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The nonaxisymmetric Tayler instability (TI) of toroidal magnetic fields due to axial electric currents is studied for con-
ducting incompressible fluids between two infinitely long corotating cylinders. For given Reynolds number of rotation the
magnetic Prandtl numberPm of the liquid conductor and the ratio of the cylinder’s rotation rates are the free parameters.
It is shown that for resting cylinders the critical Hartmannnumber for instability does not depend onPm hence the TI also
exists in the limitPm → 0. By rigid rotation the instability is suppressed where forPm = 1 the rotational quenching
takes its maximum. Rotation laws with negative shear (i.e.dΩ/dR < 0) strongly destabilize the toroidal field if the rota-
tion is not too fast. In galaxies with their quadrupolar magnetic field geometry this effect could have drastic implications.
For sufficiently high Reynolds numbers of rotation, however, the TI completely disappears. For the considered magnetic
constellation the superrotation laws support the rotational stabilization. The angular momentum transport of the instability
is anticorrelated with the shear so that an eddy viscosity can be defined which proves to be positive.
We have also shown the possibility of laboratory TI experiments with a wide-gap container filled with fluid metals like
sodium or gallium. Even the effect of the rotational stabilization can be reproduced in the laboratory with electric currents
of only a few kA.
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1 Motivation

A known instability of toroidal fields is the current-driven
(‘kink-type’) Tayler instability (TI) which is basically non-
axisymmetric (Tayler 1957; Vandakurov 1972; Tayler 1973;
Acheson 1978). The toroidal field becomes unstable against
nonaxisymmetric perturbations for a sufficiently large mag-
netic field amplitude depending on the radial profile of the
field. A global rigid rotation of the system stabilizes the TI,
i.e. much higher field amplitudes can be kept stable. For
the rapidly rotating regimeΩ2 > Ω

2
A

(with ΩA being the
Alfvén frequency of the toroidal field) the stability becomes
complete, i.e.all possible modes in incompressible fluids of
uniform density are stable (Pitts & Tayler 1985). We shall
demonstrate in the present paper how this instability and its
stabilization by rigid rotation can experimentally be realized
with fluid conductors like sodium and gallium. There is so
far no empirical or observational proof of the existence of
the TI (Maeder & Meynet 2005).

Another important topic in this respect is the stability of
rotation laws withdΩ/dR < 0 (‘subrotation’). It is known
that they become centrifugally unstable in the hydrody-
namic regime if they are steep enough to fulfill the Rayleigh
criterion (d(R2

Ω)/dR < 0). This linear instability is basi-
cally axisymmetric. However, for magnetized ideal fluids
under rapid rotation, Acheson (1978) even finds instability
of the nonaxisymmetric mode withm = 1 if the shear flow
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is ‘superalfvénic’, i.e.

−R
dΩ

2

dR
> Ω

2

A. (1)

Hence, a nonaxisymmetric MHD instability exists even for
rather flat rotation laws if a weak toroidal magnetic field is
present (despite of the rapid-rotation conditionΩ

2 > Ω
2
A

).
Of course, relation (1) has no meaning for vanishing mag-
netic fields. One can also say that Eq. (1) describes a desta-
bilizing role of the differential rotation withdΩ/dR < 0.
The system of flow and field becomes unstable although the
differential rotation alone would be stable and also the mag-
netic field alone would be stable.

It is, of course, important to know whether this result is
modified for real fluids with finite values of viscosity and
magnetic diffusivity. We shall show that indeed an extreme
destabilization of toroidal magnetic fields by weak subro-
tation exists for modest rotation. More importantly, how-
ever, is the behavior of this nonaxisymmetric instability for
strong differential rotation as the latter tends to destroynon-
axisymmetric magnetic patterns. We shall find that indeed
the instability disappears for too fast rotation. The astro-
physical consequences for the stability of toroidal magnetic
fields in differentially rotating stellar radiative zones and in
the fluid crust of high-spinning neutron stars might thus be
very strong.

Important is also the existence of a nonaxisymmet-
ric instability for flat subrotation laws even for current-
free toroidal fields(Bφ ∝ 1/R) which is called Azimuthal
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MagnetoRotational Instability (AMRI, see Rüdiger et al.
2007a). It appears if the shear becomes superalfvénic, i.e.
the magnetic Reynolds number exceeds the (high enough)
Lundquist number of the toroidal field. For too high
Reynolds numbers, however, also this effect disappears.
Nonuniform rotation always tends to suppress any nonax-
isymmetric magnetic mode. The same phenomenon can be
observed for the nonaxisymmetric modes of TI.

