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ABSTRACT

The instability of a quasi-Kepler flow in dissipative TayObuette systems under the presence of an homogeneousiagiaétic field
is considered with focus to the excitation of nonaxisymimetrodes and the resulting angular momentum transport. Xtieaéion
of nonaxisymmetric modes requires higher rotation ratas the excitation of the axisymmetric mode and this the mueehigher
the azimuthal mode number. We find that the weak-field branch in the instability map & tlonaxisymmetric modes has always a
positive slope (in opposition to the axisymmetric modeshsd for given magnetic field the modes with> 0 always have an upper
limit of the supercritical Reynolds number. In order to é&a nonaxisymmetric mode at 1 AU in a Kepler disk a minimundfiel
strength of about 1 Gauss is necessary. For weaker magmedditife nonaxisymmetric modes decay.

The angular momentum transport of the nonaxisymmetric madalways positive and depends linearly on the Lundquisthar of
the background field. The molecular viscosity and the bagation rate do not influence the relategharameter. We did not find any
indication that the MRI decays for small magnetic Prandthber as found by use of shearing-box codes. At 1 AU in a Kepslr d
and a field strength of about 1 Gauss ghgroves to be (only) of order 0.005.
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1. Introduction the lower limit is attacked with the calculations. For nuioar

. . . estimations we shall use the values
The longstanding problem of the generation of turbulenc@in

ious hydrodynamically stable situations has found a smiuith 7 ~ 4. 10'° cn?/s, p=~100g/en’, (3)
recent years with the MHD shear flow instability, also called . )
magnetorotational instability (MRI), in which the presenaf (See Brandenburg & Subramanian 2005) for which we have de-
a uniform axial magnetic field has a destabilizinfieet on a rived a minimum field strength of 0.1 Gauss in order to exaite u
differentially rotating flow with the angular velocity decreasi Stable axisymmetric modes in the protoplanetary diskdiBer
outwards. & Kitchatinov 2005). This value is based on the calculatién o
According to the Rayleigh criterion an ideal flow is stabléhe minimum magnetic Reynolds number
against axisymmetric perturbations whenever the specifica

2
lar momentum increases outwards RnY = QH" (4)
n
d
JQ(RZQ)2 >0, (1)  for fixed values of the half-thickness of the disk and the mag-
netic Prandtl number
where R, ¢, 2) are cylindrical coordinates, arfdlis the angular v
velocity. Kepler rotation with o« R"% is thus hydrodynami- Pm= —. (5)

cally stable against axisymmetric perturbations. It is stable,

however, under the presence of a uniform axial magnetic fiefthe vertical magnetic field8, is measured in terms of the
(MRI). It is also not stable against nonaxisymmetric pés&ir Lundquist number

tions under the presence of a toroidal field (AMRI). In these

cases the stability condition (1) simplifies to g - B.H ©)
492 VHoPn
R 0. (2)  for which the Rmis the absolute minimum for given Pm. Note

that in the definitions of Rfrand 3 the molecular viscosity does

For real fluids the instability condition looks more complied. not appear. The viscosity only appears in the definition ef th
In order to be unstable the rotation must be fast enough and thagnetic Prandtl number (5).

magnetic fields must not be too weak or too strong. The lower The instability map Rmh= Rn7(S") for the axisymmetric
magnetic limit is fixed by the electric conductivity of theasma mode and for fixed Pm is very characteristic. For fixed Rm’ ex-
while the geometry of the disk determines the upper magnetieeding a minimum value of order 10 the instability exists be
limit. As protoplanetary Kepler disks are so cool that evea t tween an upper limit and a lower limit of Svhich itself must
action of MRl is in question (“dead zones”). In the presemqigra exceed a minimum value of order unity (see Fig. 2 in RKO05).
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In the following the curve formed by the upper limits is cdlle then

the strong-field branch and the curve formed by the lowetéimi g U H

is called the weak-field branch. Both the branches have oppe— > ¢ =

site slopes. For given’S 1 there is just one value of Rnfor VHop  MMyeax R

marginal instability so that foall magnetic fields (above a lowerfor the minimum seed fiel®, necessary for the excitation of

limit) there is one rotation rate above which the axisymietrihne m = 1 mode. Mmeax is the (positive) slope of the curve

MR exists. For a certain/g, the R takes its overall-minimum according to the calculations. The result does not deperibieon

Rn,,;,- For all Pm between 18 and 16 the modes with the low- actual value of the magneticftisivity.

est Rm (which are easiest to excite) are axisymmetric. The same is true for the strong-field branches shown in Fig.
The dependence of the curves of marginal instability on tt2e One finds the corresponding magnetic Mach numbetMim

magnetic Prandtl number Pm is only weak. For Rrit there is  much smaller than Mgpq. For given basic rotation the flow is

no visible influence of Pm. Axisymmetric global MRI even exunstable against nonaxisymmetric perturbations if

ists for very small Pm with one and the same magnetic Reynolds

number (but, of course, the ordinary Reynolds number tags vMMstrong < MM < MMyeak (12)

