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Summary. The e�ciency of the grid-adaptive magnetohydrodynamics co de NIR-
VANA3 is studied. For that two three-dimensional benchmark problems are pro-
posed: a hydrodynamical implosion problem possessing spherical symmetry and a
shock-cloud collision problem in a magnetic medium. An e�ci ency parameter is
de�ned which contains both the obtained speedup factor and a n error estimate.

1 Introduction

I investigate the e�ciency of a solution-adaptive scheme for the equations
of ideal magnetohydrodynamics (MHD) in three space dimensions given in
conservation form
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%is the mass density,e is the (total) energy density, v is the velocity, E =
� v � B is the electric �eld, � is the magnetic permeability and 
 is the
ratio of speci�c heats. The equations are supplemented by the divergence-free
constraint for the magnetic �eld,
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and the thermal pressure is computed from the ideal gas equation of state
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The equations are solved numerically with a hybrid approach: Faraday's
law Eq. (4) is treated with constraint transport (CT) techni ques ie. a special
discretization utilizing a staggered grid (see eg. Evans & Hawley [6]). Hydro-
dynamics is updated with the second-order Godunov-type central scheme of
Kurganov et al. [8]. The combined method is conservative andpreserves the
zero divergence condition forB in discretized form up to machine precision.
The resulting MHD scheme does neither rely on Riemann solvers nor on any
characteristic decomposition typical for upwind schemes.It is easy to imple-
ment, computationally fast and, yet, compelling in accuracy to second-order
approximate Riemann solver schemes (see Ziegler [12]). Note that no addi-
tional e�ort is needed to enforce solenoidality of B as opposed to schemes
based on a non-staggered approach. In particular, neither extra source terms
proportional to r� B have to be introduced in order to propagater� B -errors
away as in Powell's [9] approach nor is it necessary to solve aPoisson equation
as in the projection method proposed by Brackhill & Barnes [1].

The MHD scheme is embedded in a grid re�nement tool which is based
on the principles of block-structured adaptive mesh re�nement (AMR) elab-
orated by Berger & Collela [3] and used by many others (see eg.Walder &
Folini [11], Berger & LeVeque [4], Bell et al. [5], Friedel etal. [7], Balsara &
Spicer [2], Steiner et al. [10]). Although found on the same ideas, the AMR im-
plementation here di�ers in many respects from this original approach. I pay
attention to these di�erences in Sect. 2 which thoroughly deals with the AMR
design. Worth mentioning at most, block-structured AMR has been adapted
to the central-constraint transport ansatz with complicat ions arising from the
2-step Runge-Kutta time integrator and the use of CT ie. the staggered grid.
Moreover, the presented AMR approach attempts to combine 
exibility in grid
adaptation by using very small blocks of �xed size for re�nement with speed
by applying an intelligent patch clustering algorithm to sp eedup integration.
All such developments has dropped into the software packageNIRVANA3 { a
versatile MHD code for grid-adaptive simulations in astrophysics and related
�elds of research.

2 AMR design

2.1 Re�nement procedure

Controlled by speci�c criteria re�nements on a �xed base gri d are realized by
hierarchically nested blocks (or patches) of size 43 cells (in 3D) with increas-
ingly �ner mesh spacing. Blocks of the same resolution builda re�nement level
l with l = 1 for the �rst re�nement level and l = L for the maximal allowed
re�nement level speci�ed by the user. Adjacent levels have are�nement ratio
of 2. Technically, the set of blocks build an oct-tree data structure. A block
stands as a logical unit which not only holds the MHD variables and positions
but also contains information about its environment in terms of pointers to
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Fig. 1. An example patch distribution with 7 levels of re�nement (th e base grid is
not shown). Each rectangle (cube in 3D) represents a patch of dimension 4� 4(� 4)
cells

its parent block or base grid, respectively, its grid neighbors and its nested
child blocks. An example patch distribution is shown in Fig. 1.

The criteria used to control mesh re�nement is twofold:

i) on the base grid (l = 0) normalized gradients in all variables are evalu-
ated. If such gradient of any variable in a local neighborhood exceeds a
prescribed threshold a block is generated and added to the data structure.
Variables of the block are initialized by using conservative reconstruction
procedures. If, on the other hand, gradients forall variables fall short of
the thresholds an existing block is destroyed and removed from the data
structure.

ii) re�nement on blocks are triggered by a simple error indicator: during the
update procedure of the grid hierarchy it becomes necessaryto synchro-
nize adjacent levelsl and l � 1 in a restriction step in order to retain local
conservation properties (see 2.3). Before such restriction is performed, the
deviation from conservation between these two levels is used as indicator
for grid re�nement. This is reminiscent of a Richardson-type error estima-
tion.

