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The linear stability of MHD Taylor-Couette flows in axiallpnbounded cylinders is considered, for magnetic
Prandtl number unity. Magnetic fields varying from purelyadto purely azimuthal are imposed, with a general
helical field parameterized by = B,/B.. We map out the transition from the standard MRI fbe= 0 to
the nonaxisymmetric Azimuthal MagnetoRotational Indigb{AMRI) for 5 — oo. For finite 3, positive and
negative wave numbers, corresponding to right and left spirals, are no longer fidgah The transition from
B =0to B — oo includes all the possible forms of MRI with axisymmetric am@haxisymmetric modes. For
the nonaxisymmetric modes, the most unstable mode spiraheiopposite direction to the background field.
The standardd = 0) MRI is axisymmetric for weak fields (including the instatyilwith the lowest Reynolds
number) but is nonaxisymmetric for stronger fields.

If the azimuthal field is due in part to an axial current flowthgough the fluid itself (and not just along the
central axis), then it is also unstable to the nonaxisymim@&ayler instability, which is most effective without
rotation. For larges this instability has wavenumben = 1, whereas fo3 ~ 1 m = 2 is most unstable. The
most unstable mode spirals in the same direction as the taakd field.

PACS numbers: 47.20.Ft, 47.20.-k, 47.65.+a

I. INTRODUCTION On the other hand, for nonaxisymmetric modes, one has
The longstanding problem of the generation of turbulence i(RBi) <0 3)
in various hydrodynamically stable situations has found-a s dR

lution in recent years with the MHD shear flow instabilityeth 55 the necessary and sufficient condition for stability of an
so-called magnetorotational instability (MRI), in whichet  iqea] fluid at rest [4]. Outwardly increasing fields are there
presence of a magnetic field has a destabilizing effect on gyre unstable. If (3) is violated, the most unstable mode has
differentially rotating flow with outward decreasing angul 5zimuthal wavenumben — 1.
velocity but increasing angular momentum [1, 2]. ~ The rich variety of nonaxisymmetric instabilities can be
In the absence of MHD effects, according to the Rayleighdemonstrated by the addition of a differential rotationtHis
criterion, an ideal flow is stable against axisymmetricpert case even the current-free (within the fluid) profilg « 1/R
bations whenever the specific angular momentum increasg@hich according to (3) is stable fét = 0) can become un-

outward stable. Even for a differential rotation that by itself wdide
d stable according to 1, the combinationffand B4 o« 1/R
E(RQQ)Q >0, (1) can be unstable t;w = 1 perturbations (see Fig. 2). We have

called this phenomenon the Azimuthal MagnetoRotational In
stability (AMRI). It has even been demonstrated that it $tiou

where(2 is the angular velocity, an , z) are cylindrical : . .
g Y andy ¢, 2) y e possible to observe the AMRI in laboratory experiments,

coordinates. In the presence of an azimuthal magnetic fiel

B, this criterion is modified t ] . o
¢+ (IS CHTETIoN IS modimedto Further new phenomena appear if an axial field is added,

yielding a spiral, or helical total field. In this case onlyid-s

1 d, ., ., R d (Bg\ - " " : : - )
ﬁﬂz(R Q) ~ s R (_) >0, (2) ficient condition for stability against axisymmetric petia

R tions is known. In the absence of rotation this is
wherep is the permeability and the density [3]. Note also i(Rng) <0 4)
that this criterion is both necessary and sufficient forgypmi- dR ¢ ’

metric) stability. In particularall ideal flows can thus be ) , i
destabilized, by azimuthal magnetic fields with the righa-pr (€€ @lso Eq. (6)). Including rotation, this was extendge[6

files and amplitudes. d02 1 d

—— ——— —(RBy)?*>0. 5
“Electronic address: gr uedi ger @i p. de, mgel | er t @i p. de, quthe current-free field®, « 1/R, only superrotating flows
mschul t z@i p. de with dQ/dR > 0 are stable. Indeed, we have demonstrated

tElectronic address:h@rat hs. | eeds. ac. uk that dissipative Taylor-Couette flows beyond the Rayleigh



limit for centrifugal instability can easily be destabdit by Il. THE EQUATIONS
helical magnetic fields with such a current-free azimuthal
component [7]. The resulting axisymmetric travelingwave i e are interested in the linear stability of the background

stability has become known as the Helical MagnetoRotaliongie|y B — (0, B4(R), Bo), with B, =const, and the flow
Instability (HMRI), and has been obtained in the PROMISEg; _ (g RQ(’R) 0). "The perturbed state of the system is

experiment [8, 9]. described by
In the PROMISE experiment the azimuthal fieldBg
1/R. In this paper we will also consider the generalization to UR, Ug, Uz, P, bR, by, b-. )

