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We consider the flow of an electrically conducting fluid betwalifferentially rotating cylinders, in the presence oean
ternally imposed current-free toroidal fielgh (Rin /R) &4. It is known that the classical, axisymmetric magnetorote
instability does not exist for such a purely toroidal impb&eld. We show here that a nonaxisymmetric magnetorotation
instability does exist, having properties very similartte axisymmetric magnetorotational instability in the preee of an
axial field. In the nonlinear regime the magnetic energy efghrturbances is shifted (in the sense of an inverse cgscade
to the axisymmetric mode rather than to the modes with- 1.
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1 Introduction experimental realization (Stefani et al. 2006; Ridigealet
20086).

The magnetorotational instability (MRI) is a mechanis Consider therefore an ele.ctrica.IIy conducting'fluid con-
whereby a hydrodynamically stable differential rotatio ined be;[vxgaen t\t/vo fosr};:entrlta cglmderr? of ra?il“ atr.“i
flow may be destabilized by the addition of a current-fre Out}%go a '”QQaR;a {_al_h i? 'anth out: CI osen 1o .:,a ISty
magnetic field. The original view was that the axial com="ut~"out > danli,. That1s, the angular momentum in-

ponent of the field is the only important one, with any azcreases outward, so by the familiar Rayleigh criterion the

imuthal component playing no essential role, and incapabffgw is hydrodynamically stable, with the angular velocity

of producing any instabilities on its own (Velikhov 1959:9Iven by B

Balbus & Hawley 1991). This view was altered by the dispy(R) = A + — (1)
h . . . . . R2 ’

covery that a mixed axial and azimuthal field yields insta-

bilities quite different in many ways from those found withVhere 9 9 9 52

a purely axial field (Hollerbach & Rudiger 2005; Rudigerg — Zoutfou = Gl Finfloue(Pin — Cowt) (o)

2
Rout

et al. 2005). Here we show that even a purely azimuthal R} — R, - R,
field yields an MRI, and compare its properties with thélere we will fix Rouy = 2Ri, and 2o, = 2n/2, S0A and
previously known types. Often the toroidal field amplitudeB simplify to 12, and2 2, R2 , respectively. The essence
exceeds the poloidal one by orders of magnitude so thefithe MRI then is to ask whether the addition dbece-free

it should be possible to ignore the influence of the lattemagnetic field can destabilize this flow.

This is certainly not true if both components are of the same  If the imposed field is purely axialB, = By é., the
order (see Broderick & Narayan 2007). It might easily berofile (1) can be destabilized, provided the rotation rates
that the MRI of an azimuthal field (“AMRI”, see Ridigerare sufficiently great, and the field stren@his neither too

et al. 2007) plays a more important role in real astrophysiveak nor too strong. Specifically, the magnetic Reynolds
cal objects such like accretion disks wihy,, > B, (see number

Ogilvie & Pringle 1996). R — QRS ®)

While its most important application is to astrophysical o o
accretion disks (Balbus & Hawley 1991), the MRI was origWWherer is the magnetic diffusivity, must exce€t(10), and
inally discovered in the much simpler Taylor-Couette prohe Lundquist number
lem, consisting of the flow between differentially rotatingy _ BoRin (4)
cylinders (Velikhov 1959). Because of its relative simplic NTR
ity, this geometry has proven particularly amenable both tehere p is the density and: the permeability, must be
theoretical analyses of the MRI (Riuidiger & Zhang 2001around 3-10.
Ji, Goodman & Kageyama 2001), as well as to its recent |n contrast, if the imposed field is mixed axial and az-

imuthal,

* Corresponding author: gruediger@aip.de By = Byé, + 0Bo(Rin/R) &4, (5)
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where 3 is around 1-10, then the profile (1) can again be Taking thet, z and ¢ dependence to be of the form
destabilized, but at very different rotation rates and fielekp(wt + ikz + im¢), and using alsalivb = 0 to elim-
strengths (Hollerbach & Rudiger 2005). The relevant panateb., ther and¢ components of Eq. (7) become
rameter measuring the rotation rates is now not the magnetj _  p=21_ _ o: p—2 Cop=2,
Reynolds number, but rather the hydrodynamic Reyno%%,&WbR = Abr ,R br —2AmR b +imA ™ ur
numberRe = (%, R? /v, wherev is the viscosity. Sim- — Rmim{ bg, (©)
ilarly, the parameter measuring the field strength is net

, ) by = Aby — R™2bg + 2imR b + imR ™ *uy +
the Lundquist number, but instead the Hartmann number “Oe ¢ g T o R U

