherinstability is known. Figures2—4 illustratethe
instability for both conductingand nonconductingooundary

conditionsfor a containerwith a wide gap (=0.5). The
flow is unstablebut only for negativeHartmannnumberi.e.,
if angularvelocity and magneticfield have oppositedirec-
tions. The result dependson the sign of the Hall resistiv-
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FIG. 2. The line of mamginal stability for magnetic Taylor
Couetteflow with Hall effect (3,=1) for =0.5, Pm=1 andfor

positivedQ/dR: x=2 (solid line), 1.5 (dashedine), and 1.2 (dot-
ted line). Boundaryconditions(32) for conducting cylinder walls.

ity; herethe positive Hall resistivity is used.For negative
Hall resistivity the orientationis opposite.The fact that Hall
effect destabilizeslows with the angularvelocity increasing
outwards was already describedby Balbus and Terquem
[14].

For smallHartmannnumberthe 8~ behaviorof Eq. (30)
is confirmedandfor strongmagneticfields the instability is
suppressedThe minimum value of the Reynoldsnumber
alreadyresultsfor Hartmannnumberof order unity; it be-
comessmallerandsmallerfor increasingshear seethe esti-
mate(30)]. Figure4 demonstratethe validity of the relation
Rex 1/Pmwhich is alsoindicatedby the relation(30). Again
the Reynoldsnumbertakesits minima at such Hartmann
numbersthat the Lundquist numberHa* = Ha\/Pm is con-
stant.

Figures2 and 3 demonstratethat the influence of the
boundaryconditionsis not negligible what is quite charac-
teristic for the magneticTaylor-Couetteproblem(evenin the
small-gapapproximation as shownalreadyby Niblett [19]
and later by Rudiger et al. [8]. In particular for vacuum
boundary conditions the suppressionof the instability by
strongmagneticfieldsis a ratherweak effect comparedwith
the magnetic suppressionin a container with perfect-
conductingcylinder walls. Once the Reynoldsnumberex-
ceedsthe minimum value given in the Fig. 3, then the
Taylor-Couetteflow is unstablefor a very wide range of
Hartmannnumbers.
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FIG. 3. The sameas in Fig. 2 but for the vacuum boundary
conditions(33)—(35). Note the very weakinfluenceof the magnetic
field on the onsetof the instability.
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FIG. 4. The sameas in Fig. 3 but for Pm=10"5.

Accordingto Eq. (2), the rotationlaw doesnot dependon

the inner angularvelocity ), for «>1 andthe situationis
practicallythe sameasif the inner cylinder were at rest. In
this casethe Reynoldsnumberof the outerrotation,Re, , is
the real parameteof the probleminsteadof Re:

QOUtH 2

Reyy= uRe= - (36)

We have indeednumerically confirmeda behaviorsuchas

Re «1/u for large . The value of Re,,; correspondingo
minimal Re (which is for Hartmannnumberof order unity)
is

Re=20. (37)

In Fig. 5 the critical wave numbersare given for which
the Reynoldsnumberis minimum for given Hartmannnum-
ber The three curvesrepresenthe solutionswith different
boundaryconditions.The solid line standsfor vacuumcon-
ditions for both cylinders while the dashedline concerns
perfect-conductosolutions.If the outer boundarycondition
concernghe vacuumandif within theinnercylinderthereis
a perfectconductor thenthe dot-dashedine givesthe wave
numbers.As expected,the standardbehavior can be ob-
served;i.e., the wave numbersinks for growing magnetic
field sothat the cells are elongatedparallel to the magnetic
field lines. The vertical extensionof one cell follows from
the relation

WAVE NUMBER

-10 -5 0
HARTMANN NUMBER

FIG. 5. The dependencef the critical wave numberson the
magneticfield for variousboundaryconditions:vacuumconditions
(solidlines), perfect-conductoconditions(dashedines), andmixed
conditions(vacuumoutercylinder, perfectconductorinnercylinder,
dot-dashedines). u=2.
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FIG. 6. The sameas in Fig. 2 but for resting outer cylinder
(1=0, i.e., negativedQ/dR). B,=0 (dashedline) and B,=1
(solid line). The dottedline is for By=1, but for u=0 (velocity
fluctuationsneglected,.e., kinematic cas@. The minimum of the
dashedine indicatesthe Lorentzforce-inducedvRI.