(11)

high values). For Kepler disks the relation (11) can be read as
For Pm> 1 the behavior is dierent: both the critical Rfy,, 2 (1)
and S grow with VPm. Hence, the scaling for Pm 1 B < MMueay’, (13)
switches to the parameters with 8 = uoP/B? as the plasmg. Hence, theg must be rather
B,H small to excite nonaxisymmetric modes. The value of 400 used

Ha= —— (7) by Fromang et al. (2007) is so high that the corresponding mag

VHoEYT netic fields could be much too weak to excite nonaxisymmetric
and instability modes. Kitchatinov & Rdiger (2010) for a simplified

Kepler disk find the rather moderate values Mgy ~ 2 and
_ QH? 8 Mmyeak = 10. For such small values the unstable domain of the
o\ ®) nonaxisymmetric modes is rather restricted. In the pragsapér

we shall find that the numerical values of the critical magnet

(Kitchatinov & Rudiger 2004). Both the critical rotation rate andviach numbers for the weak-field branch for modes in infinite
magnetic field now run withy/vz; instead withy as it is true for cylinders are much higher.
Pm < 1. Both expressions are identical for Pml. Again, the
ratio of both quantities is free of the two dissipation paetens.
The ratio of the linear rotation velocity and the Adfiw velocity 2- The model

of the vertical field is called the magnetic Mach number Mm The MRI has been found by considering the stability prob-

Rm"

Uy/Va with lem of Taylor-Couette (TC) flows of magnetized ideal fluids

B by Velikhov (1959). Because of the simplicity of this geom-

Vp = ——. (9) etry much work has been done to study the MRI for flu-
VHoo ids between cylinders rotating withfierent angular velocities.

At a distance of 1 AU and for a magnetic field of 1 Gauss thg'€0rY (Rudiger & Zhang 2001; Ji et al. 2001) and experiments
magnetic Mach number is of order 100. As the possible magnek$€€ Stefani et al. 2009) revealed the possibilities tazedhe

field should be smaller than 1 Gauss this value of Mm is ceytaiR! €ven in the laboratory. o
aminimum. " In the following, two concentric cylinders (unboundedzn

The behavior of the nonaxisymmetric modes is not so We§c radii Rin andRo.c are considered with the rotation rafeg and

known. We have learnt from the theory of the azimuthal magout The rof[ation pr_ofile between_the cylinders may mimic the
netorotational instability (AMRI) that too fast rotatioays <P’ rottr?tltotnhlaw, II'.ed we shall f's?“ouzt = 0'3;5?“".'2— helvalute
destroys the instability. The AMRI follows from the inteagi of S\?S““f h a delcy Inaers W'?f“t = 2Rin _ria? ke p ar}g S
differential rotation and an toroidal current-free magneticl fie e call this radial rotation profile as quasi-Keplerian deofi

It is basically nonaxisymmetric. For a given Lundquist niemb The boundaries are assumed to be impenetrable, stress-free

S there are two critical Reynolds numbers Rm. The instgbilifd Perfect conducting, which are valid also for almostalit

is supercritical only between the two values. With otherdsor metal expgrimgnts in _the laboratory. The cylinders areitefin
AMRFI)is excited b;/fast enough rotation but it is suppressed he axial direction. Fricke (1969) and Balbus & Hawley (1990

too fast rotation. Both the weak-field branch and the striieig- Started to apply the instability to important astrophybséagpli-

branch have the same positive slope in the plane Rm over S. Tf ons. Inl order tqdbe rgqr?hclose lt.o the phylsués of accretion
reason for this expressive phenomenon is the smoothing inffliSkS We also considered in the nonlinear simulations aquseu

ence of diferential rotation on nonaxisymmetric magnetic pe/acuum condition for the outer boundary.
The governing equations are

