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Energy distribution in nonaxisymmetric magnetic Taylor-Couette flow
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Azimuthal magnetorotational instability is a mechanismt thenerates nonaxisymmetric field pattern. Nonlinear lsimu
tions in an infinite Taylor-Couette system with currentefexternal field show, that not only the linearly unstable enod
m = 1 appears, but also an inverse cascade transporting eneoggheéaxisymmetric field is possible. By varying the
Reynolds number of the flow and the Hartmann number for thenetagfield, we find that the ratio between axisymmetric
(m = 0) and dominating nonaxisymmetric mode & 1) can be nearly free chosen. On the surface of the outer eylind
this mode distribution appears similarly, but with weakd@sgmmetric fields. We do not find significant differenceshie t
case that a constant current within the flow is added.
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1 Introduction the observed inverse cascade transporting energy into the
axisymmetric field and its dependence on the shear is an-

MHD-instabilities in radiation zones of differentially 10 alyzed. As second aspect we point out that weak currents

tating stars influence the rotation profile of the star dugithin the flow do not basically influence the instability.

to angular momentum transport (Denissenkov & Pinsoifield structure and energy distribution remain almost un-

neault 2007; Yoon, Langer & Norman 2006). Tayler instachanged.

bility (Tayler 1973) or helical magnetorotational instéti

(Hollerbach & Rudiger 2005) are examples for such inst

bilities. According to Spruit (1999) the Tayler instahjlit

could possibly support a dynamo. In their model the "\g\/e use the hydrodynamic Fourier spectral element code de-

stability should create a significant poloidal field that due” . . . .
to differential rotation is wound up into a toroidal one an -cr|bed by Fournier et al. (2005) extended by its magnetic

thus close the loop for a self-sustained dynamo (Braithavai leld. With this approach we solve th2e 3D MHD equations
& Spruit 2004; Braithwaite 2006). While this idea sound _ _ o, , Ha”

promising, there are doubts about its general functionalit it (U Vju=—Vp+ Viu+ Pm (rotB) x B, (1)
Simulations in very similar geometry withhdependent dif- I

ferential rotation did not show a dynamo (Gellert, R'udigertB N va B +rot(u x B), @)
& Elstner 2007). Zahn, Brun & Mathis (2007) claim thatdivu = 0, divB =0 3)

such a process is not possible in this simple way. The ai; 4 incompressible medium in cylindrical coordinates

thors argue that the nonaxisymmetric modes wound up ?K ¢, z). Free parameters are the Hartmann number
differential rotation can not contribute to the axisymnetr

field, because the azimuthal wavenumber is alwayg 0.

| RinD
_ O 1n
As we show in the following, azimuthal magnetorotationaﬁIa = B Lo pvn) @

instability (AMRI) creates also an axisymmetric componenagnol the magnetic Prandtl numbBm = /1. Here v is

in the nonlinear regime. For a scenario based on AMRI Ee viscosity of the fluid ang its magnetic diffusivity. The
instability mechanism that might overcome the argumen eynolds number is defined Bs — Qi Ry D /v with D —

of the incompatible wavenumber and would make field re};3ﬁ Ri, (unit of length) and the angular velocity of the
ut — {lin

eneration at least possible. It does not necessarily mea . . L . .
Eowever that it suppports a dynamo y nfer cylinder(;,. Unit of velocity isv/ D and unit of time

: ) : . the viscous timeD? /v.
This work consists of two aspects. First we describe the o . . .
b The solution is expanded in{ Fourier modes in the

development of nonaxisymmetric modes in the nonlinear .

. : zimuthal direction. This gives rise to a collection of nderi
regime of AMRI-unstable Taylor-Couette flow. Espemall;ﬁ)nal problems, each of \?vhich is solved using a Legendre

* Corresponding author: mgellert@aip.de spectral element method (see e.g. Deville, Fischer & Mund

% Equations and numerical treatment
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2002). EitherM = 8 or M = 16 Fourier modes are used, AMRI (instability of m=1) for Pm=1, j1,=0.5
three elements in radial and eighteen elements in axial ( ‘ Y ‘ S
rection. The polynomial order is varied betweah = 8 £, o sim: noinst.
and N = 12. With a semi-implicit approach consisting of *, * sim: AMRI
second-order backward differentiation formula and thirdo 350 o
der Adams-Bashforth for the nonlinear forcing terms tim
stepping is done with second-order accuracy (Fournieret 300
2004). o

At the inner and outer wall perfect conducting boundar * 250/
conditions are applied. In axial direction we use periodi
boundary conditions to avoid perturbing effects from solit 50!
end caps. The periodicity inis set tol’ = 6D.

