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How canα
2-dynamos generate axisymmetric magnetic fields?
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Inspired by a recently observed axisymmetric field in a fullyconvective star we investigate the influence of an anisotropic
diffusivity on the dynamo. We find that with reasonable assumptions for the anisotropy of the diffusivity and theα-effect
the preference of axisymmetric modes is achieved.
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1 Introduction

Due to the anisotropy of theα-effect mean field dynamos
for rigidly rotating systems are known to prefer nonaxisym-
metric modes for the generated magnetic field (Rüdiger &
Elstner 1994). Models for fully convective protostars pre-
sented by Chabrier & Küker (2006) lead to highly non-
axisymmetric magnetic solutions. Recently Donati et al.
(2006) analyzed a rapidly rotating, very-low-mass, fully
convective dwarf star through tomographic imaging from
time series of spectropolarimetric data and found the mag-
netic field axis perfectly aligned with the rotation axis. This
result suggests that fully convective stars are able to trigger
axisymmetric large scale poloidal fields even without dif-
ferential rotation. Rüdiger et al. (2003) found axisymmetric
(oscillating) solutions for exceptional cases withthin con-
vection zones and an concentration of theα-effect around
the equator. Also the antisymmetric parts in theα-tensor
could lead to preferred axisymmetric solutions. There exists
a term, which can be interpreted as a differential rotation.
Depending on the latitudinal and radial profiles (which are
still uncertain) and the strength compared to the diagonal
terms, an axisymmetric solution similar to theαΩ -dynamo
would be possible (cf. Rüdiger et al. 2003).

Here we investigate the influence of the anisotropic tur-
bulentdiffusion with an enhanced component parallel to the
rotation axis. This will be expected for rapid rotators. In di-
rect simulations of rotating cylinders with a Roberts flow
Tilgner (2004) found the occurrence of axisymmetric solu-
tions under the influence of an increased diffusion in the
direction parallel to the rotation axis. Chabrier & Küker
(2006) also included the effects of the anisotropic diffu-
sion, but they found predominantly nonaxisymmetric solu-
tions. We shall demonstrate that this will be the case for
too strong anisotropies in theα-tensor. Using data for the
α-tensor similar to the results of simulations in the solar
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convection zone we findaxisymmetric magnetic fields for a
reasonable anisotropic diffusivity.

2 Basic equations and the model

The model consists of a turbulent fluid in a spherical shell of
inner radiusrin = 0.1R and outer radiusrout = R, which
is embedded in a sphere with radius of1.5R. A magnetic
field is generated in the shell by theα-effect. The turbulent
magnetic diffusivityη0 is constant in the whole sphere but
anisotropic with respect to the rotation axis. At the outer ra-
dial boundary (1.5R) the tangential component of the mag-
netic field and the vertical component of the electric field are
set to zero and a perfect conductor boundary was chosen at
rin.

The induction equation is
∂B

∂t
= curl E (1)

with the electromotive force (EMF)

Ei = αijBj + ηijk

∂Bj

∂xk

, (2)

whereB is the magnetic field,η is the turbulent magnetic
diffusivity tensor andα is theα-tensor. It represents the in-
teraction of an anisotropic turbulence with a global rotation
and a uniform magnetic field. Here we are only interested
in the structure of the solution of a pureα2-dynamo, i.e. the
rotation isassumed to be uniform. In Rüdiger & Kitchatinov
(1993) one finds the overall structure of theα-tensor as
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The unit vectorΩ0 denotes the direction of the axis of the
global rotation of the turbulence and the radial unit vector
G

0 denotes its anisotropy.
In almost all papers aboutα-dynamos the expression (3)

is reduced to its first term of the tensorial expression. The in-
clusion of the remaining parts of theα-tensor reveals the va-
riety of the solutions of theα2-dynamo and even allows the
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excitation of axisymmetric fields for thin convection zones
(Rüdiger et al. 2003). The influence of the large-scale flow
pattern is ignored.

It is interesting to consider the antisymmetric parts in
the tensor (3).γk in the last term plays the role of a radial
advection (“pumping”) of the magnetic field. On the other
hand, if formally a basic rotation withu = Ω×x is used for
the velocity field thenEi = (Ωmxi − Ωixm)Bm. It follows
that theα3-term in (3) plays the role of a global differential
rotation. More exactly speaking, in cylindrical coordinates
(s, φ, z) we find (αsz − αzs)/2s playing the role of an an-
gular velocity, where the gradient induces magnetic fields.