turbations.
The question arises whether also the nonaxisymmetgg 1 1
modes of standard MR are finally supported by thigedential o, + (UV)u = —;VP + VAU + M—OCU” B x B, (14)
rotation. The answer has consequences for i) possible dynam
models but also ii) for the magnetic field amplitudes neagssa,
for the excitation of nonaxisymmetric modes. Let us asswme f—— = curl(u x B) + 7AB, (15)
a moment that the weak-field branch of the instability map fuldt
fills the condition and
Rm =~ MMyeaxS (10) divu=divB =0, (16)
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whereu is the velocity,B the magnetic fieldP the pressurey 92Uy N 10Uy U (P ck@lu
the kinematic viscosity, anglthe magnetic dfusivity. R ROR R \R 4
andThe basic state isg = U, = Br = By = 0, B, = By = const. - 0 v 2imu Rel 9 2 0 ’
®an F¢)M T R R RRRR\T an )R
Uy=RQ=aR+ 2, a7  m1Pu Low (W ou
k|[RORZ ROAR |\R? R
wherea andb are constants defined by Q 1B~ B
(mRe_Q +w) ;] _Haz[Rf;; ]
_ 2 1-— in
a= Qinﬂf_—g, b= anRlzn lﬁ(zz’ (18) i m? 2
i et (T + B, (25)
with
~A Rin _ Qout (19) asuZ + E@ _ i% _ (m2 kz) C()UZ
=g Ho =g - R RRR RAR R aR "
2n? Q ou, . J(Q
The axial field amplitude is now measured by the Hartmann——u, — i [mMRe— + w| —= — imRe— | — | u,
number R Qin IR IR\ Qin
G BR 10Br Bgr
BoD 2R R_ 2
Ha= ——. (20) Haz[ R TROR R KoR
N i 2
|maB¢ im i 0°Ur  10ur URr
= Rout — Rin is used as the unit of length/D as the unit  "R3R "R 7| "|3@ "RoR R
of velocity. The rotatiorQ2 is normalized with the inner rotation TP
rateQ;,. The magnetic Reynolds number Rm is defined as (k2 + _2) UR] - k(mReg + w) Ur —
R in
Q;,D? ki Q
Rm = n . (21) _2RL;‘u¢ - 2ikReg s = 0, (26)
Thtﬁ It_rllmi?ft\;;str;umbers is df[aflned by=-3Ha- VvPm. Expressed 8?Br N E% B % B f 2\ B
wi e en frequency, it is 5 TRR R \R R
— = —. 22 ——— B, —i ikug =
T (22) = Bs |Pm(mReQ—in +a)) Br + ikug = 0, 27)
All the calculations in this paper are done for a model Wltl}zB B B 2
7 = 05. This is the only geometry where the scaRsand 2> . 195 B5s _( + kZ) By+
D are equal. As the magnetic Mach number the quantity Mm dR2 ~ RdR Re \R

Qin/Qa is used. 2im Q
in +EBR_iPm(mReQ_ +w) B¢+ikU¢+
in

3. Wave number and drift frequencies +pmReRZ g _ g (28)
oR

The equations (14 — 16) are linearized with respect to th&- ba?ShaI bkov et al, 2002). The eigenfrequenays here normal-
ground state (17). The perturbed quantities are develofted a q y it th i § 9 qO fysd h .
azimuthal Fourier modes ized wi e viscosity frequency/Rs. One finds the system

as invariant against the simultaneous transformakior -k,
F = F(R)gkemo+at), (23) U, = -U, Br > -BrandB; — -By. Hence, if a solution is
known for a certairk, then always a modified solution exists for
The results are optimized in the wave numke®nly the solu- —k. The standard MRI in cylindric geometry always produces
tions with thosek are of interest for which the Reynolds numthe same number of left and right scréwghe total helicity (ki-
bers take a minimum. All solutions with anothehave higher netic and magnetic) is thus vanishing (Fig. 1).
Reynolds numbers. One can also show that the solutions with Conjugating the linearized equation system (24 — 28) leads t
a certain positivék are always accompanied by a solution witlthe finding that the system is invariant against the simefars
—k but with the same Reynolds number and drift frequency (féransformationsn - —-m, k - -k andR (w) - —R(w). Hence,
given Ha andm). As the pitch angle of the resulting spirals idoth the pattern drifég/0t = —R(w)/m of both solutions and
given bydz/d¢ = —m/k it is clear that both the solutions havealso the pitch
opposite pitch angles so that the solution is always a comnblnaZ m
tion of a left screw and a right screw. - (29)
The proof is as follows. After elimination of both pressuréw k
fluctuations and the fluctuations of the vertical magnetilfie are equal so that both the solutions are identical. It is émasigh

B,, the linearized equations are to consider the solutions for positive
OUR Ur im . ! The same is true for the instability of toroidal fields betweke
R + R + Eu¢ +iku, = 0, (24)  cylinders without and with electric current, seédiyer et al. (2011).
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Fig.1. The simultaneous existence of the two modes Witand —k

in the nonlinear regime. The whole pattern drifts in the dimn of

rotation. Rm= 160, S= 13, Pm= 1. Fig. 2. The instability map of the modes with = 0, m = 1 andm = 2

in quasi-Kepler flowsgqo = 0.35). For given Rm the flow in unstable
) _ for Lundquist numbers S between the values at the weak-figldch

The unstable Taylor-Couette flow forms axisymmetric qind the strong-field branch. Star symbols mark the seriesmifrrear

nonaxisymmetric vortices. With our normalization the it simulations discussed below. Pal.

extentsz of a vortex is given by

- the axisymmetric and the nonaxisymmetric modes. ot 0

A S | (30) and S= 1 exists alwaysne critical Reynolds number above
Rout—Rn Kk \1-7 which the MRl is excited forll larger Rm. The absolute mini-
R mum value for S is of order unity. On the other hand, the @itic
hence fom™= 0.5 Lundquist values for the nonaxisymmetric modes with> 0
52 x behave completely fierent. For S> Sy where iy =~ 1 is
_— ==, (31) the smallest possible Lundquist number there are alviags
Rou—Rn  k critical Reynolds numbers between them the nonaxisymmetri

Fork = r the cells have the same vertical extent as they have/fiRl modes can only exist (Fig. 2). Hence, the nonaxisymroetri
radius and fok > x the cells are very flat. Generally, the vor/node cannot survive if the rotation is too fast. Théeteential
tices of the axisymmetric modes become more and more eldéftation excites the MRI but — if too strong — it suppressss it
gated in the vertical directiotk, < . nonaxisymmetric parts.