By = apR + bp/R, where the extra termap R corresponds ) . . )
to an axial electric current running through the fluid as well Developing the disturbances into normal modes, the salstio
and hence opens the possibility of current-induced (Thiler ~ ©f the linearized MHD equations are considered in the form
stabilities. The resulting (honaxisymmetric) instabskt may
also be modified by adding either a differential rotation or a F = F(R)exp(i(kz + m¢ + wt)), (8)
axial magnetic field.

where F' is any of the velocity, pressure, or magnetic field

One might suppose that adding an axial field would be imisturbances.

portant only if its amplitude is of the same order as that efth  The governing equations are
azimuthal field. Chandrasekhar [10] showed that{ior 0,
a sufficiently strong axial field will always suppress any ax- gu 1
isymmetric instabilities of an azimuthal field, by derivitiee 5 T Viu+ (u-V)U = —;VP +vAu+  (9)
stability condition

1 1
+——-—curlb x B+ —curl B x b, (10)
Hop Hop

512% d 232 d 6
7 Be) AR © ob
5 = curl(u x B) + curl(U x b) + nAb, (11)

IB? >

wherel > 0 and¢&p is the (purely real) radial eigenfunc- gnd

tions. (Note how (6) reduces to (4) féx, = 0.) However, we

will show that the influence oB, cannot be ignored even for divu =divb =0, (12)
rather small values.

We will find that, depending on the magnitudes of the im_whereu is the perturbed velocityy the magnetic fieldp the

posed differential rotation and magnetic fields, the fieldyma pressure pgrtU(batlom is the kinematic viscosity ang the
either stabilize or destabilize the differential rotatiand the magnetic diffusivity.

most unstable mode may be either the axisymmetric Taylor

vortex flow (the SMRI or HMRI), or the nonaxisymmetric

AMRI, or the nonaxisymmetric Tayler instability. In com- 6

bined axial and azimuthal fields, we will also show that the

nonaxisymmetric modes differ betweem and —m, corre- a s 4
sponding to left and right spirals. As first pointed out by][11 t'_l_-' 3
if the imposed field has both axial and azimuthal components, B

the system no longer exhibitsz symmetry. For axisymmet- < 2r 2
ric modes, the consequence of this is that what were previ- > — 1
ously stationary modes (SMRI) become oscillatory, trangeli % ok 0
wave modes (HMRI). For nonaxisymmetric modes, breaking = _
the -2 symmetry of the basic state breaks the symmetry 9

of the instabilities. Physically this corresponds to thet faat o 1 '5 50

modes spiraling either in the same or the opposite sense to th
spiral structure of the basic state are indeed differentis Th RADIUS
+m symmetry breaking is also a convenient distinguishing

feature between the AMRI and the Tayler instabilities; fo t
AMRI the most unstable mode spirals in the opposite sens
to the imposed field, for the Tayler instabilities in the same
sense.

EIG. 1: The basic state azimuthal field with prescribed \aatethe
inner and outer cylinders.

) ) o The stationary background solution is
Finally, in order to produce benchmarks for the application

of incompressible 3D MHD codes, in this work we will focus b b
ncol , Q= X B, —agR+ -2 13
primarily on magnetic Prandtl numbBm = 1. =aa+ 43, o =apR+ 4, (13)



whereag, b, ag andbg are constants defined by The Lundquist number S is defined By= Ha - v/Pm.
) The boundary conditions associated with the perturbation
—nN 1— . _ali
ag = O, Ly A77 ’ bo = Qi R2, 497 equations are no-slip far,
1—n2 1—72
R N R uR = ug = u; =0, (21)
_ Binfi(ps — 1) be = B R LT HBN _
B = R 1—72 B = Pinftin =77 72 (14)  and perfectly conducting fdy,
with dby/dR +by/R =br = 0. (22)
_ These boundary conditions hold for bath= R;, andR =
N Rm _ Qout _ Bout (15) R
n= Rout’ HQ = Qin y MB = Bin . out -