Another new question arises about the role of ‘superro-
tation’ (i.e.dΩ/dR > 0) which is rather stable in the hydro-
dynamic regime. One can expect that toroidal fields subject
to superrotation may be stabilized. Then it should also be
true that for solar low latitudes, where in the bulk of the
convection zone the equatorialΩ increases outwards, the
toroidal field is stabilized and can be amplified to much
higher values than it would be possible for the opposite
rotation law. Note that the sunspots with their rather high
magnetic field strength appear in the same latitude as the
superrotation does. In the present paper it is shown by
use of a simplifying cylinder geometry that indeed for not
too large magnetic Prandtl numbers superrotation stabilizes
toroidal magnetic fields while subrotation strongly destabi-
lizes toroidal magnetic fields in the case that the rotation
is not too fast. The stabilization by superrotation, however,
vanishes for large magnetic Prandtl number.

In the shearing box approximation Tagger, Pellat
& Coroniti (1992) already considered nonaxisymmetric
modes for vertical fields and also for azimuthal fields (Bal-
bus & Hawley 1992). Except by these authors, the stability
problem of a system of toroidal fields and differential rota-
tion has been studied in cylindric geometry (Michael 1954;
Chandrasekhar 1961; Howard & Gupta 1962; Chanmugam
1979; Knobloch 1992: Dubrulle & Knobloch 1993; Kumar,
Coleman & Kley 1994; Pessah & Psaltis 2005; Shalybkov
2006) but in all studies only axisymmetric perturbations
are considered. In ideal MHD also nonaxisymmetric modes
have been studied for current-free toroidal fields (Ogilvie&
Pringle 1996). Here as a continuation of papers by Rüdiger
et al. (2007a,b) the attention is focused to the nonaxisym-
metric perturbation modes withm = 1 for real fluids. In
particular, the possible realizations of the instabilities as ex-
periments in the (MHD-)laboratory are discussed.

2 The Taylor-Couette geometry

A Taylor-Couette container is considered confining a tor-
oidal magnetic field of given amplitudes at the cylinders
which rotate with different rotation ratesΩ (see Fig. 1). The
gap between the cylinders is considered small. For labora-
tory applications the case of a very wide gap is also consid-
ered. Formally, the inner radius is100 η̂ % of the outer ra-
dius. The extreme values ofη̂ = 0.05 andη̂ = 0.95 are used
in the present paper contrary to the calculations by Rüdiger
et al. (2007a) for a medium gap ofη̂ = 0.5. The fluid con-
fined between the cylinders is assumed to be incompressible
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Fig. 1 (online colour at: www.an-journal.org) The conducting
fluid resides between two concentric cylinders with radiiRin and
Rout rotating withΩin andΩout. Bφ is the magnetic field due to
axial currents inside the outer cylinder.

with uniform density and dissipative with the kinematic vis-
cosityν and the magnetic diffusivityη.

Derived from the conservation law of angular momen-
tum the rotation lawΩ(R) in the fluid is

Ω(R) = a +
b

R2
, (2)

with

a =
µΩ − η̂2

1 − η̂2
Ωin, b =

1 − µΩ

1 − η̂2
R2

inΩin, (3)

where

η̂ =
Rin

Rout

, µΩ =
Ωout

Ωin

. (4)

Ωin andΩout are the imposed rotation rates of the inner and
outer cylinders with radiiRin andRout. After the Rayleigh
stability criterion the flow is hydrodynamically stable for
µΩ > η̂2. We are only interested in hydrodynamically sta-
ble regimes so thatµΩ > η̂2 must be fulfilled. Rotation
laws with dΩ/dR > 0 are described byµΩ > 1 and rota-
tion laws withdΩ/dR < 0 by µΩ < 1. µΩ = 1 gives the
case of rigid rotation.

Also the magnetic profiles are restricted for real fluids.
The solution of the stationary induction equation without
inducing shear reads

Bφ = AR +
B

R
(5)

in cylinder geometry.A andB are the basic parameters; the
termAR corresponds to uniform axial currents withI = 2A
everywhere withinR < Rout, andB/R corresponds to a
uniform additional electric current only withinR < Rin. In
the present paper we generally put

B = 0 (6)
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(see Pitts & Tayler 1985) with the consequence that the
AMRI does not appear. The behavior of the toroidal field
is thus only due to the TI for magnetic fields which are in-
creasing outwards.