For a uniform rotation theα-tensor in cylindrical coor-
dinates(s, ϕ, z) is

α =





αss αsϕ αsz

αϕs αϕϕ αϕz

αzs αzϕ αzz



 . (4)

In spherical coordinates (r, θ, φ) we have

α =





αrr αrθ αrφ

αθr αθθ αθφ

αφr αφθ αφφ



 . (5)

The transformation rules are

αrr = αss sin2 θ + αzz cos2 θ + (αsz + αzs) sin θ cos θ ,

αθθ = αss cos2 θ + αzz sin2 θ − (αsz + αzs) sin θ cos θ ,

αφφ = αϕϕ ,

αrθ = (αss − αzz) sin θ cos θ − αsz sin2 θ + αzs cos2 θ ,

αθr = (αss − αzz) sin θ cos θ + αsz cos2 θ − αzs sin2 θ ,

αrφ = αsϕ sin θ + αzϕ cos θ ,

αφr = αϕs sin θ + αϕz cos θ ,

αθφ = αsϕ cos θ − αzϕ sin θ ,

αφθ = αϕs cos θ − αϕz sin θ . (6)

The inverse transformation is

αss = αrr sin2 θ + αθθ cos2 θ + (αrθ + αθr) sin θ cos θ ,

αϕϕ = αφφ ,

αzz = αrr cos2 θ + αθθ sin2 θ − (αrθ + αθr) sin θ cos θ ,

αsz = (αrr − αθθ) sin θ cos θ + αθr cos2 θ − αrθ sin2 θ ,

αzs = (αrr − αθθ) sin θ cos θ + αrθ cos2 θ − αθr sin2 θ ,

αsϕ = αrφ sin θ + αθφ cos θ ,

αϕs = αφr sin θ + αφθ cos θ ,

αϕz = αφr cos θ − αφθ sin θ ,

αzϕ = αrφ cos θ − αθφ sin θ . (7)

The ratio

α̂z =
αzz

αϕϕ

(8)

will be of particular relevance for the resulting solutions.
For rapidly rotating objects its value will be much smaller
than unity. For a uniform diffusivity these small values of
α̂z lead to nonaxisymmetric fields as preferred modes.

Ossendrijver et al. (2001) presented simulations for all
the components of theα-tensor. As an example in Fig. 1 the

Fig. 1 Numerical results for the Cartesianα-tensor components
αyy = αφφ andαzz = αrr, measured in units of0.01

√

dg, as a
function of depth in units ofd from Ossendrijver et al. (2001) for
the case of a box located at the south pole (run A00). The simula-
tion domain consists of a thin cooling layer (z < 0), a convectively
unstable layer (0 < z < d = 1), and a stably stratified layer with
overshooting convection (z > d). The Coriolis number of the run
is about2.4, which is in the appropriate range for the bottom of the
solar convection zone. For the other parameters and for a detailed
description of the model we refer to Ossendrijver et al. (2001).
The black curves are spatial and temporal averages; the shaded ar-
eas provide an error indication. Note, that theαφφ does not vanish
at the pole.

radial behaviour of the main diagonal components of the
α-tensor in Cartesian coordinates is given corresponding to
the cylindrical componentsαϕϕ = αyy andαzz = αzz .
Note the negative sign ofαyy (in the southern hemisphere!)
throughout the convection zone. Only in the overshoot re-
gion the sign changes.

For theαzz-component the sign changes already in the
convection zone. We reflect this property in our inhomoge-
neous model, where

αϕϕ = αϕ0 sin(π(r − rin)/d) cos θ ,

αzz = αz0 sin(2π(r − rin)/d) cos θ , (9)

with d as the thickness of the convection zone (Fig. 2). We
also calculated critical dynamo numbers for the basic modes
with radial independentα-profiles.

The magnetic diffusivity tensor for a rotating fluid is

ηijk = ǫijm

(

ηTδkm + η||
ΩkΩm

Ω2

)

(10)

(Kitchatinov et al. 1994). For slow rotatorsη|| vanishes and
one has an isotropic turbulent diffusion. For rapid rotation
one findsη|| = ηT and reduced non-diffusive terms. E.g. a
Coriolis numberΩ∗ = 2τcorrΩ = 10 leads to

ηT = η|| = 0.1η0, (11)

with η0 = τcorr〈u
′2〉/3, whileΩ

∗ = 1 gives

ηT = 0.8η0 and η|| = 0.1η0. (12)
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Fig. 2 (online colour at: www.an-journal.org) Normalizedα-
profiles for the inhomogeneous (top) and homogenous (bottom)
case.