The drift velocityR(w) which always proved to be negative, _ The rotational quenching of the nonaxisymmetric parts ef th
i.e. the pattern drifts are in direction of the rotation easd). MRIshould have serious consequences for the dynamo problem

Itis After the theorem by Cowling all dynamo models need nonax-
isymmetric parts of the magnetic field.
b= ~ R(w)Lin (32) Them = 1 mode in Fig. 2 needs seed fields which are the
m higher the faster the rotation is. As an estimation one finds
so that the eastern drift period in units of the rotation@eis ¢, ~ 3.103q,, (33)
m/R(w). Note that we are working in the resting laboratory sys-
tem. (Mmyeak = 320). If we take the linear velocity of the Kepler disk

at 1 AU as more than 30 kiwi (solar system) and the density at
this place as 16° g/cm?®, then the relation (33) means

) . Bo>1 Gauss (34)
We start with the standard case Pni where no dierence exist

between the both Reynolds numbers and also fierénce exists which is a very high value at the distance. The value (34) is
between the Hartmann number and the Lundquist number. Maseded to start any MRI-dynamo. It exceeds the above men-
numerical simulations concern this case. The critical R&s tioned minimum value of 0.1 Gauss for the excitation of axisy
numbers for excitation of the modes with = 0, m = 1 and metric modes by one order of magnitude. The rather high value
m = 2 in quasi-Kepler flows are given in Fig. 2. of this field strength suggests that indeed the weak-fielddbra
For the given Lundquist numbers the Reynolds numbers arethe MRI bifurcation map is the branch of astrophysicaérel
minimized by variation of the axial wave numbemNote the ex- vance rather than the strong-field branch. For the lattefiods
istence of an absolute minimum Rg of the Reynolds number. Q5 ~ 0.3 Q;, representing magnetic fields which are by a factor
It is smaller for the axisymmetric mode than for the nonaxisy of hundred (!) stronger than the fields at the weak-field bnahic
metric modes. The nonaxisymmetric modes need fasteraatatis hard to imagine that such fields are available for the fdiona
for their excitation. There is a basidi#irence, however, betweenof protoplanetary disks.

4. Solutions for Pm=1
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Form = 1 only the cells with large S are almost rolls. The

ZU 0.5 T wave numbers for both branches are rath@&edént. They are
v 0 large for the weak-field branch and they are small for thengfro
w 1 . 0.0 field branch. The cells for the marginal modes along the weak-
3 ~ ! field branch are thus rather flat. This is only true, howevehgd
E 10 3709 @t radial eigenfunctions do smoothly cover the distance betwe
. oW . 2 the cylinders.
* ' The drift of the nonaxisymmetric modes is eastward typi-
N — 15 e cally 50% of the rotation frequency of the inner cylindeg, the
0 10 20 30 40 50 o 10 20 30 40 s MRI pattern drift is westward with respect to the rotatingsy
S S tem. As the outer cylinder only rotates with 35% of the ratati

frequency, the field pattern rotates by 42% faster than therou
Fig. 3. The same as in Fig. 2 but for the normalized wave number (leftylinder. The corotation radius of the MRI pattern is locklbe-
and the drift frequency (right). tween both the cylinders close to the middle between tha-cyli
ders. The same is true, at least qualitatively, for the patigth
m = 2. A test calculation with; = 0.8 leads to a pattern drift
—R(w)/m =~ 0.85 which also yields a corotation radius just in
The results for the wave numbers (for which the Reynoldse middle of the two cylinders.
numbers for fixed S are minimum) are plotted in Fig. 3 (left).
The dotted line givek = x for which the cells after (31) are
nearly spherical. Fdt < 7 the cells tend to be prolate while theys, Solutions for Pm=0.01
are oblate fok > n. This is, of course, only true if the radial cell i
size is of the order of the distance between the cylinderghvhiThe results for smaller magnetic Prandtl numbers P1201)
must be checked separately. are given in the plots 5 and 6. In the weak-ﬂeld limit thﬁ@-
There are surprising fierences in Fig. 3 (left) for axisym- ences to Pm= 1 are rather small. The rotaylonal quenching of
metric and nonaxisymmetric modes. All the axisymmetrisrol € nNonaxisymmetric modes seems to be slightly weaker gran f

are prolate as their axial size exceeds the radial scalsigtrue Iargelr P%(Mr‘“ﬁak.ﬁ 40f0)h' h imuthal dri
for all values of the magnetic field. The result is not suipgsas Also the behavior of the wave number and the azimuthal drift

magnetic fields always increase the correlation lengthgatbe IS rather obvious. The cells in the weak-field limit are flatierh
field, hence for strong fields we hake: 1/S. Thatform = Othe they are highly aligned along the rotation axis in the strbell
wave numbers for given Rm are small at both the weak-fieldImit (F'g' 6, Ieﬁ). The axisymmetric cells are longer there
(left) branch and the strong-field (right) branch of the nireaty Nonaxisymmetric cells.

instability curve doesot mean that they are small also between.