It is useful to define the quantity

µB =
Bout

Bin

, (7)

measuring the variation ofBφ across the gap. VanishingB
leads toµB = 1/η̂. For η̂ → 1 this choice is so close to
the current-free solutionµB = η̂ that the field becomes un-
stable against perturbations withm = 1 only for very high
Hartmann numbers1.

In the following we fixµB = 1/η̂ but we shall vary the
magnetic Prandtl number

Pm =
ν

η
, (8)

and also the values ofµΩ . If the results are to be applied
to parts of the stellar convection zones the magnetic Prandtl
number must be replaced by a value of order unity for the
turbulent medium.

3 Equations and numerical model

The dimensionless MHD equations for incompressible flu-
ids are

Re
∂u

∂t
+ Re(u · ∇)u = −∇P + ∆u + Ha2 rotB × B,

Rm
∂B

∂t
= ∆B + Rmrot(u × B), (9)

with div u = div B = 0 and with the Hartmann number

Ha =
BinD√
µ0ρνη

. (10)

HereD =
√

Rin(Rout − Rin) is used as the unit of length,
η/D as the unit of velocity andBin as the unit of magnetic
fields. Frequencies including the rotationΩ are normalized
with the inner rotation rateΩin. The Reynolds numberRe
is defined as

Re =
ΩinD2

ν
, (11)

and the magnetic Reynolds number is

Rm =
ΩinD2

η
. (12)

Sometimes it appears here as useful to work with the
‘mixed’ Reynolds number

Rem =
√

Re · Rm, (13)

which is symmetric inν andη as is also the Hartmann num-
ber. ForPm = 1 it is Re = Rm = Rem. It is also useful to
use the Lundquist numberS =

√
Pm Ha. The ratio ofRem

andHa,

Mm =
Rem

Ha
, (14)

1
Hacrit = ∞ for current-free magnetic fields without rotation

is called the magnetic Mach number.
Applying the usual normal mode analysis, we look for

solutions of the linearized equations of the form

F = F (R)exp
(

i(kz + mφ + ωt)
)

. (15)

Using Eq. (15), linearizing the Eq. (9) and representing the
result as a system of first order equations, one finds

duR

dR
+

uR

R
+ i

m

R
uφ + ikuz = 0,

dP

dR
+ i

m

R
φu + ikZ +

(

k2 +
m2

R2

)

uR +

+ iRe(ω + mΩ)uR − 2ΩReuφ −
− iHa2mAbR + 2Ha2Abφ = 0,

dφu

dR
−

(

k2 +
m2

R2

)

uφ − iRe(ω + mΩ)uφ +

+ 2i
m

R2
uR − Re

R

d

dR

(

R2
Ω

)

uR +

+ 2Ha2AbR + iHa2mAbφ − i
m

R
P = 0,

dZ

dR
+

Z

R
−

(

k2 +
m2

R2

)

uz − iRe(ω + mΩ)uz −

− ikP + iHa2mAbz = 0,

dbR

dR
+

bR

R
+ i

m

R
bφ + ikbz = 0,

dbz

dR
− i

k

(

k2 +
m2

R2

)

bR + PmRe
1

k
(ω + mΩ)bR +

+
1

k

m

R
φB − 1

k
mAuR = 0,

dφB

dR
−

(

k2 +
m2

R2

)

bφ − iPmRe(ω + mΩ)bφ +

+ i
2m

R2
bR − RuR + PmReR

dΩ

dR
bR + imAuφ = 0, (16)

whereφu, Z andφB are defined as

φu =
duφ

dR
+

uφ

R
, Z =

duz

dR
, φB =

dbφ

dR
+

bφ

R
, (17)

andA = 1/Rin (Rin in units ofD).
An appropriate set of ten boundary conditions is needed

to solve the system (16). For the velocity the boundary con-
ditions are always no-slip, i.e.

uR = uφ = uz = 0. (18)

For conducting walls the radial component of the field and
the tangential components of the current must vanish yield-
ing

dbφ/dR + bφ/R = bR = 0. (19)

These boundary conditions are applied at bothRin and
Rout. The wave number is varied as long as for given Hart-
mann number the Reynolds number takes its minimum.
The procedure is already described in detail by Shalybkov,
Rüdiger & Schultz (2002). One immediately finds that the
sign of the real wave numberk is free so that with the so-
lution for k also another one with−k exists with the same
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eigenfrequency.For containers bounded inz standing waves
can thus develop.