If we consider a constant phase of a nonaxisymmetric pat-

Rin and R,y are the radii of the inner and outer cylinders, tern, Eg. (8) yields

O, andQ,; are their rotation rates, arfsl,, andB,,; the az- 9z R(w) o R(w)
imuthal magnetic fields at the inner and outer cylinders. The EA F T
possible magnetic field solutions are plotted in Fig. 1. Note ¢ z

that — unlike2, whereQ;, and(,,; are the physically rele- The first relation describes the phase velocity of the mades i
vant quantities — foB, the fundamental quantities are not so the axial direction, the second in the azimuthal directizmd(
much Bi, and B¢, but ratheinp andbp themselves. In par-  only exists for nonaxisymmetric modes). Obviously the wave
ticular, a field of the formbg /R is generated by running an is traveling upwards if the real part of the eigenfrequerscy i
axial current only through the inner regiéh< R;,, whereas negative.

afield of the formug R is generated by running a uniformax- At a fixed time the phase relations (23) can also be written
ial current through the entire regidd < R, including the  as

fluid.

Given thez-component of the electric currertyrl, B = 0z/0¢ = —m/k. (24)
2ap, one finds for the current helicity of the background field Now, k£ andm are both real numbers, and without loss of gen-
erality one of them can be taken to be positive, ayThe
other onen in this case, must be allowed to have both signs
though. Negativen describe right-hand spirals (marked here
by R), and positiven describe left-hand spirals (marked here
by L). If the axisymmetric background field possesses pasiti
B, andBy (as used for the calculations here) then its current
helicity is positive, or equivalently, it forms a right salr

(23)

curlB - B = 2ap By, (16)

which may be either positive or negative (and of course van
ishes for the current-free cagg = 0). However, both signs
yield the same instability curves, merely with the previgus
mentioned left and right spirals interchanged.

The inner valueB;, is normalized with the uniform vertical
field, i.e.

B ll. FROM AMRI TO HMRI
f=— (17)

We begin with a purely azimuthal field, and no electric cur-
Forup = 1 we have rents within the fluid, that isB, « 1/R. Figure 2 presents re-
sults forug = 0.5, showing that foitia > 100 andRe > 200
23 B3 (18) there exists am» = 1 nonaxisymmetric instability. Note also
3 Rin how both the upper and lower branches of the instability eurv
tilt to the right, that is, have a positive slog®e/dHa. For
a given Hartmann number, the instability therefore only ex-

curlB - B =

The sign of3 thus determines the sign of the helicity of the
background field. And again, interchangitg? simply inter- i1’ \vithin a finite range of Reynolds numbers.Ri¢ is too

changes |e|ft ahnd “ghfijsll)'fr_aifjm- ltude i d by th large, the instability disappears again as a consequerthe of
y As usual, t itorm al field amplitude Is measured by they, 5 ressing action that differential rotation often hasion-
artmann number axisymmetric modes.

BinRo We consider next a purely axial field, the so-called stan-

Ha = Nz (19)  dard MRI. In this case both axisymmetric and nonaxisymmet-

ric modes may be excited, with the axisymmetric mode being

Ro = /Rin(Rows — Ri) is used as the unit of length/ Ry the one with the overall lowest Reynolds number (Fig. 3).

as the unit of velocity and3;, as the unit of the azimuthal FOrPm = 1 this overall minimum occurs fofla ~ 10 and
fields. Frequencies, including the rotatifin are normalized ¢ = 80. However, for sufficiently largéla them = 1 non-

with the inner rotation rate;,. The magnetic Reynolds num- 2XisSymmetric mode is actually preferred over the axisymmet
ber Rm is defined as ric mode. The standard MRI for purely axial fields is there-

fore not necessarily an axisymmetric mode. The axisymmet-
B QinR(Q) (20) ric mode only dominates for sufficiently weak fields, includ-