Inspecting the EMF for cylindrical coordinates, i.e.

Es = αssBs + η||
∂

∂z
Bϕ − ηT

(

∂

s∂ϕ
Bz −

∂

∂z
Bϕ

)

,

Eϕ = αϕϕBϕ − η||
∂

∂z
Bs − ηT

(

∂

∂z
Bs −

∂

∂s
Bz

)

, (13)

Ez = αzzBz − ηT

1

s

(

∂

∂s
sBϕ −

∂

∂ϕ
Bs

)

,

we see thatη|| enhances the diffusivity in the radial and az-
imuthal components only. Therefore the effect of a reduced
αzz is weakened and the system becomes more similar to
the isotropic case forα andη. We expect a preferred ax-
isymmetric solution for sufficiently strongη||. For a total
vanishingαzz the system remains anisotropic inα. Here
we have no influence of the anisotropic diffusion regarding
the excitation of axisymmetric modes. This will be also the
case for negativêαz. We define the dimensionless dynamo
numberCα = αϕ0R/ηT.

3 Results

Both the models with homogeneousαzz = 0 andαzz =
−αϕϕ have the smallest critical dynamo numberCα for the
nonaxisymmetric mode independent of the diffusion coef-
ficient η||. Only the value forCα increases with the addi-
tional diffusivity parallel to the rotation axis. This strong
anisotropy for theα-tensor was used in all former models
for fully convective stars with the consequence of a non-
axisymmetric field geometry in rigidly rotating stars. For a
homogeneous profile ofα with a positiveα̂z = 0.3 we find
the preferred axisymmetric mode forη|| = 2 ηT. The ax-
isymmetric solution appears already forη|| = 0.5ηT for our
inhomogeneousα-profile (Table 2).

Following Tilgner (2004) we have shown that for
rapidly rotating stars the anisotropy of the diffusivity leads

Table 1 Critical dynamo number for axisymmetric dipole (A0),
quadrupole (S0) and nonaxisymmetric modes A1 and S1 for ho-
mogeneousαzz = 0 (upper part) andαzz = −αϕϕ (lower part)
and withR0 = 0.5, η|| = hηT. The lowest values are marked
bold.

h A0 S0 A1 S1

0 15.36 15.05 11.66 10.72
0.2 17.54 17.08 13.61 12.35
0.5 20.5 20.0 16.51 14.74
2 47.21 44.34 41.40 36.48

0 18.91 19.48 13.62 12.56
0.2 21.91 22.74 16.16 14.71
0.5 26.36 27.6 19.95 17.93
2 33.61 33.64 29.83 27.20

Table 2 Critical dynamo number for different basic dynamo
modes for homogeneousαzz = 0.3αϕϕ (upper part) and inho-
mogeneousαz0 = 0.8αϕ0 (lower part) and with R0 = 0.1,
η|| = hηT.

h A0 S0 A1 S1

0 10.88 11.19 9.48 8.61
0.5 12.66 13.31 12.48 11.26
1 14.08 15.04 14.80 13.66
2 16.39 17.83 17.96 18.00

0 13.68 13.77 13.63 13.40
0.5 16.51 16.63 18.46 18.16
1 18.92 19.06 22.16 21.98
2 22.97 23.17 26.72 26.79

to axisymmetric solutions, provided that there is still a sub-
stantial part of a positivêαz . In this case the enhanced dif-
fusion parallel to the rotation axis weakens the anisotropy
of theα-tensor. This seems the most promising effect for an
explanation of axisymmetric fields in rapidly rotating fully
convective stars with negligible differential rotation. These
solutions are stationary, at least if theα-effect has a domi-
nating region, where it does not change its sign. Other so-
lutions like the oscillating axisymmetric dynamos for thin
convective shells are not applicable to fully convective stars.
Also the effect of the antisymmetric parts of theα-tensor
are probably not strong enough to bring the system in an
αΩ -type dynamo (cf. Rüdiger et al. 2003). It still remains
an open question, however, under which conditions mixed
modes exist.
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Rüdiger, G., Elstner, D. : 1994, A&A 281, 64
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