The necessary and sufficient condition for the stability
of toroidal fields in ideal Taylor-Couette flows against ax-
isymmetric perturbations is by Michael (1954) and reads

1

R3

d

dR
(R2Ω)2 − R

µ0ρ

d

dR

(

Bφ

R

)2

> 0 . (20)

Fields which are not steeper thanBφ ∝ R are thus always
stable againstm = 0 perturbations if the rotation law is
also stable. Tayler (1973) found the necessary and sufficient
condition
d

dR

(

RB2

φ

)

< 0 (21)

for stability of an ideal nonrotating fluid against nonaxisym-
metric disturbances. Our field profileBφ = AR is thus sta-
ble againstm = 0 and unstable for sufficiently large field
amplitudes, i.e. forHa > Hacrit. The same is true for the
nearly uniform fields withµB ≃ 1. A general criterion for
rotating flows does not exist.

The system (16) is used to demonstrate that for rest-
ing cylinders theHacrit does not depend on the magnetic
Prandtl numberPm. To this end in the equations all terms
resulting from the rotational influence are dropped. The fre-
quencyω is replaced byω/Re. Furthermore, the flow com-
ponentsuφ anduz are replaced by−iuφ and−iuz and the
field componentbR is replaced byibR. It results
duR

dR
+

uR

R
+

m

R
uφ + kuz = 0,

dP

dR
+

m

R
φu + kZ +

(

k2 +
m2

R2

)

uR +

+ iωuR +
Ha2m

Rin

bR +
2Ha2

Rin

bφ = 0,

dφu

dR
−

(

k2 +
m2

R2

)

uφ − iωuφ − 2
m

R2
uR −

− 2Ha2

Rin

bR − Ha2m

Rin

bφ +
m

R
P = 0,

dZ

dR
+

Z

R
−

(

k2 +
m2

R2

)

uz − iωuz +

+ kP − Ha2m

Rin

bz = 0,

dbR

dR
+

bR

R
+

m

R
bφ + kbz = 0,

dbz

dR
+

1

k

(

k2 +
m2

R2

)

bR + Pm
i

k
ωbR +

+
m

kR
φB − m

kRin

uR = 0,

dφB

dR
−

(

k2 +
m2

R2

)

bφ − iPmωbφ −

− 2m

R2
bR − RuR +

m

Rin

uφ = 0, (22)

Note that the magnetic Prandtl number only survives to-
gether withiω which is purely imaginary for marginal in-
stability. Hence, in the real part of the system (22) the fre-
quency terms including thePm do not appear. The only free

Fig. 2 The critical Hartmann number forΩ = 0 for various con-
tainer gaps (̂η) between conducting cylinders.Bottom: very wide
gaps (̂η → 0). The dotted line represents the algebraic expression
25 η̂1.5. The numbers are valid for all magnetic Prandtl numbers,
see text.

parameter in the real part of the system (22), therefore, is the
critical Hartmann number which results thus as equal for all
Pm. Shalybkov (2006) has given a similar result form = 0.

The Hartmann numbersHacrit for variousη̂ are given
in Fig. 2. They vary over many orders of magnitude and
become very small for wide gaps (η̂ → 0). For smallη̂ the
critical Hartmann number vanishes like

Hacrit ∝ η̂1.5 (23)

with a factor of about 25. Our calculation with the smallest
Rin concern̂η = 0.001 and lead toHa = 0.00075.

In the present paper the gap between the cylinders is as-
sumed as narrow (̂η = 0.95) and in another computation as
wide (η̂ = 0.05) so that the unit of distances,D, is the same
in both cases for fixed outer radius. The narrow gap model
serves to astrophysical discussions (solar tachocline, neu-
tron star crust, supergranulation layer) while the wide gap
results are needed to prepare future laboratory experiments.
We have shown with similar models that indeed wide gaps
are much more suitable for TI experiments with liquid met-
als like sodium or gallium than narrow gaps (Rüdiger et al.
2007b).
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Fig. 3 The suppression of the TI by rigid rotation. The curves
are marked with their magnetic Prandtl numberPm. The rotational
suppression of TI is weaker forPm 6= 1 than forPm = 1. η̂ =

0.95, narrow gap.

4 Narrow gap

For η̂ = 0.95 it is µB = 1.05. The critical Hartmann num-
ber forRe = 0 is 3061 for allPm (see Fig. 2). The Rayleigh
limit for centrifugal instability isµΩ = η̂2 = 0.9025.