Rm n ing also the global minimurRe value. It also dominates the



ities in helical fields are simply a mixture of these two ba-
600 ; sic elements. More specifically, one finds that the weak-field

o branch of the instability in Fig. 4 is very similar to the weak
o field branch of the standard MRI (Fig. 3) while the strongefiel
% 400 ] branch strongly resembles the strong-field branch of AMRI
z (Fig. 2). The minimum is always obtained for the axisym-
wn metric mode of the standard MRI. The only difference be-
3 tween the standard MRI and HMRI is the different character
% 200 of the eigenfrequencies: the SMRI is stationary, whereas th
. HMRI is oscillatory, as a necessary consequence oftthe
@ symmetry-breaking [11]. It is precisely this oscillatorgtare
0 of the HMRI that has been used to identify it in the PROMISE
0 100 200 300 experiment [8, 9].
HARTMANN NUMBER
G: 4
FIG. 2: Azimuthal MagnetoRotational Instability (AMRI):HE in- 5 600 4
stability curve for current-free azimuthal magnetic fieldfe most s /
unstable mode isionaxisymmetric, with m = 1. Axisymmetric %
instabilities do not exist at all in this configuratiorug = 0.5, 400 4
po = 0.5. Pm = 1. A /
— :
¢
entire weak-field branch of the instability curves (Fig. Bhe o5 200 :
axisymmetric mode here tilts to the left, whereas the nonax- 1% /
isymmetric mode tilts to the right, as before in Fig. 2. &
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FIG. 3: Standard MRI: The instability curves for uniform alknag- < 0
netic fields. FoiHa < 75 the axisymmetric mode is preferred; for 0 20 40 60

Ha > 75 the m = 1 nonaxisymmetric mode is preferred. The
global minimumRe value is for the axisymmetric modgqo = 0.5,
Pm = 1.

LUNDQUIST NUMBER

FIG. 4: Helical magnetorotational instability (HMRI): Tlestabil-

Figure 4 finally shows results combining azimuthal and ax ity curves for current-freer(s = 0.5) helical fields with3 — 2.

ial fields, focusing in this case on = 2 (so a right-handed = 0.5. The dotted line gives the axisymmetric mode. The solid

o ) Q
helicity). We see the same general pattern as before: oaly trﬁnes are marked with the mode numberand the type of helicity (L
weak-field branch of the: = 0 mode tilts to the left; all non- |eft, R right). Note that for stronger fields the most unstabiode is

axisymmetric modes tilt to the right. Up fda ~ 50 the ax-  nonaxisymmetric with the same helicity as the helicity af thack-
isymmetric mode is preferred, just as before for the stahdarground field. The mode with the lowest Re is alwaygsymmetric.
MRI. For Ha > 50 them = 1 right spiral is preferred. Top: Pm = 1, bottom:Pm = 0.01.

Figure 4 also demonstrates that the (axisymmetric) standar
MRI and the (nonaxisymmetric) AMRI are the basic elements Note finally that takingPm = 1 greatly simplifies the re-
which both appear, with different weights, if the backgrdun sults, and indeed eliminates some particularly intergsti
field has a spiral geometry. From this point of view instabil- sults. As we have previously demonstrated, both the (axisym



metric) HMRI [7] as well as the (nonaxisymmetric) AMRI [5]

have the property that their scalings with Pm vary drambyica 400 - -
with 1. For ug only somewhat greater than the Rayleigh @ £=100
value, both modes have Ha and Re as the relevant measures 2 300
of field strength and rotation rates, whereas for greateregal =)
of o, S = Ha - vPm andRm = Re - Pm are the relevant <

. v 200
measures. For small Pm the differences can thus be huge. a
Insulating versus conducting boundaries can also have-a sur O
prisingly large influence on this transition from one scglia L% 100 .
another [12]. @ 0
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FIG. 5: Tayler instability (TI) of a toroidal field under thefiuence Ué s00p 7 =
of differential rotation with stationary outer cylinderh@& solid curve c | 7 T 55
ism = 1, the dotted curve ism = 0. up = 1, po = 0. Pm = 1. £ 200 7 e 3
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We begin by considering the stability of purely toroidal
fields, and differential rotation profiles with a stationaryter 0 50 100 150 200
cylinder. There are then three classical results knowrst fir HARTMANN NUMBER

the absence of any fields, axisymmetric Taylor vorticesearis

atRe = 68' and nonaxisymmetric |ns-tab|I|t|es Re = 7.5' FIG. 6: Instability curves for magnetic fields with positiearrent
Second, in the absence of any rotatiom, = 1 Tayler in-  ygjicity  The curves are marked with their azimuthal wavenau

stabilities arise atla = 150. Figure 5 shows how these persy,. The shaded areas are the stable regions. Without magnetic
results are linked when both Ha and Re are non-zero. Fdfelds the curves always start@t = 68 for thern = 0 Taylor vor-

