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ABSTRACT

Aims. We investigate the instability of toroidal magnetic fiel@sulting from the action of-dependent dierential rotation on a
given axial fieldB® in a cylindrical enclosure where, in particular, the héjicif the resulting nonaxisymmetric flow is of interest. We
probe the idea that helicity is related to the external field the diferential rotation ag{ o B? BY ;.

Methods. We conduct isothermal magnetohydrodynamic simulationa géiasi-incompressible medium with finite viscosity and
conductivity in a perfectly conducting container, and gmalboth the kinematic and current helicity of the resulfietfl by regarding
the nonaxisymmetric parts of the field as fluctuations.

Results. The observed instability leads to a nonaxisymmetric sofutvith dominating moden = 1. With the onset of instability,
both kinematic and current helicity are produced which Hfiuttie suggested relatioff o B? B? Q; ;. Obviously, diterential rotation
dQ/dz only needs an axial fiel& to produce significant helicity. Any regular time-dependenf the helicity could not be found.
The resulting axiak-effect a is mainly due to the current helicity, the characteristineiscale between both the values is of the
order of the rotation time. If the axial field is switcheff,ahen the helicity and the-effect disappear, and a dynamo is not observed.
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1. Introduction smoothing action of the fierential rotation. In a mean-field ap-

L : . . roach, due to the relation
Helicity in rotating turbulence plays a basic role in dynamg

theory for the generation of large-scale cosmic magnetigsfie , ~ _ feorr , 2)
(Krause & Radler 1980; Brandenburg & Subramanian 2005). 3

Usually stratification of density or turbulence itself iseded helicity H = Hin — Heur Often indicates an existing-effect.
to generate helicity. We demonstrate that, even witho@tt-stro{,;, and ., are the kinematic and current helicity,
ification, helicity can exist due to the common action of

magnetic fields and fierential rotation. Whereas ftérential ¢4, = (u’ - rotu’), Heyr = i(B' - TotB’), (3)
rotation depending on latitude is well-known from obseioas Hop

of star spots, dierential rotation (of the interior of stars)respectively andcor is the correlation time of the field pattern.
depending on the-coordinate only, appears more rarely. INonvanishing helicity could indeed be an indication of the e
is predicted and observable, for instance, in the tachedin stence of a resulting-effect on the basis of the TI. In case of
the sun (Rudiger & Kitchatinov 1997; Kitchatinov & Ridige the presence of an external fiek? and with a large magnetic
2005), and influences the internal rotation of massive Stqjé%'ynolds number, a dominating contribution from magnetic-
(Maeder & Meynet 2003). It may open the possibility of studyfie|q fluctuations to ther-effect can arise (Pouquet, Frisch &
ing nonaX|symmetr|c_(Iarge-scal_e) structures by _sheaedr Leorat 1976; Brandenburg & Subramanian 2007).
magnetohydrodynamic (MHD) instability of laminar flowskeeping in mind the pseudoscalar nature of helicity, a fbssi

(Braithwaite & Spruit 2004; Braithwaite 2006). _ relation between helicity and both the external field arftedi
Differential rotation transforms poloidal field component® intantial rotation would be

toroidal components, which due to the Tayler instability)(T 000
become unstable if a critical amplitude is exceeded (Vandak H o« Bj Bj Qi j, (4)
1972). Tayler (1973) showed that a magnetic fiBjdbecomes

0 i : -
unstable against nonaxisymmetric perturbations if theditmm whereB;’ means the external field components ahdthe gra

dient tensor of the basic rotation. The signéfin Eq. (4) does

d 2) < o not depend on the sign of the magnetic field, but it depends on
adrR (RB¢) <Y 1) the sign of the sheap; ;. Consequently, the dynamo number
where cylindrical coordinatesR(¢,2) are used, is violated. L2aQ
Constant fields or field8, « R, like those produced by D = 7z (5)

T

dependent dierential rotation from an axial field, are candidates N S _
for this instability. The most unstable Fourier mode forlsiac would now have a positive-definite sign. Herés the character-
configuration is the nonaxisymmetric mote= 1 despite the istic scale of the cylinder domain amg =~ 7cor(U'2). The sign
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of the dynamo number determines important properties of pd® keep the system nearly incompressible with a code for com-
sible dynamo processes. E.g., a simple disk dynamo ossllapressible media, the value 6f(2) is chosen in a way that the
for a positive dynamo number and it is stationary for a negeesulting maximum of the (meridional) velocity never exdtge
tive dynamo number. Also, the magnetic Reynolds number »6% of the speed of sound, which was setdo= 8. The ini-
thea-effect itself is important, that is, with Eq. (2) including thetial density is set tawy = 1, fluctuations are of the order of

magnetic contribution, 1074, The spatial resolution Bl = 96x96x48. Test runs with
N = 128x128x96 deliver only slight diferences with smoother
_ LA 6) fields.
T The initial magnetic field consists of the external time-