2.2 Patch clustering and time integration

Although mesh re�nement is done in terms of individual blocks, the MHD
solver does not directly operate on such blocks. Instead, blocks are temporarily
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Fig. 2. The principle of patch clustering. In this example 7 superbl ocks are created

mapped onto larger rectangular grid units called superblocks (see Fig. 2). The
equations are then solved on such superblocks. The purpose of patch clustering
is to increase e�ciency: small blocks serve for a 
exible adaptation ie. regions
which actually need no re�nement but yet are re�ned are sparse whereas
patch clustering signi�cantly reduces the otherwise overwhelming overhead
due to the large number of interconnected blocks. For a givenre�nement
level, blocks making up a coherent region are clustered in a way such that
the corresponding superblock has maximum number of cells inx-direction.
Guard cells to take up boundary conditions are automatically added. Since
a re�nement level usually consists of several coherent regions with arbitrary
bounding a whole set of superblocks is created. Depending onthe degree of
fragmentation of the grid structure, each re�nement level may produce only a
few superblocks or as much as hundreds or even thousands. Patch clustering is
computationally inexpensive compared to the integration step. It just requires
to collect the corresponding patches, to copy variables from these patches to
the superblock and to assign boundary conditions.

The sequence of grids is time-advanced in a certain order. The �nest level
is integrated �rst. The rule then is that a level l > 0 is integrated twice before
the coarser levell � 1 is integrated with a time-step being the sum of the �ner
time-steps. Of course, all individual time-steps obey the CFL condition. The
last step in the procedure consists of updating the base grid. Whenever two ad-
jacent levels match in time during this cycle synchronization of their solutions
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take place on consistency reasons and to maintain conservation properties of
the core scheme. Synchronization is discussed next.

2.3 Synchronization processes

Several mechanism in the AMR method ensure that the solutionremains
consistent on the adaptive grid hierarchy during the courseof evolution:

i) restriction . Since the �ne grid solution is considered more accurate than
the underlying coarse grid solution the latter is replaced by the �ne grid
solution by a conservative copy in those regions covered by the �ne grid.
In case of the magnetic �eld this means that the magnetic 
ux at �ne cell
faces is mapped onto coarse cell faces coinciding with those�ne cell faces.

ii) 
ux/electric �eld �xup . The restriction procedure requires a �xup of
the hydrodynamical 
uxes and of the electric �eld at re�neme nt interfaces.
More precisely, the numerical 
ux at a coarse cell face has tobe replaced
by the temporal sum of the numerical 
uxes of those �ne cell faces which
cover the coarse cell face. This restores conservation. Similarly, the electric
�eld at a coarse cell edge must be replaced by the temporal sumof the
electric �elds of those �ne cell edges which cover the coarsecell edge.
This restores solenoidality of the magnetic �eld. However,the situation is
complicated by the use of a2-stepRunge-Kutta method. As a consequence,
the �xup steps are carried out for both the predictor step and corrector
step separately.

iii) synchronization of internal boundary conditions . The use of the 2-
step Runge-Kutta time integrator or, more general, any multistage ODE
solver requires additional synchronization. That is, after the predictor step
boundary conditions along common interfaces of superblocks in direct con-
tact need to be synchronized in order to avoid a time mismatch. For a
single-step time integrator this would be redundant.

3 AMR e�ciency

3.1 De�nitions

Numerical errors are measured against a single-grid, high-resolution reference
solution in a modi�ed L 1-norm. I de�ne the error in some quantity u as

� u =
P

l jul � uref
l j

P
l juref

l j

where the sum runs over alle�ective grid cells l of the grid hierarchy. E�ective
grid cells are all those not covered by �ner cells. On a singlegrid without AMR
l just stands for the grid indices f ijk g.
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The speedup factor S of an AMR application is de�ned as the inverse ratio

of the CPU times of the AMR simulation and a comparison simulation with
a global �ne grid,

S =
T comp

TAMR
:

The speedup factor is often used to characterize the e�ciency of an AMR
implementation. As long as the numerical error in the AMR simulation is
comparable to the error in the comparison simulation S is a su�cient number
to do so. If this is not the case, however, because essential features of the
solution are not resolved by the AMR algorithm the speedup S alone is no
longer a proper measure to judge whether an AMR implementation is e�cient
or not. Instead, I propose to use the number

EFF = S �
� comp

� AMR

which involves errors for the comparison simulation and AMRsimulation, re-
spectively. Whereas S can be determined easily computing the errors requires
the reference solution being performed with even higher resolution than the
comparison simulation.