Ha very small, the axisymmetric Taylor vortex mode is stabi-tices. Note the dominance of the axisymmetric modes (dpttksd
lized, whereas the nonaxisymmetric mode is eventuallyadest for weak magnetic fields, unless for very highthe field becomes
bilized, and connects smoothly to the pure Tayler instgbili  nearly toroidalPm = 1, up = 1, ug = 0.

The next step is to add a uniform axial field to the azimuthal
field, with (say) positive polarity. The background field the
has a positive helicity, that is, it spirals to the right.Hétaxial ~ with positive helicity, we thus find that the right spiralssar
field is weak, e.g. with = 100, then the marginal instability ~preferred, whereas for background fields with negativecheli
curves (Fig. 6, top) strongly resemble the mapfor— oo ity, R and L would be exchanged, and the left spirals would
(Fig. 5). The main differences are i) the slightly smallertda be preferred.
mann number of the toroidal field, and ii) the splitting of the For 3 = 10 the differences between the L and R modes
spiral modesn = 1 andm = —1 into two curves with differ-  for givenm increase, so that the pure Tayler instability exists
ent helicity (R and L). The left-hand modes require a greateonly as the 1R mode. The 1L mode no longer connects to
rotation than the right-hand modes. For background field®ke = 0, and is not the most unstable mode anywhere in the



given domain (Fig. 6, middle). For 8 = oo the modes with positive and negative are
The 1R mode also dominates férof order unity. There degenerate. At the weak-field limit the line for = 2 even
is, however, an interesting particularity in this case. ¥y  crosses the line fom = 1. Nevertheless, the AMRI solu-
slow rotation, a 2R mode reduces the stability domain. Fotion with the lowest Reynolds number isnanaxisymmetric
Re ~ 0, and in a limited range of Ha{a ~ 100...130), this  mode withm = 1. We find that this remains true for heli-
mode forms the first instability (see [13]). A small amount of cal background fields with larg8, but for 5 of order unity
differential rotation, however, brings the system backhite t and smaller then = 0 mode yields the instability with the
1R instability. lowest Reynolds number (Fig. 8) — as is also true for the
For models with helical fields and steep rotation laws (withstandard MRI and HMRI. The transition from nonaxisymme-
stationary outer cylinder), we indeed find the expected-spli try to axisymmetry can be accomplished simply by increasing
ting between right and left spiral instabilities. If the syin-  the axial component of the background field. It is thus clear
metric background field is right-handed, then the first uista that there is a smooth transition from one form of the MRI in
mode is also right-handed. The corresponding critical magdC flows to the next. The same is true for the corresponding
netic field strength is reduced compared to the TI of purelyeigenfrequencies, which develop from real values (for-stan
toroidal fields. If both magnetic field components are of thedard MRI) to complex values (in all other cases).
same order then the 2R mode is found to destabilize the sys- On the other hand, if large-scale electric currents flow
tem at the strong-field side of the stability domain, but onlythrough the fluid, a critical Hartmann number existsRer=
for very slow rotation. The differential rotation basigaliim- 0, similar to Fig. 5, where the system is also unstable even
its the action of this 2R mode. for Re = 0. In this case the critical Hartmann number is un-
changed; it is agaifila = 150 for purely toroidal fields, i.e.
[ = oo (Figs. 5, 7). This value does not even depend on
B. Flat rotation law the magnetic Prandtl number. For increasihdiowever, the
critical Hartmann number is reduced to about 100. The most

For weak magnetic fields and the steep rotation law, the axL-InSt{jlble mode is 1R fof > 10, but is again 2R fopj of

: . . ; .. order unity. This result holds for very weak differentiatao
isymmetric Taylor vortex mode is the most easily excited in-_. " : .

o g : . tion; only then a mode higher than = 1 plays a role in the
stability. For a sufficiently flat rotation law the non-magjone o i . .