Kitchatinov & Rudiger (2004) find with a local approximation

close to the left branch the relatidh~ V, /5 so that the wave

number runs with S. One must thus expect that between the left 1500 ' ' '
branch and the right branch there is a maximunk o that

there also the axisymmetric modes have short axial scales — a

we shall demonstrate by Fig. 8 (top, right). Figure 4 gives fo 1000
Rm = 500 the mentioned maximum of the axial wave number

together with the growth rate. One finds that the axisymmetri &
channel mode forms thin rolls only close to the left branch bu &

the rolls are thick for stronger fields, i.e values of M. 500

8 ' ' ' ' 0.3 0 10 20 30 40
04 L S
(] 6 L —
e £
% 0.2 Fig.5. The same as in Fig. 2 but for Pm 0.01. At the strong-field
= 4F E branch for S> 20 the nonaxisymmetric mode becomes the mode with
w = the lowest magnetic Reynolds number.
> 0.1 ©
< 27 @
= © More striking is the phenomenon for strong fields that the
0 , , , , 0.0 marginal-stability curves fom = 0 andm = 1 are crossing for
S ~ 18. The mode with the global-minimum Reynolds num-
0 10 20 30 40 o0 ber is always axisymmetric but for stronger magnetic fields t
S critical Reynolds numbers fan = 1 are smaller than those for

m = 0. For such fields and for increasing Reynolds numbers MRI
Fig. 4. The dependence on the magnetic field of the wave number of @ts in as a nonaxisymmetric flow pattern. The nonaxisynienetr
axisymmetric mode and the growth rate (dashed) for givemBlelg  structure is lost, however, for too fast rotation when thegma
number Rm= 500.m = 0, Pm= 1. netic Reynolds number reaches the upper value of the margina
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7. Nonlinear simulations

15 0.5
With the 3D spectral MHD code for cylindric geometry de-
é 0 0.07 1 scribed by Gellert et al. (2007) also nonlinear simulatiofis
2 1 3 2 global MRI are possible. The code works withFourier modes
z 3700 Th__ in the azimuthal direction, a typical value used in the daliions
§ 5¢ ? & i is M = 16 for the rather narrow spectrum of excited modes.
3 : \; -1.0f ]
[TeE—— - : .
0 e 15 e 7.1. The instability pattern
0 10 2 30 40 0 10 2 30 40
S S The simulations concerning the instability pattern arates to

the map of marginal instability for Pra 1 (Fig. 2) for a fixed
Fig.6. The normalized wave number (left) and the drift frequencyundquist number S= 13. Three examples are given. The first
(right) for Pm= 0.01. one works with relatively slow rotation while the second con
tainer rotates faster or much faster. The marginal instalaip-
pears for a minimum magnetic Mach number of about 6. The
instability of them = 1 mode and the solution becomes axisynfirst model lies below the instability domain of = 1, the sec-
metric again. We have found this sort of mode crossing bath fend one inside then = 1 domain and the third model lies out-
different geometries (Kitchatinov &iRliger 1997) and also with side. The magnetic Mach numbers for the considered cases are
different codes (Shalybkov et al. 2002). So far this phenomengiin = 7, Mm = 46 and Mm= 96.
is only known for MHD flows between conducting cylinders. The nonlinear calculations are important as our curves for
marginal instability of nonaxisymmetric modes only comctre
. stability behavior of the Kepler flow under the presence ef th
6. The magnetic Prandtl number dependence axial field. It is also possible that the rolls of the = 0 solu-

There are simple scaling laws for the marginal instabilityey tion become unstable against disturbances with 0 leading to
appear if also the instability domains for large magnetani@ltl secondary instabilities with nonaxisymmetric patterns.
numbers are computed. The results for Prh0 are plotted with Figure 8 shows the results. For given magnetic field ampli-
the variable Rmand Ha (Fig. 7, right). Both the Figs. 7 demontude (S= 13) simulations with Rm= 88, Rm = 600 and one
strate the small dierences of the curves for small Pm if scalewith Rm = 1250 are presented. Only the value Rn600 lies
with Rm and S, while the same is true for the curves for large Pim the instability map (Fig. 2) between the lower and the up-
if scaled with Rmi and Ha. In both cases the ratio of the chaper limit for nonaxisymmetric instability and only in thisige a
acteristic numbers is the magnetic Mach number which is fre@naxisymmetric (drifting) magnetic pattern results (&lade).

of any difusivity values. We find a somewhat weaker rotationdlrom the beginning on, the mode with= 0 grows fastest and

guenching also the mode witlm = 1 grows continuously. The other modes
come much later so that only after 30 orbits the completepatt
Qa ~3-104 Q, (35) occurs.