4.1 Rigid rotation

We start with the simplest case of the interaction of toroidal
field and global rotation, i.e. with the marginal instability
for rigid rotation (µΩ = 1) and for variousPm.

The results of the calculations are shown in Fig. 3 in
the plane ofRem andHa. As we already know the critical
Hartmann numberHa for Rem = 0 does not depend on the
magnetic Prandtl number. The new result is that the criti-
cal Ha always grows for growing rotation rate. This is the
stabilizing action of rotation. In the representation of Fig. 3
(where the parameters on both axes are symmetric inν and
η) the rotational stabilization is strongest forPm = 1 but
it becomes weaker forPm 6= 1. For Rem <

∼ 500 the dif-
ferences of the critical magnetic fields forPm varying over
three orders of magnitude are surprisingly small.

For higher values ofRem the curves seem to represent
a linear relation betweenRem andHa. Note that in Fig. 3
the magnetic Mach number

Mm =
ΩD

Bin/
√

µ0ρ
(24)

is the smallest forPm = 1. If this behavior remained
true also for much higherHa then the consequences can
be strong: In turbulent fluids and/or in simulations with
Pm = 1 rather strong magnetic fields remain stable which
for the realPm 6= 1 are already unstable. For smallPm
(stellar radiative interior) and highPm (galaxies, neutron
stars) the magnetic instability is much more efficient and
already works for much smaller magnetic field strengths.

For neutron stars the ratio (24) yields

Mm ≃ 3 ×1014 Gauss

Bφ

, (25)

Fig. 4 The same as in Fig. 3 but for fixed magnetic diffusivity
η and free molecular viscosity. High viscosity stabilizes the mag-
netic fields and reduces the rotational influence.

so thatBφ ≃ 3 ×1014 Gauss is the critical value for the
toroidal field. We have here used the numerical valuesΩ =
100 s−1, ρ ≃ 1013 g/cm3 andD ≃ 3 ×105 cm.

The same data are plotted in Fig. 4 in the plane of Rm
and S. Again the curves are marked with their magnetic
Prandtl numbers. One can read this plot in the sense that
rotation, magnetic field and magnetic diffusivityη are given
and the viscosity (in units ofη) is varied. For high viscosity
the fields must be much stronger to become unstable. One
finds a distinct stabilizing influence of the viscosity. The ro-
tational influence, however, is weaker for high viscosity.

The results are applied to the bottom of the convec-
tion zone. The theory of the advection-dominated dynamo
requires a small value of1011 cm2/s for the eddy diffu-
sivity η while the eddy viscosityν should be larger for
the explanation of the differential rotation pattern so that
Pm ≥ 10. With Ω ≃ 2 ×10−6 s−1 andD ≃ 1010 cm we
find Rm ≃ 2000. Figure 4 yieldsS ≤ 104 for stability. With
ρ ≃ 0.1 g/cm3 the upper limit for stable toroidal fields be-
comes 100 kGauss. Stronger fields will not be possible.

4.2 Nonuniform rotation

The form of the rotation law is now changed for vari-
ous magnetic Prandtl numbers. Rotation laws with nega-
tive shear (hereµΩ = 0.5 and µΩ = 0.92) and with neg-
ative shear (hereµΩ = 1.07) are investigated. The rotation
law with µΩ = 0.5 is centrifugally unstable without mag-
netic field. It is given only for demonstration. The remain-
ing rotation laws are stable in the hydrodynamic regime.
One finds the numerical results for marginal stability of
them = 1 mode in Fig. 5. Superrotation stabilizes the field
more than solid-body rotation. For subrotation the behav-
ior is opposite. While for rigid rotation and superrotation
the critical Hartmann numbers grow for growing Reynolds
numberRem, for subrotation theHa become smaller so that
finally the shear becomes superalfvénic. This effect is in ac-
cordance with the Acheson relation (1).

www.an-journal.org c© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Fig. 5 Reynolds number vs. Hartmann number of the TI for
subrotation (µΩ = 0.5, µΩ = 0.92), rigid rotation (µΩ = 1)
and superrotation (µΩ = 1.07). Note the rotational quenching for
µΩ = 1, the strong destabilization by subrotation and the stabi-
lization by superrotation. Conducting cylinder walls,η̂ = 0.95,
Pm = 1.