_ _ L _ _independent homogeneous fi@8 = (0, 0, BY) applied only in-
(nr does not include magnetic contributions, Vainshtein &jge the cylinder. It is twisted into a strong toroidal field the
Kitchatinov 1983). We shall see that after the onset of Tik thyigerential rotation. The strength of the generated field dégen
quantity is of the order of unity when the averages are taken g, BY, varied betweei? = 0.01 andB? = 0.1, and the gradient
an integral over the azimuthal direction. _of the diferential rotation ©/dz, where the latter was fixed to
In the following, the details of the model used are explainef/dz = 1 for all presented calculations. Based on the radius
Section 3 describes the onset of the Tl in a cylindrical eswale (set toL = 1) and the velocity az = 1 (U = QL = 1), and
and the resulting field structure. In Sect. 4, it is shown thidt he viscosity ¢ = 0.03), the Reynolds number has a value of
the axial field is strong enough — the numerical simulatiaes age = 33, In the following text, system rotation always refers to
in good agreement with relation 4 in the casgzdbpendentdﬁ- the rotation on top of the cylinder and time is given in unftsm
ferential rotation, where it simplifies ti o« BY"dQ/dzand only tation time. The magnetic Prandtl number Pm is varied batwee
a (strong enougtg-componenB? of the external field is needed.Pm = 10 and Pm= 30 with no qualitatively change of the in-
In Sect. 5 we show that the generated helicity is connectéd witability. In the following analysis, we concentrate on Pm5.
ana-effect, which is also proportional to the gradient of the difWe choose a large Prandtl number to encourage dynamo action,
ferential rotation. although we observed no dynamo.

2. Model 3. Instability

We consider a dierentially-rotating cylinder with radius and  |f B, becomes strong enough, the Tl occurs and leads to a grow-
heightL embedded in a box with cartesian grid of side lengiag nonaxisymmetric field. The largest nonaxisymmetric smod
2.5L and height_ (see Fig. 1). The cylinder radius is 20% lesgs m = 1. By “strong enough” we mean that not only does
than the box side length, which appeared to be a good compiige magnitude oB, reach high enough values, but also a cer-
mise bet_wegn wasted computing power in the corner regiahs 3g;n, thresholdB,/BY (with B,/B? of the order of Pm) needs
decreasing influence from the geometry of the box. We calgi-pe crossed, which is fierent from the case of pure toroidal
lated using the PENCIL code (Brandenburg & Dobler 2002), @|4s (Tayler 1973; see Rudiger et al. 2007). This means tha
high-order finite diference code (sixth order in space and thirgy, aqditional poloidal field component suppresses thelbitsta
order in time). Inside the cylinder domain, we solve both MGy, For pm = 15, the instability sets in at a Hartmann number
mentum and induction equations. Outside the cylinder, v kg)f g — B'R/ yiioov] = 130, whereB* ~ 1 means the maximal
the initial velocity to sustain the fierential rotation via this no- | 51,e of the generated toroi,dal fielky. To produce such a strong

slip conditions on the rim of the cylinder. On the top and tié b iy component an external fie > 0.04 is needed. The
tom, we apply stress-free conditions for the flow. For the ma%stability did not occur fo° > 0.08
> > 0.08.

The nonaxisymmetric structures appear first near the axfeein
- lower part of the cylinder where velocity magnitude is small
T f\] and grows to the steady state (Fig. 2). BarandB,, them =1
7/ mode becomes the largest one,Bp the axisymmetric mode

| L remains dominant due to the permanently reproduced axisym-

I metric field. In the nonlinear regime, before the steadyesisat

I reached, higher modes also appear. Nonetheless, theiri-magn

] tudes stay below 10% of thm = 1 mode. One exception is the
/,—-—-~\,| m = 4 mode, caused by the box geometry. During the initial

/

-~
-

= —_———

phase, this mode is already present and influences the niagnet
field outside the cylinder near the box boundaries. Howeher,
field inside the cylinder is much lesstected, and then = 4
2.5L mode does not seem to influence the nature and onset of the in-
] ) o ) o ) _stability at all. Additionally, during the growth phase dffather
Fig. 1. The considered domain is a cylinder inside a box with Caatesi nonaxisymmetric modes, tima = 4 remains nearly unchanged
grid of side length BL and height.. The full set of equations is solved 54 joes not play an extraordinary role in the final state.ddod
only in the cylindrical domain. hi N SO
igher tharm = 4 are not plotted in Fig. 2.