. . , The opposite is true for faster rotation (Fig. 8, right). &ler
of the nonaxisymmetric modes for Pm 1 compared with the )y the mode wittm = 0 grows while all the nonaxisymmetric
relation (33) which holds for Pra 1. It is the general behavior nyoqes decay (Fig. 8, bottom right). The resulting magneite p
of the weak-field edges of the instability domains for P10 o js axisymmetric despite of the high value of the Reysold
show a positive slope. However, after inspection of Figigh)  nymper. It is thus shown that indeed the linear approximatio
for Pm = 10 the slope is very large and it is unclear whethgfioyides the real instability behavior. For the considenatd-
it is still positive. In any case the behavior of the weakeieljjon rates a nonaxisymmetric instability of the magnetie= 0
limit for large Prandtl numbers slightly fiers from that of the pattern does not appear in the numerical simulations.
curves for smaller Pm. Theftierences provided by the strong- Note that — as predicted by the linear results for the ax-

field branches are very small for the two regimes. ial wave numbers (Fig. 3, left) — the axisymmetric cells for
Reynolds numbers close to the instability limit are realiylate
(Fig. 8, left). They do become oblate for the fast-rotatiase
(Fig. 8, right) despite of the action of the Taylor-Proudntiae-
orem. The nonaxisymmetric modes form a spectrum of modes
(see Fig. 8, middle). Only models of this kind are used in the
next Section to compute the outward angular momentum trans-
port of the MRI. Only for such models the equations form a non-
linear mixture of many azimuthal modes close to the tramsiti
of turbulence. Obviously, too fast rotation destroys treuténg
mixture (Fig. 8, bottom right).
o 10 0 % 0 The amplitudes of the MRI-induced magnetic fluctuations
S Ha are also of importance. They easily exceed the strengtheof th
axial background field but only in the domain where the nonax-
Fig. 7. The critical Reynolds numbers for the nonaxisymmetric nsoddSymmetric modes are excited (see Fig. 8). On the other hand,

with m = 1 for small (left) and large (right) magnetic Prandtl nunsber the amplitudes of the toroidal field components grow withagro
ing Reynolds number. For Re 600 the maximunB, exceeds

the axial background field by one order of magnitude.

2000 ' ' ' 3000
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Fig. 8. Top: the radial component of the magnetic field for 83 and for slow rotation (Rns 88, left), medium rotation (Rna 600, middle) and
fast rotation (Rm= 1250, right). For slow and for fast rotation the nonlineastability pattern is purely axisymmetric and for mediumatain it
is nonaxisymmetric. Bottom: the same for the energies if-theier modes of the magnetic field. Peril.

7.2. The angular momentum transport The = <UR'Uo¢' - Ha*/Pm BR'Bo'>

The total angular momentum transport in radial direction is

1600

1 1400
Trs = (UpU,) — —(BRB,) (36)
MR e R
which in the usual manner can be written as
da
Try = —vTR= = assQ?D? (37) ~

with D as the gap width of the container. Hence, the MRds
the normalized angular momentum transport can be computed
with the definition

T% 200

ass= oape (38) 0
1 1.5 2

Note that this definition diers from the usual one unleBs~ H, R

Whic.h values are indeed of the same order for thick d.iSkS' ﬁ?g. 9. The angular momentum transport parametéraveraged only
the first step we computed the quantity (38) by averaging onlyer the azimuth is everywhere positive and only slightijeting a
over the azimuth (Fig. 9). One learns that the angular monment cell structure. Rm= 400, S= 30, Pm= 1.

transport is positive everywhere with a weak indicationtof t
cell structure. There are no areas in the computational gloma

with negative angular momentum transport. Generallyr @it monotonously grows towards the outer cylinder. The raglalt
experiences the Maxwell part in the relation (36) dominéttes eraged pressure for Kepler rotation between the boundiling cy

Reynolds term. o _ ~ ders is of ordepQ?D? so that indeed the relation (37) can be
In order to overcome the axial inhomogeneity we continygad as

to average over thecoordinate so that the resulting expression

remains only a function dR. The resulting profile shows a char-pTR¢ = assp. (39)
acteristic maximum as it must vanish at the boundaries tsecau

of the boundary conditions. The question is how this maximuirhis is the standard relation of the accretion theory whias—

is related to the mean pressure in the computational domaire now know — only holds in the model after averaging over the
The pressure in the container vanishes at the inner cylidér entire cylinder.
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In the next step, therefore, the averaging procedure coaceet al. (2000) and Héret al. 2001). It is obvious that the magnetic
the full container. The following results for tlhes parameter do field amplitude must not much smaller than about one Gauss in
only concern to this model. They are given in Fig. 10, and th@yder to getrss values of order @1 or even larger.

can be represented by thaeear relation

ass=48-10°5,

valid for all the considered Reynolds numbers and magne
Prandtl numbers (Pnx 1) given in Fig. 2 with star symbols.
There is no dependence of thigs on the rotation rate except th
chosen value of the magnetic Reynolds number lies too cl
to the boundaries of the instability map (Fig. 2). For tworexa

(40)

e
Oggse to develop turbulence.