The initial flow profile is the typical Couette profile

4001

1501 ® ¥
b
Q(R) =a+ ﬁ (5) ; ; I I I I
60 80 100 120 140 160 180 200
with Ha
fiq — 77 1—fiq Fig.1 (online colour at: www.an-journal.org) Stability diagram
= inm b= s R, (6) for Pm = 1,10 = 0.5 andjiz = 0.5 (AMRI, current-free exter-

nal field). The solid line results from linear stability aysik, dots
7 = Rout/Rin = 0.5 andjiq = Qout/Q%n = 0.5. ThiS  and stars mark results from nonlinear simulations. Theeththe
means the outer cylinder rotates with half of the angular v& an assumed continuation of the solid line, there were meati
locity of the inner cylinder in the same direction. After thedata available.

Rayleigh stability criteriord(R2Q)? > 0 this configura-

tion is hydrodynamically stable. In addition a toroidalext

nal field Beyxt = (0, B°,0) is applied. The second compo
nentBY has a radial profile similar to the flow

simulations, agree very well on the lower boundary. At the
“upper boundary foRe > 300 the simulations exhibit a shift
of the stability boundary to slightly higher valueslkté. But
BY(R) = apR + bs (7 the qualitative picture is the same.
Following a line with constanRe, one can argue that

The external field than can be characterized by the numbereak but not to small magnetic fields lead to an instability
B%,  apRow +bsRo: of the flow..For higheRe also the magnetic fielcj has to '
B0 = T (8) exceed a hlgh_er threshold to sustaln.th.e nonaxisymmetric

n apfin T OB in mode generation. Insofar both descriptions, unstable flow
The current-free field is given byip = 0.5. Values be- due to a magnetic field and magnetic field instability due to
low lead to a field connected with constant negative cushear, are equivalent.
rentj, within the flow and larger values to a positive cur-
rent. To trigger the instability the initial magnetic fieldre 3.2 Nonlinear simulations
sists of small random perturbations (with an amplitude of

b =

1075BY). 3.2.1 Current-free external field

After the onset of the instability, first exclusively the= 1
3 Results mode grows consistent with the linear theory. If the=

1 mode reaches roughly 30% the amplitude of the final
3.1 Linear instability state, also both neighboring modes= 0, 2 start to grow.

. . : Slightly later successively higher and higher modes fallow
From linear stability theory is known that only the mod he energy drops by a factor of ten for eagh— m + 1.

m = 1 is unstable (Rudiger et al. 2007a), which is reflecte&hodESm ~ 3 carry less than0~? of the total energy and

n the nonll.negrsmulau_ons, too. Only = 1 startsto grow 0 ot plotted in Fig. 4. A time series of the total magnetic
in the beginning of a simulation where one is in a qua3|e—nergy
linear regime. The stability boundaries found with the non-
linear code compared to linear results are shown in Fig. 1fgf(,,) — L/ B2(m) dV 9)

Pm = 1,o = 0.5 andjiz = 0.5. Equal to the results in 2V Jv

Rudiger et al. (2007b) we find not only an onset of the instdier each of the significant modes is shown in Fig. 2, the flow
bility if the shear (given by the Reynolds number) exceedmnd magnetic field pattern is shown in Fig. 3. Compared
a certain threshold for a given magnetic field configuratioto the strength of the external field, the magnetic field due
(constanHa), but also an upper boundary. Strong shear prés the AMRI is weaker. The maximum size is around 0.3
vents the instability - from this point of view an instabyjlit BY and the energy below 10%. The saturated state shows

of the magnetic field. Both, the linear results and nonlineao regular time-dependence, the field pattern rotates with a

Www.an-journal.org (© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Fig.2 Time series of the total magnetic energy for Fourie@
modes 0 < m < 3 for Re =200. Linearly unstable is only =°?
m = 1. Time is scaled in periods of rotation. 0
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Fig.4 (online colour at: www.an-journal.org) Total magnetic
energy distribution in Fourier modes with growing shear for
Ha = 110. The instability is observable betwe®&e = 175 and
Re = 390.