The pattern of them = 1 mode (Fig. 3) possesses an az-

imuthal drift velocity relative to the system rotation. titates
netic field, perfect conductor boundary conditions areigppin ~ with 4.5 rotation periods of the cylinder, independent of the
all box boundaries. Additionally, in the region outside tyéin- strength of the externally applied field. The Tl in a Taylor-
der, magnetic diusivity r is enhanced to a value ten times largeCouette system exhibits the same characteristics of thalies
than inside the cylinder. mode (Rudiger et al. 2007).

—_————
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Fig. 2. The power spectrum of the Fourier mode®pffor Pm= 15and Fig. 4. The external field dependence on the energy of velocity amd ma
B? = 0.05. Onset of the instability near= 28 where the dominating netic field fluctuations aR = 0.5 averaged in vertical direction for
nonaxisymmetric moden = 1 starts to grow. Moden = 4 is nearly 0.35< z< 0.65.

undfected by the instability.

B For the definition of fluctuations, we average velocity andjma

-0.35 -0.15 0.05 0.24 0.44

netic field along the azimuthal direction, i.e.

1 1
<u>:Z§Ud¢’ <B>:Z§Bd¢’ (7)

and regard the nonaxisymmetric parts as fluctuations of the
fields. For constant@/dz, and with a homogeneous external
field, the fluctuations should be constant in the verticatdir
tion. Due to the finite height of the cylinder, boundafieets
near the top and bottom induce additional flow disturbanoés a
changes in the structure of the magnetic field in these region
The independence is roughly preserved in the central rdggen
tweenz = 0.35 andz = 0.65. In Fig. 4 we show the energies
of the fluctuations of velocity and magnetic field averageerov
this central region, and their dependence on the extericdBfe
The values are taken in radial directiorRat 0.5. The magnetic
energy always exceeds the kinetic energy. The ratio vages b
tween 15 and 30. Thus, the instability is dominated by the-mag
netic field. This is also reflected in the helicities. We agzse
azimuthal-averaged quantities,

1 ’ ’ _ 1 ’ ’
ﬂkin_z 96 u’ -rotu’ dg, Heur= Pniop 96 B’ -rotB’ dg¢. (8)

Both are zero as long as no instability exists, with procegdi-
Fig.3. Them = 1 pattern in the magnetic fieB), for Pm= 15 andB? =  stability and growing nonaxisymmetric modes the heliciiyaq-
0.05. The pattern drifts relative to the systems rotation Wihtimes tities also become unequal to zero. An example plotigf for
the rotation period of.thelcylinder. The cylinder boundaynarked by R = 0.5 andz = 0.5 is shown in Fig. 5. After a transition, a
the dashed black-white line. steady-state value is reached for bdth,, andHcur. The cur-
rent helicity is approximately 40 times larger than the kime
helicity in the example shown in the center of the cylindar. |
the vertical direction we observed the same behavior ashéor t
To test the relation described by Eq. (4) in a simple setugrewe fluctuations of flow and magnetic field. Near the top and bot-
stricted diferential rotation to depend only on tealirection.!  tom, the helicities are stronger than those in the regiowéen
For this case, the heliciti should depend on the sign a®ddz, z= 0.35 andz = 0.65. For a positive gradientin angular velocity
but not on the sign of the external field and scale with the sglia Hiin is negative andHcyrr positive. With the changing sign of
value of the latter, i.eH « BY” d@/dz During the onset of the dQ/%iz, the sign ofHiin andHeur also changes, whereas the sign
instability, the deviation of the flow structure from thegirial ©f Bz has no influence. And, as expected, the absolute value of
toroidal field is comparable to that of the magnetic field.cAls Hiin is proportional to the squared value of the external field. Fo

here the moden = 1 is the largest nonaxisymmetric mode anff™ = 15 the relation betweeB and i is shown in Fig. 6.
the higher modes appear with less energy. The fitted parabola does not exactly cross the origin. Thi$ sh

is attributed to the instability requiring a certain valdfeB] (i.e.
1 The resulting non-conservative centrifugal force drivemarid- B? = 0.04 for Pm= 15) to set in with a certain value fdki
ional flow that, however, remains small (see Fig. 2). larger than zero.