6z o (39)
Rout_ Rin I(crit

(for ;7=O.5). For perfect-conductingylinders,however the
trendis opposite For this casethe vertical wavenumberk;;
becomesvery small for small Hartmannnumbers.The rea-
sonis thata solution B R ! andBr=0 existswhich ful-
fills the boundaryconditions(32) and Egs. (16)—(25) for w
=k=Ha=0. This current-freesolution, however is always
mauiginal sothatit cannotbe excitedif it doesnot existatthe
beginning If oneof theboundaryconditionsdiffersfrom Eq.
(32), thenthis solution cannotexist and the wave numbers
havetheir normalbehavioras shownin Fig. 5.

B. Negative shear

The Hall effect also modifiesthe critical Reynoldsnum-
bersfor both hydrodynamicallyunstableflows (< 7?) and

for magnetohydrodynamicallynstableflow (x<1) result-
ing in a rathercomplexsituationillustratedwith Fig. 6. The
dashedine is the MRI without Hall effect andthe dottedline
is the shearHall instability with neglectedflow perturba-
tions, i.e., without MRI. It is insofar the counterparto the
linesin Fig. 2. An instability is shownof the axial magnetic
field asthe resultof a combinationof shearandHall effect.
The combinationof MRI and this shearHall instability is
given as the solid line in Fig. 6. A deepminimum of the
Reynoldsnumberis producedor weakmagnetidields,much
deeperthan the minimum resulting without Hall effect. On
the other hand, for increasingHartmannnumbersthe solid
line hasa very weak slopeso that the magnetic-fielddepen-
denceof the combinednstability ‘(HMRI" ) is ratherweakas
alreadyshownby Wardle ( [13]; seehis Fig. 1c). Again the
Hall effect is importantfor only one orientationof the mag-
netic field.

IV. NONAXISYMMETRIC MODES

It is alsoimportantto probethe existenceof nonaxisym-
metric modes.After the Cowling theoremonly nonaxisym-
metric modescan be maintainedby a dynamoprocessWe
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FIG. 7. Thelines of maginal instability for conductingcylinder
walls for u=2 with axisymmetric(m=0, solid line) and nonaxi-
symmetric(m=1, dottedline) modes.Note the crossoverof both
lines.

alreadyhave discussedhe appearancef nonaxisymmetric
modesfor the magneticTaylor-Couetteflow with negative
shear The commonresultwasthatthe lines of mamginal sta-
bility for m=0 andm=1 havea very differentbehaviorfor
different electrical boundary conditions [12]. One finds
crossover®f the stability linesfor m=0 andm=1 for con-
tainerswith conductingcylinder walls and one neverfinds
suchcrossovergor containerswith vacuumboundarycondi-
tions. The samehappenshere for the shearHall instability
for magneticTaylor-Couetteflows with positive sheayi.e.,

/:L> 1. In Fig. 7 thelines for both axisymmetricand nonaxi-
symmetricmodesare given for conductingboundarycondi-
tionsandin Fig. 8 they aregivenfor vacuumboundarycon-
ditions. The crossovef thelines only existsfor conducting
cylinder walls. As usual,in the minimum the m=0 mode
dominatesbut for strongermagneticfields the mode with

m=1 dominates.

V. DISCUSSION

We haveshownthat the Hall effect destabilizeghe mag-
netic Taylor-Couetteflow sothatfor anyvalueof the param-

eter,& a critical amplitudeand one of the directionsof the
magneticfield exist for which the flow is unstable.

Taylor-Couetteflows with x>1, i.e., with positive shear
dQ/dR, are stablein both hydrodynamicand traditional
MRI regimes.If, however the Hall effectis includedin the
inductionequation thenevensucha flow becomeainstable
underthe influenceof an axial magneticfield but only for
oneof thetwo possibleorientationsof the field. For vacuum
boundaryconditionsand not too small magneticfields there
is only a rather weak dependencef the critical Reynolds
numberon the Hartmannnumber(seeFig. 3).