This finding, however, cannot be the final answer. Very
intensive differential rotation always tends to suppress non-
axisymmetric magnetic patterns. We therefore expect that
for higher Reynolds numbers the Eq. (1) looses its mean-
ing. In Fig. 6 the marginal-instability curve forµΩ = 0.92 is
thus followed to higher values of the Reynolds number. The
result of the calculations is that also for subrotation the ba-
sic rotation finally suppresses the instability ifRem >

∼ 4000.
However, the rigid rotation seems to be much more effective
to stabilize the TI. The critical magnetic amplitudes for in-
stabilities are much higher for rigid rotation than for differ-
ential rotation. There is, surprisingly, no extra stabilization
effect of the differential rotation in the considered Taylor-
Couette flow.

Up to this value the differential rotation actsdestabiliz-
ing. Applications of such results to astrophysical objects are
possible but only for magnetic geometries symmetric with
respect to the equator as existing in galaxies. Toroidal field
belts with different signs in both hemispheres behave dif-
ferent (see Rüdiger & Kitchatinov 2010). In regions of con-
vection zones withdΩ/dR < 0 much weaker toroidal fields
become unstable than for rigid rotation. This finding should
have strong implications for the electrodynamics of rotat-
ing stars with quadrupolar magnetic field geometry. Young
stars typically rotate ten times faster than old stars such as
the Sun. For the supergranulation part of the solar convec-
tion zone the turbulent magnetic Reynolds number does not
exceed (say) 300. Due to their faster rotation for younger
solar-type stars it can easily reach the value of 3000. For all
Pm and a Reynolds number of order 3000 the field becomes
unstable already for very smallHa of order 100. Hence, the
maximum stable toroidal fields in this zone is much weaker
for fast rotating stars than for the slow-rotating Sun.

In Fig. 5 also the (dashed) curve forµΩ = 0.5 is given
for comparison. Such a rotation law is unstable without
magnetic field form ≥ 0. The magnetic field additionally

Fig. 6 The same as in Fig. 5 forµΩ = 0.92 and for solid-
body rotation (µΩ = 1) but for much higher Reynolds numbers.
The destabilization by differential rotation only holds for medium
Reynolds numbers. For faster rotation the rotational stabilization
dominates.Pm = 1.

destabilizes the rotation law so that forHa = 3061 the TI
works even without any rotation.

The differences of the results for subrotation and for
superrotation only appear for faster rotation but it is still
unclear how strong the magnetic fields must be. The cal-
culations for nonuniform rotation laws must be extended
to smaller and higher magnetic Prandtl numbers. Figure 7
gives the results forPm = 0.1 andPm = 10. They can be
best written with the characteristic numbersRem andHa
because in this formulation the differences for the small and
the large magnetic Prandtl number are smallest. For small
magnetic Prandtl number the stabilizing influence of super-
rotation is stronger than for high magnetic Prandtl numbers.
Note that forPm = 10 the stabilization of the magnetic
field by superrotation is even smaller than that of rigid rota-
tion. It is not clear whether for even larger magnetic Prandtl
numbers rotation laws with positive shear become able to
destabilize the magnetic fields.

Written with Rem andHa one finds for given rotation
law with µΩ ≃ 1 thatPm = 1 yields the most effective sta-
bilization of the toroidal magnetic field. ForPm 6= 1 the sta-
bilization is stronger for smallPm than for largePm. The
differences, however, are small. For subrotation (µΩ < 1)
the very effective rotational destabilization of the magnetic
field hardly depends on the magnetic Prandtl number.

In summary, we have shown for the container with
the narrow gap that without rotation the critical Hart-
mann number isHa = 3061 independent of the magnetic
Prandtl number. This value is increased for solid-body ro-
tation and for superrotation but it is drastically reduced to
about 100 for subrotation withRem ≥ 1000. There is no
strong dependence of these characteristic numbers on the
magnetic Prandtl number. However, for too fast rotation
(Rem > 3500) the destabilization changes to rotational sta-
bilization (see Fig. 6). On the other hand, the role of super-
rotation to stabilize the magnetic field changes to destabi-
lization for too high magnetic Prandtl number.
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Fig. 7 (online colour at: www.an-journal.org) The same as in
Fig. 5 but forPm = 0.1 (dotted),Pm = 1 (dashed) andPm = 10

(solid). The curves for negative shear (µΩ = 0.92, subrotation)
are red and the curves for positive shear (µΩ = 1.07, superro-
tation) are green. For largePm superrotation yields less stability
than rigid rotation.

4.3 The angular momentum transport

The solutions of the linear equations are free to an arbitrary
real parameter of any sign. We do not know, therefore, the
sign of the flows and the fields. However, for quadratic ex-
pressions such as the correlation tensor or the electromotive
force one can find the signs as all the solutions are multi-
plied with one and the same parameter.