For the two 3D benchmark problems below (Sect. 3.2, 3.3) suchhigh-
resolution reference simulations could not be done becausecomputer resources
were not available. Yet, to get an estimate of the ratio � comp =�AMR the fol-
lowing (inconsistent) procedure has been applied. First, convergence rates
from lower resolved single-grid simulations are calculated using the compari-
son simulation as reference solution. With the obtained convergence rates one
estimates a pseudo-� comp by extrapolation. Second, using the comparison sim-
ulation again as reference solution one can compute a pseudo-� AMR . If such
pseudo-errors turn out of comparable size one can have the legitimated hope
that � AMR � � comp holds also for the true errors.

3.2 Implosion problem

The implosion problem considered here as a benchmark is a converging shock
problem possessing spherical symmetry. The gas is con�ned to a cubic box
(x; y; z) = [ � 1; 1]3 with re
ecting boundary conditions on all six boundaries.
The gas is initially at rest and has a constant density%i = 0 :125 and constant
pressurepi = 0 :1 inside an interior sphere of radiusR = 0 :5 centered around
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Fig. 3. Contour lines of density (0 :125 < % < 1:74) and pressure (0:778 < p < 1:33),
velocity �eld ( vmax = 0 :249) and patch distribution in the z = 0 coordinate plane
for the AMR simulation. Only a quadrant of the spherically sy mmetric implosion
problem is shown at a time

the coordinate origin. Outside this sphere,%o = 1, po = 1. A shock forms
running to the center, rebounds and, thereafter, propagates radially outwards
accompanied by a rarefaction wave and contact discontinuity.

Fig. 3 illustrates the result for an AMR simulation with a 50 3 base grid and
two further levels of re�nement at a time after the shock rebound. The e�ective
resolution is thus 2003. The density, pressure, velocity and patch distribution
is shown in the z = 0 coordinate plane. The inner region r � 0:5 contains
the shock and contact discontinuity which are fully coveredby level 2 patches
whereas the rarefaction is resolved by level 1 patches. Fig.4 (left) shows a
scatter plot of the density for both the AMR simulation and th e 2003 single-
grid simulation. The curves are somewhat shifted relative to each other to
make a comparison easier. Without shift the curves would coincide which gives
a �rst (positive) impression on the accuracy of the AMR result. Fig. 4 (right)
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Fig. 4. Left: scatter plot of the density ( %versus radius). Dark dots correspond
to the reference simulation whereas light dots correspond to the AMR simulation
which is shifted by �% = 0 :1 relative to the reference solution. Right: time history
of the kinetic energy for an AMR simulation (plus signs), 200 3 simulation (solid),
1003 simulation (dashed) and 503 simulation (dotted)

Table 1. Implosion problem { errors, convergence rates, tim ings

run � % � p � vx ( ;v y ;v z ) TIME [s]
503 6:5 � 10� 3 8:5 � 10� 3 0:185 48
1003 2:2 � 10� 3 i 1.56

3:0 � 10� 3 i 1.50
0:064

i 1.54
1587

A200 6 � 10� 4 10� 3 0:029 2111
2003 7 � 10� 4 ? 1:1 � 10� 3 ? 0:022? 19386
?pseudo-errors extrapolated from the measured convergencerate

presents the time history of the kinetic energy for all simulations done. Again,
there is a remarkable agreement between the AMR solution andthe 2003

comparison result. Errors, convergence rates and timings are listed in Table 1.
The resolution study indicates an experimental order of convergence of roughly
1.5. This is surprisingly good taking note of the presence ofdiscontinuities in
the 
ow. Errors have been computed for the primitive variabl es%, p, vx , vy ,
vz and are largest in the velocity. Pseudo-errors (see Sect. 3.1) for the 2003

solution are comparable to those for AMR so that one can indeed argue,
supported by Fig. 4, � comp � � AMR . From Table 1 the speedup factor S = 9:1
and, hence, an AMR e�ciency of EFF � 9 results for the implosion problem.
The AMR overhead containing all routines which were redundant in a single-
grid simulation is 21.8% of the total runtime. A detailed split of the total
overhead in overhead due to the mesh re�nement, patch clustering, mesh
initialization and synchronization processes is given in Table 2.