4. Generation of helicity
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Fig.5. Kinematic helicity Hyin and current helicityH.,r at R = 0.5 . . ) - . ]
andz = 0.5 for Pm= 15: both have dferent signs whereas signs off€ported cyclic behavior of the instability did not occurdaar
current helicity and gradient of angular velocit@2¢bz are the same. Simulations.

The external field values a8 = 0.05 for negative and? = 0.06 for

positive gradient. Note the filerent size ofH, andHeyr- ]
6. Conclusions

We have demonstrated how the instability of toroidal maignet

0.005—
fields leads to helicity generation in the nonaxisymmetadp
of a flow without density stratification. The suggested refat

0.004 between helicity, external field, andfidirential rotationH o

B? B‘j) Qi j, is rather well fuffilled in the case atdependent dif-

ferential rotation. Both the kinematic helicity and curtréelic-
ity depend on the squared value of theomponent of the exter-
nal magnetic field?, and scale linearly with the gradient of the
differential rotation. Also, the magnetically dominateeffect
depends on the direction ofXidz, that isa, holds the same
sign as @/dz
The realized model is too simple to estimate consequenaas of

‘ s a-effect based on this new kind of helicity production for envi-
vaGNE R FieLn Y 098 ronments without density stratification and possibly fommty-

namo models. In a next step, therefore, we would like to check

Fig. 6. Kinematic helicityHi, as function of the external field? with  the relation (4) when dierential rotation depending on the dis-
fitted parabola. Values oH, are taken aR = 0.5 and averaged along tance from the rotation axis is present as well. With an appro
vertical direction for 85 < z < 0.65. priate flow it becomesHyi, o« B3B2dQ/dR. In this case, helicity
generation should be observable only if both componentseof t
external field are unequal to zero. The problem with this ta&ns
5. Alpha effect lation is the changing sign of the product of both field compo-

Equation (2) suggests that the changing sign of the helichy nents in one hemisphere in the simplest configuration, detpo
changing the direction of@/dz will also appear for the term like field.
az in the a-tensor responsible for the regeneration of the mag-
netic field. Indeed, calculating, = (U’ x B’),/B? using thez
component of the electromotive force, gives valuesofgiwith References
the same sign as@/dz for z < 0.65 (see Fig. 7). Near the top Braithwaite, J. 2006, A&A, 449, 451
boundary, the disturbances already discussed for theitiesdic Sfaitzwage, J-A& zpéuing-?N 2;852 Néiture, ‘;% 819C 1714
H H H ranaenburg, A., obler, W. , comp. s. Ccomm.,
Change the .Value.s afz, dramatlca”y to the OprSIte sign. We Brandenburg, A., & Subramanian, K. 2005F,) Phy)gics Repotfs(144), 1
excluded this region and took mean ve}lqes;gfln the SaME  Brandenburg, A. & Subramanian, K. 2007, A&A, in prep.
range 085 < z < 0.65 used for the helicities and find dfie  Kitchatinov, L.L., & Rudiger, G. 2005, Astron. Nachr., 329
cients betweer, = 0.038 for B(Z) = 0.04 anda, = 0.067 for Krause,F. , & Radler, K.-H., Mean-field magnetohydrodyiemand dynamo

0 _ ; : ; ; theory (Akademie-Verlag, Berlin, 1980)
B; = 0.08. The correlation time derived from expression (2) us Maeder A. & Meynet, G. 2003, AGA, 411, 543

ing both helicitieSzcor = 3azz/(Heur — Hiin), is Of the order of - poquet, A, Frisch, U., & Leorat, J. 1976, JFM, 77, 321

the system rotation time. Note that theeffect here is mainly Rudiger, G., & Kitchatinov, L.L. 1997, Astron. Nachr., 3183

due to the current helicity and the produgtH., is positive. If ~ Rudiger, G., Hollerbach, R., Schultz, M., & Elstner, D. 20MNRAS, acc.
the external field is switched® all magnetic field modes decay \T/g?’rﬁhtz-rf-églmé “}é‘i’t\iﬁgﬁ{olvﬁi 5615983 GAFD. 24 273

in the |nvest_|gated parameter region of low Reynolds n_umt_)erVandakum’V’ YU.V. 1072, SVA, 16, 265 T

and magnetic Prandtl numbers of the order of ten. The hiekcit

drop down to zero nearly immediately. Despite the high mag-

netic Prandtl number, we do not observe any dynamo action,

as found in comparable geometry (Braithwaite 2006). Alse, t
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