The other magneticorientationdestabilizesall the flows

250
200
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REYNOLDS NUMBER

=10 -5 0
HARTMANN NUMBER

FIG. 8. The sameas in Fig. 7 but for vacuumboundarycondi-
tions. No crossovenf both the lines exist.

016303-5



G. RUDIGER AND D. SHALYBKOV

TABLE I. Astrophysicalobjects|protoplanetarydisks, pulsars
(NS), andwhite dwarfs(WD)]: Hall coefficientu o8, magneticdif-
fusivity, critical magneticfield after Eq. (41), and observedmag-
neticfield.

Object Hall coef. (m*/C) 7 (M%) By (G) Bgys (G)
WD 10720 10°° 10° 10
NS env 1072 10713 100 102
NS core 1028 10+ 1012

with <1, i.e., with negativedQ)/dR (seeFig. 6). Thelin-
earizedinductionequation(10) is invariantagainstthe trans-
formation

BOH_B(), UOH_U(), (39)
so that the simultaneouschangeof the signsof d()/dR and
By leadsto the sameinstability. After the splitting of the
induction equationinto poloidal and toroidal components
onefinds the scheme

shear
Btor B, ol Bt’or ; (40)

Hall Hall

hencealso the shearmust be changedif the Hall effect is
changedIf this is true, then the shearis necessaryor the
existenceof an instability. The shearappearsas the enegy
sourceof the instability.

The magneticfield for animportantinfluenceof the Hall
effect shouldbe very high. The minimum value of the Rey-
noldsnumberfor both positive and negativeshearexistsfor

,B~ 1. The correspondingralue of the magneticfield is

Bo=— (41

3
The Hall coefficient(uqB in our notation for liquid metals
is about 10 1°m®/C, with »~10"' m%s and with ug
=47x 1077 for the magneticfield Bo=10" G is yielded.
This valueis too high for the laboratoryexperiments.

We have anothersituation for astrophysicalpplications
[13—16]. In Table | the Hall coefficientsand the magnetic
diffusivities are given for variousobjectswhich are so cool
or have so huge magneticfields B, that the Hall effect is
suspectedo be important.

The situation in protoplanetaryaccretion disks is pre-
sentedin Fig. 9 wherethe numbersare takenfrom a model

PHYSICAL REVIEW E 69, 016303 (2004

log,e B [Gauss]

-1 0 1 2
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FIG. 9. The magneticconstellationin accretiondisksafter Sano
and Stone[15]. Solid line: magnetic-fieldamplitudeif magnetic
Machnumberequalsunity. Dashedine: magnetic-fieldamplitudeif
Hall time scaleequalsmagneticdissipationdecaytime.

by SanoandStone[15]. The amplitudeof the magneticfield
comesfrom the condition that the magneticMach number
equall. Above the lowestline the Hall effect dominateshe
Ohmic dissipationand v.v. One finds that indeedthe mag-
neticfield maybe sostrongthatthe Hall effectdominateghe
Ohmic dissipation.The critical magneticfield amplitudeat
R=1 AU is about0.1 G. Such high valuescan hardly be
imaginedas dueto a magnetizedcentral object. Polar field
strengthsof order ~10° G at the surfaceof a protosunare
neededn orderto produce0.1 G at a distanceof 1 AU.

Magneticfields with amplitudesof 1 G a 1 AU should
thusonly be generatedby the actionof a (turbulen) dynamo.
In this case however we cannotusethe molecularconduc-
tivities to estimatethe valuesof the parametersas it was
donein [13-16]. E.g.,theturbulentmagnetiadiffusivity may
increaseby severalordersof magnitude.No considerations
of the effect of turbulenceon the Hall diffusivity areknown
to us. This effect might be smallerthanthe influenceon the
magneticdiffusivity dueto thelineardependencef the Hall
diffusivity on the magneticfield. If it is so, thenthe role of
the Hall effect for the weakly ionized protostellaraccretion
disks might easily be overestimated.
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