Ha = By Rin/\/piiw. The MRI sets inwhelke > 0(10%), + 2R *up — Rmim2by + Rm kb d2/dR.  (10)
andHa =~ O(10). The components of Eq. (8) have a similar structure. The
To compare these results, we note that the tweoundary conditions are
f{?s_oSpr;al\Ea}r/r;etﬁgserzre related By = RmPm™' and br = dby/dR + R~y = up = ug = us = 0 (11)
y ' at R = R;, andR,ys, corresponding to perfectly conduct-
Pm = — (6) ing, no-slip walls. The resulting 1D linear eigenvalue prob
n lem is solved by finite differencing iR.

is the magnetic Prandtl number. Typical values for liquid Figure 1 shows the stability curves for = 1, the only
metals (gallium) ar&(10~°). Translating the results for the mode that appears to become unstable. We see how an MRI
purely axial field, we thus obtaiRie = O(107) andHa ~ exists that is remarkably similar to some of the results de-
0O(10%), both several orders of magnitude greater than fegribed above. In particular, &n — 0, the relevant pa-
the mixed field. It is perhaps not surprising then that theameters are clearly once agdm and$S, with the MRI
MRI has been obtained experimentally for the mixed fielérising if Rm > 80, andS ~ 40. The specific numbers are
(Stefani et al. 2006; Rudiger et al. 2006), but not (yet) fatoughly an order of magnitude greater than for the axisym-
the purely axial field. metric MRI in the axial field, but the basic scalings, and
Nonaxisymmetric modes have also been explored, fewven the shape of the instability curves, are identical.
both the purely axial as well as the mixed fields. For apurely One basic difference, however, can be observed. For
axial field the relevant parameters are dfilh andS, but each magnetic Prandtl number Pm there is a minimum
the critical valueRm, are larger than for the axisymmet-Lundquist number S which must be exceeded for instability.
ric modes, indicating that the axisymmetric MRI is the mod¥lodes withm = 1 do not appear foRm — oo if S — 0.
unstable mode. For mixed fields, one finds — perhaps some-other words, for given S there is a minimum Rm, and a
what surprisingly — that adding an azimuthal componentaximum Rm between the instability exists. This is a direct
now has minimal effect, certainly far less than the reduconsequence of the fact that nonaxisymmetric (here 1)
tion by four orders of magnitude found for the axisymmetinstabilities are stabilized by strong differential radat
ric modes. Evidently the relevant parameters continue to be From Fig. 1 one obtains the simple relatiBm ~ 25
Rm andS, rather tharRe andHa. for the minimum values, valid for Pm varying over 3 orders
of magnitudes. Hence, we find for the linear velocity of the
inner cylinder

Uin = 2VA, (12)

We shall show that for these nonaxisymmetric modes, ongth V, as the Alfvén velocity of the toroidal fiels;,. For
can impose a purely azimuthal field(Rin/R) &, and Pm > 1 one can see th&l..;; « vPm, s0 thatBei; o
still obtain an MRI, having all the characteristics of thepr Vv for v > 1. Similarly, 2, « /vn. However, if the
vious nonaxisymmetric types of MRI. To this end, we solv@iscosity is small ¢ < 7) it does not play any role.
the linear stability equations For sufficiently high S one finds instability if the rotation
b is neither too slow nor too fast/a < wu;, < 4Va. But
Rm = =rot(u x Bo) + Rmrot(Uo x b) + Ab,  (7)  also: for sufficiently high Rm the magnetic field must not
be neither too weak nor too strong.
ou ) Figure 2 shows the real part ofin the unstable regime.
Re = = —Vp+ Ha"roth x By + Remembering that time has been scaledXyy, we see that
+ Re (Ug x rotu + u x rotUyg) + Aw, (8) e obtain growth rates as large@85%,. So again, while
the particular number 0.05 is about an order of magnitude
whereU, = Rf2(R) &, is the profile (1) whose stability smaller than for the axisymmetric MRI in the axial field, this
we are exploring, an@B, = By(Rin/R) &4 is the imposed nonaxisymmetric AMRI is clearly also growing on the basic
current-free azimuthal field. Its current everywhere Viaess rotational timescale. Note that the growth rate increages f
except along the vertical axis which does not belong to odecreasing magnetic Prandtl number. If the viscosity il hig
computational domain. Length has been scale&fytime (v > n) the azimuthal magnetorotational instability is thus
by 2., U, andu asRi, 2, B asBy, andb asRmB,.  stabilized.

2 Marginal instability
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Fig.1 The critical magnetic Reynolds number Rm for the onset
of AMRI, as a function of the Lundquist number S, for differen
values ofPm. m = 1, Rout/Rin = 2, f2out/2in = 0.5. 0

=1

0

0.06 Pm=0.01
RPN 4 -0 ‘
0.04r iy 10 : 10 5
T T T
0.02F \ i Fig.3 The marginally stable solution &m = 0.1, S = 474
& andRm = 93 (see Fig. 1). From left to right th&, ¢ andz com-
‘z_‘ ponents ofu (top) andb (bottom). The real parts are solid, imagi-
0.00 L% ) i nary parts dashed. Note how baitandb have thez components
50 100 150 200 largest. The azimuthal wavenumberkis= 1.88.