: Do I transition from stability to instability.

Taylor vortices necessarily disappear, and a critical Ris; ) . 2 -
number no longer exists fdla — 0. For the flat rotation For background fields with positive helicity the Tl favors
law with 1, = 0.5, and the nearly uniform toroidal field with instability patterns with right spirals.

: o : : The instability curves of the weak-field, or diffusion-
up = 1, the instability curves for purely toroidal fields are . o T :
given by Fig. 7. Both of the previous instabilities appear indomlnated (AMRI) limit also show a characteristic behavior

this case: Tl exists in the lower right corner, and AMRI ex- ]Ic:or Iargﬁﬁ 'tt;]S formed by t?? nonzmsymmﬁtnccr:nodes, Wh'tlle
ists in the upper left corner. The AMRI arises from the term or small 5 the axisymmetric mode prevails. Consequently,

bg /R in the magnetic background field profile (13), while the the s_lopes ofthelines ghange from _positive f(_)r the nonmisy
current-driven T! is due to the termg R. The two instabili- metric modes to negative for the axisymmetric modes (Fig. 8)

ties are separated by a stable branch Withr Ha, where the Again, the transition from AMRI to standard MRI becomes
differential rotation stabilizes the Tl ' clear by variation of3. If the preferred modes are nonaxisym-

metric (for larges), then the spirals are always left-handed.
The different mode pattern is the characteristic diffegetoc
the preferred modes in the TI domain.
500 ' '
200 / | AMRI
In general, for given Hartmann number the differential rota
200 . tion stabilizes the Tayler instability which also existghvaiut
any rotation. On the other hand, we have shown that the crit-
100 1 TI - ical Hartmann numbers for nonrotating containers do not de-
pend on the given value of the magnetic Prandtl nuniher
: : [14]. Hence, the results given in Fig. 9 fBe = 0 and for
0 100 200 300 400 m = —1...— 5 are also valid for the small magnetic Prandtl
HARTMANN NUMBER numbers of liquid metals such as sodium or gallium which are
used in the laboratory.
The question about the critical Hartmann numbergifar 1
FIG. 7: Flat rotation law g = 0.5) and B. = 0. The curves are  grises if the azimuthal mode numberis varied. Generally
marked with their mode numben. The AMRI occurs in the upper the mode withm = —2 dominates but fog < 0.4 the mode

left corner, and the Tl in the lower right comer; = 1, Pm = 1 with m = —3 starts to be preferred. It may happen that even
higherm appear to be preferred for even smalfeHowever,

C. No rotation

REYNOLDS NUMBER
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FIG. 8: The same as in Fig. 7 but for finite valuesfofLeft: 3 = 100 (top) and3 = 10 (bottom), Right:3 = 2 (top) and3 = 0.1 (bottom).
The curves are marked with the azimuthal mode numhbgerghe curves forn = 0 are dotted. The notation R (right spiral) stands for negativ
m and the notation L (left spiral) stands for positive Itis up = 1, Pm = 1.

it will only happen for so high values of the Hartmann numberPROMISE) where the mode witlh = 1 is the most unstable

(2 2500) that i) laboratory experiments are impossible andone. If the axial field starts to dominate fér< 2 then the

i) numerical investigations with differential rotationdluded  critical Hartmann numbers are growing, i.e. system becomes

— which in particular stabilizes higher — are not possible. more and more stable (see Fig. 9).

The basic result of the calculations is that the reduction of

the increase of the axial field componefit{ 1) acts strongly

stabilizing. This the more as the normalized differences of V. NONLINEAR SIMULATIONS

the critical Hartmann numbers for variousbecome smaller

and smaller. These results do not change if formulated with The previous results have all been purely linear onset cal-

the Hartmann number of the axial field rather than with theculations, in which the governing equations are reduced to a

Hartmann number of the toroidal field. The total energy whichlinear, one-dimensional eigenvalue problem. It is alsonef i

is necessary to excite Tl strongly grows with decreaging terest to study the nonlinear equilibration of some of these