Let us apply this idea to the angular momentum trans-
port

TR = 〈u′

Ru′

φ − 1

µ0 ρ
B′

RB′

φ〉. (26)

The average procedure consists of an integration over the
azimuthφ. The question we shall answer is whetherTR and
dΩ/dR are anticorrelated. If this is true then the angular
momentum flows towards the minimum of the angular ve-
locity, and one can introduce an eddy viscosityνT in accor-
dance to

TR = −νTR
dΩ

dR
(27)

with positiveνT.
After normalization the expression (26) reads

TR ≃ 〈u′

Ru′

φ〉 − Ha2Pm〈B′

RB′

φ〉. (28)

In Fig. 8 the angular momentum (26) normalized with
√

〈u′2
Ru′2

φ 〉 is given. Without magnetic fields its absolute

value must be smaller than unity. The Maxwell stress, how-
ever, may produce higher values. We see from Fig. 8 that in
the linear theory the magnetic contribution is surprisingly
small.

Fig. 8 The angular momentum transport (26) for subrotation
(µΩ = 0.92, top) and superrotation (µΩ = 1.07, bottom).Re =

500, Pm = 1. The torque is positive for subrotation and negative
for superrotation. The values are normalized with the turbulence

intensityU =

q

〈u′2
R〉〈u′2

φ 〉. Due to the Maxwell stress they can

exceed unity.

For simplicity we only work here withPm = 1. The
angular momentum transport vanishes for rigid rotation and
it is indeed anticorrelated with∇Ω . The diffusion approx-
imation (27) is thus possible. Its magnetic part is (only) of
the same order than its kinetic part.

5 Wide gap

For η̂ = 0.05 it is µB = 1/η̂ = 20. The critical Hartmann
number forRe = 0 is 0.31 for allPm (see Fig. 2). The
Rayleigh limit for centrifugal instability isµΩ = 0.0025.

5.1 Electric currents

The technical possibilities are now discussed to realize such
a small Hartmann number in the laboratory working with
liquid metals. LetIaxis be the axial current inside the inner
cylinder andIfluid the axial current between the inner and
the outer cylinder. The assumptionB = 0 in Eq. (5) pro-
vides

Ifluid

R2
out − R2

in

=
Iaxis

R2
in

(29)

as the current density is homogeneous. Hence,
Ifluid

Iaxis

=
1 − η̂2

η̂2
= 399 (30)

for η̂ = 0.05. It is also clear that

Bin =
Iaxis

5Rin

, (31)
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Fig. 9 The same as in Fig. 3 but for̂η = 0.05. The curves are
marked with the magnetic Prandtl numbers. Again rotating fluids
with Pm = 1 undergo the strongest stabilization.

whereR, B, andI are measured in centimeter, Gauss, and
Ampere. It follows

Iaxis =
5RinHa

D

√
µ0ρνη = 5

√

η̂

1 − η̂
Ha

√
µ0ρνη. (32)

With the numerical values for̂η = 0.05 and
√

µ0ρνη =
25.6 for the gallium-tin alloy used in the experiment
PROMISE we find

Ifluid = 11.8 Ha [kA] (33)

for the electric current through the gallium and

Iaxis = 29.5 Ha [A] (34)

for the current along the axis. WithHa = 0.31 for η̂ = 0.05
(see Fig. 2) the results areIfluid = 3.66 kA and Iaxis =
9.1 A.

With the limit (23) ofHa for small η̂ one finds

Ifluid = 140
√

1 − η̂(1 + η̂)
√

µ0ρνη [A]. (35)

For η̂ → 0 the total current through the gallium becomes
3.50 kA which is within the present-day technical possibil-
ities. Hence, we have shown that it should be possible to
realize the nonaxisymmetric current-driven TI in the MHD
laboratory also with fluids of small magnetic Prandtl num-
ber, e.g. with sodium or gallium.

5.2 Uniform rotation

Figure 9 gives for the wide-gap container the rotational
quenching of the TI for various values of the magnetic
Prandtl number similar to Fig. 3 for the narrow gap. Again
the lines for marginal instability in theRem-Ha plane are
straight lines. The line forPm = 1 gives the maximum
stabilization by rigid rotation. A stronger stabilizationdoes
not exist. Hence, ifRem <

∼ 4 ·Ha then all fluids are unstable
if subject to rotation. The rotational stabilization is much
weaker forPm 6= 1. It is particularly weak for very small
Pm.