The angular momentum transport shown in Fig. 10 is only
due to the nonaxisymmetric modes with > 0. Only these
modes have been defined as the ‘fluctuations’ in the defisition
ﬂ{:the random functions and B and the well-defined averag-
Ing procedure is considered as the integration @vaie have
shown in Fig. 8 that only these modes in our simulations are

The question remains whether also the axisymmetric modes

ples for Pm= 1 (green diamonds in Fig. 10) the outer boundanyith m = 0 contribute to the angular momentum transport. They
condition has been changed from perfect conductor to pseu@dn be defined as fluctuations only by their small-scale aipati
vacuum. The numbers do not show a remarkable influence of istical variations characterized by the vertical wave benk.

boundary conditions on the resulting valuesrgé.

-3

Then the basic rotation can only be defined(by) after aver-
aging overz. The fluctuations of the flow and the field defined

in this way do indeed transport angular momentum. If also the
axisymmetric modes are used for the calculation of the amgul
momentum then the resulting values always lie above theesurv
for the nonaxisymmetric modes (Figs. 11 and 12). For higher
Reynolds numbers the extra value by the axisymmetric modes
diminishes so that the lines in the Figs. 11 and 12 are apbfroac
ing. In this picture the relation (40) remains true if the Relgs
numbers are large enough compared to the Lundquist number
S, i.e. in the regime of high magnetic Mach number. With such
large values of the magnetic Mach number as discussed above
the contributions of the axisymmetric modes to the visgesit
indeed remain small.

oX 10 ‘
—S=13
---S=30
1.5 00 0 GO-Br--g----p
7]
. 1
-2 20 Py
hd > E il |
0.5¢
0 L L L L
500 1000 1500 2000 2500
REYNOLDS NUMBER
X 10
2,
a 1.5¢ .
o}
l,
0.5-
10 20 30 40 50
LUNDQUIST NUMBER

Fig.10. The normalized angular momentum transpegt (averaged
over the entire cylinder) in its dependence on the Reynaldsaer (top)
and the Lundquist number S (bottom). Influences of both theogity
and the basic rotation on the angular momentum transpoangeter
ass do not appear. Dots: Pm 1.0, circles: Pm= 0.5, stars: Pm= 0.2,

square: Pm= 0.1. Green diamonds: Pm 1.0 and pseudo-vacuum asFig. 11. The normalized angular momentum transpest (averaged

outer boundary condition.

From Eqg. (40) one finds with the numbers (3) that

B D
ass = 0005 = < TAU" (1)

—e—averaged

10001

-6-incl. m=0

Ro

F 500t

200 400 600 800 1000 1200 1400
REYNOLDS NUMBER
X107
| —e—averaged |
-6~incl. m=0

GSS
o P N W M~ O
T

600 800 1000 1200
REYNOLDS NUMBER

200 400

over the entire cylinder) in its dependence on the Reynoldskrer.
Open circles represent the values if the contribution otttennel mode
(m=0)isadded. & 13, Pm= 1.

It is shown in Fig. 11 that the angular momentum transport
by the nonaxisymmetric modes stops for Rmi200. For larger

Hence, the numerical value of the MRllinearly depends on the Reynolds numbers the axisymmetric rolls shown in Fig. 8,(top
amplitude of the magnetic field afmt the size of the disk or the right) do alone produce the viscositywith almost the same

torus. According to the definition (37) one can also undestavalue of about 16°. The given Reynolds numbers reach the nu-
ourassas a realization of thg viscosity in the sense of Duschimerical limits of the code so that the angular momentum trans
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4800F ‘ ] We have shown by considering a dissipative cylindric TC
—o—averaged flow that the MRI only forms nonaxisymmetric modes in a spe-
-o-incl. m=0 cial domain in the Reynolds number-Lundquist humber map.

g 3200¢ 1 While for large Rm the minimum Lundquist numbey$ ~ 1

for the excitation of axisymmetric modes does not depend on
41 Rm the minimum magnetic field for the excitation of nonax-
isymmetric modes grows for growing Rm. Both the weak-field
limit and the strong-field limit of MRI have a positive slopar f

1600

500 1000 1500 nonaxisymmetric modes (see Kitchatinov &dkger 2010). The
inverse magnetic Mach numb&x /Qi, must exceed the value
%107 ~ 31073 (for Pm = 1) in order to get nonaxisymmetric modes
‘ excited. This quenchingfiect is very similar for Pnx 1 but it
3r —e—averaged| s weaker for Pm> 1 (see Eq. (35)). Fluids with Pm 1 seem