Fig.2  The growth rate of the AMRI normalized witlti, as  spectral distribution of the total magnetic energy of the in
functions ofS for Rm = 200 for various magnetic Prandtl num- stability for various azimuthal mode numbers The linear
bers Pm. instability only produces a mode withh = 1. The small-
est and the highest Reynolds number in Fig. 4 are located
To understand why this nonaxisymmetric MRI existsvithin the instability strip close to its boundaries. Indee
even for a purely toroidal field3,, for which it is known almost all energy is concentratedrat= 1. In this plot the
that the axisymmetric MRI fails, we need to consider thdistribution of the magnetic energy of the entire volume in
details of Egs. (9) and (10). In particular, note that fothe modes withn = 0, 1,2, 3, ... is given. Note that the re-
m = 0, bg completely decouples from everything else, angulting energy of the axisymmetric mode. (= 0) exceeds
inevitably decays away. Withoti; though, the MRI cannot the energy in the higher modes:(> 2). Hence, the non-
proceed, as it relies on the tefRm 2’ Rby in Eq. (10). In linearity tends to produce an inverse cascade: the magnetic
contrast, form = 1, by, is coupled both td,;, coming from energy starts from the injection modesat = 1 to lower
Ab, and toug, from rot(u x By). And onceby, is cou- Mmodes rather than to higher modes. Again, this is a conse-
pled to the rest of the problem, the tefdn 2’ Rby then quence of the differential rotation which always favours ax
allows the AMRI to develop. Figure 3 presents an exampleymmetric magnetic fields on costs of the nonaxisymmetric
of these solutions, indicating how all three components #fiagnetic modes. In the center of the instability strip (here
bothw andb are indeed present. The plots also show that Re = 280, middle plot) the energies of the modes with
AMRI is not a boundary layer phenomenon. m = 0 andm = 1 are even almost equal and only a rather
small part remains fom = 2. Probably, then = 0 energy

cannot exceed, however, the energy insthhe= 1 mode.
3 Modal energy spectrum

One can also speculate whether the series of calculations
We have also reproduced the bifurcation linefan = 1  represented in Fig. 4 suggests the appearance of ‘oblique
in Fig. 1 with the nonlinear spectral code described in moretators’ such as observed in Ap stars. As Landstreet &
detail by Gellert, Rudiger & Fournier (2007). For the giverMathys (2000) pointed out the nonaxisymmetric part of the
Lundquist numbeS = 110 both theRm critical for in- Ap star magnetism dominates for fast rotators and becomes
stability have been identified. Here we are interested in thasically smaller for slow rotators. This situation does

(© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim Www.an-journal.org
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1 Re=200 rameters here continue to Ban andS, just as in the clas-

sical MRI.

& 08 Note though that attempting to obtain this nonaxisym-

o metric MRI in a laboratory experiment would be even more

& 0.6 difficult than attempting to obtain the classical axisym-

f_—’ metric MRI in an axial field. First, the required rotation

o4 rates would be even great®e > O(10%), with all the dif-

e ficulties that entails (Hollerbach & Fournier 2004). Even

=0.2 more daunting, imposing an azimuthal field of the required
strength,Ha ~ O(10°), would require a current along the

0 2 central axis in excess af)° A, surely far beyond any feasi-

MODE ble experiment.

1 ‘ Re=280 This new nonaxisymmetric azimuthal MRI could have
> ol ast'rophysical application; though, ;ince many astr.oplay;i
e objects do have predominantly azimuthal f|eld§, in wh!ch
m o6l case the results presented here suggest that this nonaxisym
E)J : metric MRI could be preferred over the axisymmetric MRI.
= ol Finally, one might ask how the results presented here
< ' change if one allows for a more general toroidal field pro-
<§t 0ol file, B, = c1R™! + ca R, where the ternez R corresponds

' to an electric current flowing through the fluid itself, and

o not just along the central axis. Equation (7) then contains a

1 2 3 additional termHa?rot B, x b, which opens up the possi-

1 MODE ‘ bility of instabilities driven entirely by the currembt By,

Re=350 without any rotation necessarily present at all (Vandakuro
> 0.8l 1972; Tayler 1973). Understanding how these current driven
Q- instabilities (alsom = 1) interact with the magnetically
g 06l catalyzed but ultimately rotationally driven MRI presemte
3 ' here is also in progress (see Rudiger et al. 2007).
E 0.4
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