seems to be a general behavior and is not only the case
for 1o = 0.5. Also for steeper rotation laws, e.g. the quasi-
Keplerian (i = 0.3535), this kind of energy transport into
the axisymmetric mode is observable in the simulations.
The amount of energy in the axisymmetric mode is al-
ways of the order 050% of the whole energy or less. This
agrees with magnetic fields observed in Ap stars. Accord-
Fig.3 On the left an isosurface plot d8r (£0.7|Br|max = ing to this observations slow rotating Ap stars with strong
0.09B;,) for Re = 200, Ha = 110 at¢ = 300 is shown, on the fields often possess a nonaxisymmetric field. And the axi-
right the magnetic field componett; in the i-z-plane also in - and nonaxisymmetric modes are of the same size (Land-
units of B, street & Mathys 2000; Bychkov, Bychkova & Madej 2005).
Regarding these observations more interesting than the vol
small drift relative to the system rotation (as already pmin Ume averaged energy is the behavior of the magnetic field
out by the linear analysis). that penetrates the surface and would be visible from out-
Interesting is the fact that in the nonlinear simulation§ide- This is the poloidal part of the field, which consists
the modesn > 1 appear only very weak. The energy ofdué to the boundary conditions only of thecomponent.
m = 5 is already by a factor of0° less than the energy Lookmg_ on th_e polo!dal field, the s_|tuqt|0n is S|m!lar to the
of the modem — 1. On the other hand also a significan9|0b3| field distribution. The dominating mode is yet the
large moden = 0 develops. This means energy transpoit? = 1 mode. Different is the behavior of the produced ax-
happens not only to higher modes or smaller scales but al§§mmetric mode. Itis nearly not visible on the surface. And
in the opposite directidn opposite to the global behavior it becomes even less with
By varying the shear strength, the amount of enerd?Vey”OIdS numbers in the middle of the unstable parameter

in the produced axisymmetric mode can be nearly fre@ce, where the energy of the= 0 mode is maximal in
chosen. Near the stability boundary (eRe = 175 and the volume-averaged quantity. This is |I;ustrated in Fig. 5
Re = 390 for Ha = 110, see Fig. 1) the nonaxisymmet-Where the power spectral densji.(m)|* at B = Rou
fic modem = 1 dominates the energy spectrum, in be@ndz = 1/3C Is plotted.for different Reynqlds numb'ers.
tween afRe — 280, m = 0 becomes of the same size. This! '€ created axisymmetric component contributes mainly to
the Bg-component, the original source of the instability.
! Regarding a dynamo based on the instability, Zahn et al200int  Due to the perfect conducting boundary conditions, which
out that the generation of an axisymmetric field from a nosyaximetric are quite different to the vacuum environment for real stars

one is difficult. If the instability itself also creates anispmmetric mode . . . .
the generation of an appropriate poloidal axisymmetridifielght be eas- the surface field is not directly comparable with the obser-

ier to achieve. vations.
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In an infinite Taylor-Couette system we have shown, that
nonlinear simulations of AMRI lead to an unstable nonax-
isymmetric moden = 1 of the magnetic field if a certain
strength of the external magnetic field is reached. Further-
more the instability is suppressed if the external field be-
comes too strong (for given Reynolds number). Equivalent
is the point of view of an instability of the magnetic field
due to shear. Here also a certain strength of the shear or
value of the Reynolds number has to be reached to trigger
the instability of then = 1 mode. And if the shear exceeds
a certain value, the instability is not observable anymore.
The simulations reveal in the saturated state a distribu-

severalm normalized by the total power on the surface. The distrition of magnetic energy over several modes, not only the

bution is similar to the volume-averaged values, exceptithe 0

mode occurs to be smaller ..
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m = 1 is excited. However, the energy transport works
in both directions, not only in the small-scale direction
to largerm, but also to lowerm. A significant amount

of energy is shifted inversely into the axisymmetric mode
(m = 0). The shear strength is responsible for the ratio
between magnetic energy in axisymmetric and nonaxisym-
metric moden = 1. Near the stability boundaries, the non-
axisymmetric mode carries nearly all energy. In the central
region of the unstable parameter space the energy ratio be-
tween modesn = 0 andm = 1 is roughly one.

Influence of a positive or negative current on the energy Adding a small positive or negative current within the
distribution {15 = 0.35, 0.5, 0.65 from left to right) is not visible. flow does not affect the instability, the field pattern andlfina

energy distribution do not change compared to the current-

the total energy, then = 1 modeE, = 0.690,0.685,0.682 %  free case. A small deviation from the profi® oc R~!

for fip = 0.35,0.5,0.65. Histograms are normalized with total goes not visibly influence the occurrence of the instability
magnetic energy.
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3.2.2 External field connected with a current
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