-6—incl. m=0 to be favored, therefore, in numerical simulations.
8 For field amplitudes smaller than the given ones the standard
MRIin cylinders is only formed by axisymmetric rolls whicé-r
1t | mained stable in our simulations with Rm up t6*10he domain
of turbulence, therefore, proved to be (much) smaller tlinen t

‘ ‘ ‘ entire domain of MRI. The most important numerical result of
500 1000 1500 the simulations is that for increasing magnetic Reynoldslver
REYNOLDS NUMBER the MRI develops from axisymmetric rolls to nonaxisymnetri
‘turbulence’ and returns to axisymmetric rolls. We did noidfi
sofar a second bifurcation of the roll instability to moreaotic
patterns (Fig. 8).
port by them = 0 mode for very |arge Rm remains an open The dependence of the Wa.V.e numbers On. the field Strength
question as well as its stability towards larger Rm. is in accordance to the expectation that the axial scales fymo

Our results daot confirm the finding of Lesur & Longaretti 9rowing field. Figure 3 shows fan > 0 how large values of S

(2007) and Longaretti & Lesur (2010) who report strong depefiorrespond to small values éfas it follows from the Taylor-
dencies of the normalized angular momentum transport on fRgoudman theorem. The same is truerfoe 0 but with a spe-
microscopic viscosity aridr the basic rotation rate. In particu-Cialty: close to the weak-field branch the axial wave lengtks
lar we do not see a decay of the angular momentum transpgd@n to a minimum for increasing field amplitudes due to the
of the MRI for small magnetic Prandtl number in contrast thfluence of the dissipation. Beginning from this minimunn fo
the conclusions of Fromang et al. (2007). As known from tHgcreasing field amplitudes the wave lengths grow in aceurea
bifurcation maps of the standard MRI the actual value of tH€ the Taylor-Proudman theorem (see Fig. 4).
magnetic Prandtl number is not very important if only theibas ~ The angular momentum transport by the MRI has been com-
rotation and the magnetic background field are normalizéia-wi puted with a nonlinear MHD spectral code which, of course, is
out use of the microscopic viscosity. Of course, one can i able to reproduce all the above given results of the linear th

Fig.12. The same as in Fig. 11 but for530, Pm= 1.

Lundquist number in accordance to ory. In a first step only the angular momentum transport by the
nonaxisymmetric modes (which in the model are the only one
S= Rm (42) to be responsible for turbulence) has been computed. Esguies
B’ by the MRl (38) the results are of a striking simplicity. We

] o did not find an influence of the numerical values of the mag-
with the plasm@ = (QD juop/B,)*. But in this case the depen-netic Prandtl number afor the magnetic Reynolds number on
dence ofr on Rm angp such as described by Longaretti & Lesutnhe resultingrss (Fig. 10). The Lundquist number gives the only
(2010) is merely an artificial dependence. After our findities  influence represented by the linear relation (40). The nioaler
assonly depends on the linear product of the magnetic field, thgjue of theass taken at (say) S~ 100 (1 Gauss for proto-
electric conductivity and the disk size. The total valuea@t planetary disks at R 1 AU!) is only of order 163, This value
does not strongly exceed the limit of £0In comparison with strongly reminds on the numerical results of Brandenbus.et
the results of Longaretti & Lesur the global simulationsdiéa  (1996) obtained with shearing box simulations. Higher ealaf
values smaller by one order of magnitude. ass require stronger fields. Nonlinear relations betweggand
the given axial field component S have not been confirmed here.

The inclusion of the angular momentum transport by the axi-
symmetric ‘channel’ modes gives only a slight modificatidn o
The standard MRI is the instability of fliérential rotation un- this picture. The maximum amplification of the angular momen
der the presence of an axial magnetic field. Axisymmetric amaim transport by the channel mode is characterized by arfacto
nonaxisymmetric modes are excited for supercritical btito@ of two, which for slow rotation gives a stronger increasehsf t
strong fields. One must expect, however, that the nonaxisymss than for fast rotation (Figs. 11 and 12). The total angular
metric modes are quenched by too stronfjedential rotation. momentum transport expresseddays due to axisymmetric and
On the other hand, the nonaxisymmetric modes are importaminaxisymmetric modes finally obtains a weak decrease for in
for any form of hydromagnetic dynamo andthe evolution of creasing Reynolds number. There is even indication théafge
small-scale turbulence and its angular momentum trandpast Reynolds number when the nonaxisymmetric modes eventually
this rotational quenching of the nonaxisymmetric modedtedc become stable the transport by the axisymmetric modessyield
close to the weak-field branch and its consequences for the aearly theass as the transport by the nonaxisymmetric modes
gular momentum transport which is probed in the presentrpapger medium Reynolds numbers does.

8. Discussion
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