Absolutely no instability remains for the limit — 0. modes, which we do with a three-dimensional spectral MHD
We know from previous calculations that fir= 0 an al-  code [15]. The code is based on Fourier modes;ifor each

most homogenous toroidal fieldi§ = 1) becomes unsta- Fourier mode the€ R, z) structure is discretized by standard

ble against disturbances with azimuthal numhee —1 for  spectral element methods involving Legendre polynomials

Ha > 150. If an axial field is added then the critical Hartmann [16]. For Reynolds numbers only slightly beyond the linear

number is reduced, i.e. the toroidal field is destabilizethisy  onset, the solutions do not develop much structure yet, so 16

axial component. While foB, = 0 no preferred helicity Fourier modes were sufficient i For the(R, z) structure,

exists for the instability pattern with axial field the resudy ~ we typically used 2 spectral elementsitnand 14 inz (where

spiral geometry is the same as that of the background fielcperiodicity with a domain height df = 27(Rout — Rin) Was

We also find that a total minimum of the critical Hartmann enforced), with a polynomial order between 12 and 18. The

number exists fos < 10 (typical values of the experiment time-stepping uses third-order Adams-Bashforth for the-no
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FIG. 9: The critical Hartmann number (19) fot = —1... — 5

and 5 < 10. An increasing dominance of the axial magnetic field

component actgtabilizing. The curves do not depend ®m. up =
1.

linear terms, and second-order Crank-Nicolson for theudiff
sive terms. Boundary conditions are as before, no-slififor
and perfectly conducting faB. Initial conditions are the ba-
sic Couette profile folU, and random perturbations of size
108 B;, for B.

We begin by verifying that transforming — —/ has the
expected result. Positive/negatigalo indeed yield right/left
mirror image spirals, verifying the linear onset concludioat
these instabilities spiral in the same sense as the impaddd fi

the resulting field strength of the modes. The helical stméct
of all solutions is clearly visible, dominated by low Fourie
modesm = 1 and/orm = 2 in agreement with the linear
analysis. The solutions are stationary, except for a drithe
azimuthal direction.

Figure 10 concerns the AMRI domain. The valuefot
10 is fixed, but the location in the instability diagram differs
slightly. The top row shows the AMRI just for the minimum in
Fig. 8, while the bottom row shows higher parameter values.
In both cases though we see the expected 1 left spirals,
in agreement with the linear results.

The simulations lead to a further basic result. By consid-
ering the maximum values of the radial and azimuthal com-
ponents, a distinct anticorrelation becomes visible. The a
imuthal component has its maximum where the radial com-
ponent has its minimum. The azimuthal averageé g, is
therefore negative. The magnetically driven angular memen
tum transport is thus outward in both cases.

Unlike the AMRI, the Tl yields right-handed spirals (Fig.
11). The pattern in the bottom rows (= 10) has an az-
imuthal wavenumbem = 1, in accordance with the insta-
bility map Fig. 8. The top row, however, represents a pattern
with m = 2, which also exists in the nonlinear regime as
predicted by the bottom plot of Fig. 8. In this case there is
no clear correlation between the radial and azimuthal cempo
nents of the field perturbations.

The nonlinear simulations, of course, do also provide the
amplitudes of the fields in the resulting magnetic patterereH
we only note the overall result that the AMRI produces much
higher field strengths than the TI1. One might speculate Heat t
AMRI exists due to the differential rotation which is always

The simulations concern the linear onset curves for flat roable to induce strong fields but a detailed study of the energy
tation law (see Fig. 8) both for AMRI and TI. Two examples aspects of the magnetic instabilities is out of the scopaef t

are given for each instability, to probe the spatial patsrd

present paper.
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FIG. 10: The components (left: radial component, rightmaghal component) of the magnetic pattern in the AMRI donttgist rotation) for
B = 10. Top: Re = 150, Ha = 50 ( minimum); bottom:Re = 200, Ha = 80. The fields are normalized witBi,,. up = 1, Pm = 1.

FIG. 11: Components of the magnetic pattern (left: radiatgonent, right: azimuthal component) for Tl (slow rotajioRe = 30, Ha = 130.
Top: 8 = 2, Bottom: 5 = 10. The fields are normalized witB;,. ug = 1, Pm = 1.