3.3 Shock-cloud collision

The second benchmark problem is the collision of a density clump with a
strong shock wave in a magnetic environment. The computational domain is
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Table 2. Implosion problem { AMR overhead

% of runtime
mesh re�nement : memory allocation, re�nement criterion 5.5

patch clustering 2.0
mesh initialization : interpolation 6.4

synchronization : 
ux sync., restriction, boundary sync. 7.9
total 21.8

a Cartesian box given by (x; y; z) 2 [� 1=2; 1=2]3. There is a discontinuity at
x = 0 :1 with left and right states:
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The 
ow is highly supersonic on the right side. At x = (0 :3; 0; 0) a spherical
density clump with radius 0:15 and density%cl = 10 is embedded. The clump
is in pressure equilibrium with its surrounding medium. The adiabatic index

 = 5 =3. Zero-gradient boundary conditions are used for all variables in all
directions except at the upper x-boundary where variables are kept at their
initial values. I perform an AMR simulation with a 50 3 base grid and two
levels of re�nement and single-grid simulations on aN 3 cube grid with N =
50; 100; 200. Hence, the e�ective resolution in the AMR case is identical to
the 2003 simulation. The simulations are stopped at evolution time t = 0 :06
after which a violent collision between the shock and clump has taken place.

The initial- and resulting density structure is illustrate d in Fig. 5. The gas
cloud is strongly compressed, heated and signi�cantly deformed. The magnetic
�eld is dragged with the cloud and the resulting Lorentz force acting on the
cloud in addition to pressure forces decelerates it. The corresponding growth
in magnetic energy is recorded in Fig. 6. Fig. 5 (right panel)also shows the
�nal patch distribution. All essential features occurring in the problem are
well resolved, that is, the magnetic shock moving to the right opposite to
the supersonic 
ow, the deformed cloud including its tail structure, the fast
magnetosonic wave propagating ahead of the cloud and the stationary Alfv�en
discontinuity at x = 0 :1 which is not seen in the density structure. Fig. 7
compares results of the several simulations in a cut along the x-axis. The
logarithm of the density (left panel), logarithm of the temp erature (middle
panel) andz-component of the magnetic �eld (right panel) is shown. As in Fig.
6, note the excellent agreement between the AMR solution and2003 solution.



XIV U. Ziegler

Fig. 5. Contour lines/grey-scale representation of log %at t = 0 (left panel, 0 <
log % < 1) and after the collision (middle panel, 0 < log % < 1:38). Scaling is from
minimum (black) to maximum (white). The right panel shows th e resulting patch
distribution spanning two levels of re�nement

Fig. 6. Time history of the magnetic energy stored in the x-component (left), y-
component (middle) and z-component (right). Solid line: 200 3 simulation, dashed
line: 1003 simulation, dotted line: 50 3 simulation, plus signs: AMR simulation

Fig. 7. Cut along the x-axis showing the variation in density (left), temperature
(middle) and z-component of the magnetic �eld (right). Solid line: 200 3 simulation,
dashed line: 1003 simulation, dotted line: 50 3 simulation, plus signs: AMR simulation

The single-grid simulations converge with a rate of � 1 measured in
all primitive variables. Using this rate and extrapolating errors one obtains
pseudo-errors for the 2003 case which are larger than the pseudo-errors for
AMR taking the 2003 simulation as reference solution. According to the ideas
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Table 3. Shock-cloud collision { errors, convergence rates , timings

run � % � p � v � B TIME [s]
503 0:0212 0:0221 0:2707 0:2019 194
1003 0:0126

i 1.07
0:0097

i 1.11
0:1314

i 1.05
0:1032

i 1.00
5747

A200 0:0009 0:0015 0:0172 0:0068 22561
2003 0:0048? 0:0045? 0:0630? 0:0513? 64485
?pseudo-errors calculated from the measured convergence rate

Table 4. Shock-cloud collision { AMR overhead

% of runtime
mesh re�nement : memory allocation, re�nement criterion 3.0

patch clustering 2.0
mesh initialization : interpolation 6.2

synchronization : 
ux sync., restriction, boundary sync. 6.9
total 18.0

pointed out in Sect. 3.1 that may be a strong indication that the true errors
are very close to each other ie.� AMR � � comp . From the timings listed in Table
3 one then derives an AMR e�ciency of EFF � 3. Finally, details of the AMR
overhead for this problem can be found in Table 4.
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