Fig. 10 The suppression of the TI in a wide-gap container by
rigid rotation for Pm = 10

−5 and Pm = 10
−6. The standard

Reynolds number (11) is given for experimental applications.
There are no visible differences for the curves forPm = 10

−6

and forPm = 0. η̂ = 0.05, µB = 20.

The question is whether also the rotational stabilization
of the TI can be probed in the laboratory. The rigidly ro-
tating wide-gap container is thus considered also for the
very small magnetic Prandtl numbers of fluid metals. The
magnetic Prandtl number of sodium is aboutPm = 10−5,
and for gallium it is aboutPm = 10−6. Without rotation
the critical Hartmann number is 0.31 for this container (in-
dependent ofPm). With rotation the numerical results are
given in Fig. 10. We find the rotational stabilization also ex-
isting for conducting fluids with their smallPm. For not too
fast rotation the differences of the resulting criticalHa are
very small for both the fluid conductors so that even exper-
iments with gallium are also possible. For the rather small
Reynolds number of order 1000 the marginal-stable mag-
netic field is about two times higher than forRe = 0. It
should thus not be too complicated to find the basic effect
of the rotational suppression of TI – which proves to be im-
portant both for the rapid-rotating hot MS stars and also for
neutron stars – in the MHD laboratory.

The curves in Fig. 10 do not become more steep for
Pm → 0. There is no visible difference between the curves
for Pm = 10−6 andPm = 0.

6 Conclusions

In this paper the interplay of toroidal magnetic fields and
rotation for incompressible fluids of uniform density filling
the gap between the cylinders of a Taylor-Couette container
is considered. The toroidal field is the result of an electric
current of homogeneous density. It is shown that for zero
rotation the critical magnetic field amplitudes for marginal
Tayler instability does not depend on the magnetic Prandtl
number but the critical magnetic field strongly depends on
the gap width. It is very high for small gaps and it this rather
low for wide gaps. For small enough inner radiusRin the
critical Hartmann number (of the inner field strength) runs
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asR1.5
in

. The resulting electric currents necessary for TI with
m = 1 slightly exceeds 3.5 kA if the material is the same
gallium-tin alloy as used in the experiment PROMISE. Such
currents can easily be produced in the laboratory.

For a narrow gap witĥη = 0.95 the rotational quenching
of the TI is studied in detail. Figure 3 displays the rotational
stabilization for various magnetic Prandtl numbers. To nor-
malize the basic rotation a ‘mixed’ Reynolds number (13)
is used in which – as in the Hartmann number – the vis-
cositiesν andη are symmetric. The ratio of this Reynolds
numberRem and the Hartmann number (i.e. the magnetic
Mach number) is free of any diffusivity. For fast enough ro-
tation just this ratio describes the rotational quenching of
TI for variousPm. In this representation the results forPm
between 0.01 and 10 are rather simple. The most effective
stabilization of TI happens forPm = 1. It is weaker for
both smallerPm and higherPm. This is an unexpected re-
sult which may warn that many numerical simulations with
Pm ≃ 1 could overlook the nonaxisymmetric instability of
strong toroidal fields.

Also the inclusion of differential rotation leads to sur-
prising results. ForPm = 1 the Fig. 5 presents the basic
differences for rotation laws with different signs ofdΩ/dR.
While superrotation always stabilizes the magnetic field,
there is a dramatic destabilization phenomenon by subrota-
tion for medium rotation rates. This is the effect announced
with Eq. (1) by Acheson (1978). Slow and fast rotators with
negative shear thus have a very different stability behavior.
However, if the rotation is too strong then the nonaxisym-
metric instabilities are more and more destroyed by the very
high shear amplitudes (see Fig. 6).

Our calculations demonstrate that rigid rotation always
stabilizes the magnetic field against the nonaxisymmetric
TI. We have also shown that this rotational stabilization can
be realized in the laboratory. Figure 10 provides the result

that the critical Hartmann number in a wide-gap container
of η̂ = 0.05 can be increased by a factor of two by a
rigid rotation of Reynolds number 1000. For the gallium-
tin alloy with its molecular viscosity of3.4×10−3 cm2/s
this Reynolds number is reached for a rotation frequency
of about11.4/R2

out Hz with Rout in cm. The rotation fre-
quency of 0.11 Hz forRout ≃ 10 cm is rather small. For the
same container one needs the electric current of 7.32 kAmp
through the gallium-tin alloy to realize the Tayler instability
in the rotating fluid conductor.
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