


3.2. EQUATIONS OF CR HYDRODYNAMICS

3.2 Equations of CR Hydrodynamics

The equations for ideal MHD coupled to non-thermal CR and &ifwave populations are

given by:
%+r (uw=0; (3.1)
%H (uu+Pl BB)=g; (3.2)
" % +r (Bu uB)=0 (3.3)
Ser WC+P) (U BBl=U g+ Q.+ Q) (3.4

wherel is the unit matrix andb is the dyadic product of vectoesandb. Gas density, mean
velocity, and the local mean magnetic eld are denoted py andB. The total force exerted
by CRs, Alfen waves and the thermal gas is denotedyand will be de ned below. The
MHD pressure and energy density are given by

BZ
P= Pth + 7, (35)
u2
"= 7+Ilth+"8; (3.6)

where Py, is the thermal pressuréy, and"z = B?=2 are the thermal and magnetic energy
densities, respectivelfQ are the source terms of thermal energy due to &ifwave energy

losses as detailed in Section 3.5. All pressures and the respective energy densities are related
by equations of states:

5

Pn=(wn 1) th= 3 (3.7)
4

Per = ( cr 1)"cr; cr — é; (38)
3

Py = ( a 1)"a; ; a— E; (3-9)

where P, is the CR pressure ané, are the ponderomotive pressures due to presence of
Alfv én waves on scales that are resonant with the gyroradii of (pressure-carrying GeV to TeV)
CRs. This enables a well-de ned separation of scales in comparison to the large-scale magnetic
eld.

We augment these evolution equations of MHD quantities by a CReAltssubsystem,
which encompasses the hydrodynamics of CR transport that is mediated @nAlfaves.
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and is a conserved quantity, which follows from the conservation law

@1t0t
@

There is no contribution by either large-scale or small-scale electromagnetic elds because their

+r (UMt + Pl  BB) = 0 (3.23)

momenta are assumed to be vanishingly small in the non-relativistic MHD approximation.

3.3 CR Phase Space Dynamics

After summarizing the full set of equations for CR hydrodynamics, we will now derive them.
Starting with the Vlasov equation, we discuss the Eddington approximation to the transport of
the CR distribution function. In the next step, we will derive the CR uid equations.

3.3.1 Focused CR transport equation

The CR distribution lives in phase space that is spanned by the momentum and spatial coordi-
natesp andx, respectively, and is de ned as

d®N
f fxpt) = == 24
(5P = G (3.24)
It evolves according to the comoving Vlasov equation in the semi-relativistic limit,
a +(Uu+3 f+F f=0; 3.25
@ u+3d r r of=0; (3.25)

where the mean gas velocitlyand timet are measured in the lab frame, the CR velo8iand
momentump are measured in the comoving frame, &denotes the total force. The descrip-

tion in the comoving frame introduces pseudo forces (denotdehlyq) since the momentum
measured by an observer in the comoving frame changes for each change of the reference ve-
locity u. Furthermore, CRs as charged particles are subject to the Lorentz force, which we
split into contributions by large-scale and small-scale electromagnetic Elglg,o andF micro,
respectively:

F= I:pseudo +Fmacro +Fmicro | (326)
= m(;—l: (pr )u+Ze¥+Ze E+ 3 S B ; (3.27)

see equation (5.18) in Zank (2014) or Appendix 3.12 for a covariant derivation. Here, the
Lagrangian time derivative is denoted byddl= @=@ u r and E and B are electric and
magnetic uctuations, respectively.
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3.9. CONCLUSIONS

waves through the gyroresonant instability. Scatteringob this wave eld modulates the
macroscopic mode of CR transport in interesting and non-trivial ways.

For the rsttime, we provide a mathematically rigorous derivation of the equations of CR hy-
drodynamics that are coupled to the evolution of Alfwaves in the Eddington approximation
of RT. We accomplish this by evaluating the zeroth- and rst-order CR pitch-angle moment of
the gyro-averaged CR transport equation and successive integration over CR-momentum space.
As a result, we obtain two coupled evolution equations for the CR energy dégsépd its
ux density f.;, which resemble the equations of classical radiation hydrodynamics.

However, both equations depend on CR scattering terms, which need to be speci ed to close
this set of equations. Our key insight for evaluating CR scattering at magnetic turbulence
consists in considering a reference energy of typical CRs, similar to the grey approximation of
RT. This yields a pitch-angle-averaged scattering frequency that depends on the energy level
of co- and counter-propagating waves,/ ", , and is not a constant value as often assumed
in the literature. We explicitly demonstrate that CR-wave scattering terms to Ofd&r=c?)
need to be considered in order to provide a Galilean invariant and ux-limited CR transport.
A Chapman—-Enskog expansion of this new set of equations (i.e., ltering out fast time-scales
associated with non-equilibrium transients) or equivalently the Newtonian limit enables us to
recover the classical streaming-dsion equation of CR transport in the steady-state ux limit.

The dependence of the scattering rate'@nimmediately exempli es the need to dynam-
ically also evolve the Alfén wave equations for self-consistency. To this end, we derive the
transport of wave energy and cast it into our new picture. We provide a complete review of all
available wave damping processes such as suleAibally streaming CRs, non-linear Landau
damping, ion-neutral damping, turbulent and linear Landau damping, and show how their con-
tributions changé, . Most importantly, we explicitly demonstrate that the energy lost by CRs
owing to the gyroresonant instability exactly matches the energy gained bgrAlfaves only
if the calculation is done at least to ordef 3=c?).

We couple the new CR-Alfnic subsystem to ideal MHD, ensuring energy and momentum
conservation in the non-relativistic limit of MHD. A covariant derivation of our CR hydrody-
namical equations in the semi-relativistic limit in the Appendix demonstrates the validity of
these conservation laws. In particular, this calculation reveals that the adiabatic CR source
term in the Newtonian limit can be understood as a non-vanishing metric connection (Christof-
fel symbol), i.e., it has the meaning of a geometric term that results from the transformation
into the non-inertial comoving frame and is not equivalent to the work associated with a force.

We nally show numerical solutions of our new CR-Alwn wave subsystem in one dimen-
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where = u=c and we approximated the transformation in the semi-relativistic limit. The
motivation for choosing this approximation are our equations of CR hydrodynamics, which
derive from the focused transport equation of CRs — a semi-relativistically transformed variant
of the comoving Vlasov equation. The metric connection (Christgymbols) associated with

this Lorentz transformation can be calculated in an otherwise at space-time by (Misner et al.,
2017)

N (3.182)

where we use Greek letters with hats to denote quantities evaluated in the comoving frame, i.e.,

. transforms a contravariant vector from the comoving into the lab frame. The connection
symbol is not symmetric in its lower indices owing to the torsion introduced by a non-vanishing
curl of the ow. The only non-vanishing components of. in the semi-relativistic limit are

given by
o_ ¢ - iy,
o= %r_ — (3.183)
1 — 0 _ 1dU{_

= P Zg (3.184)
where Roman indices denote space-like componéritg,fl; 2; 3g The second set of Christof-

fel symbols, which are of orde®(u’=?), is necessary to restore the Newtonian limit even
though the symbols are formally small. This will become apparent at the end of Section 3.12.2.
We rst consider a particle at position and velocity3 . Its equations of motion generalise in

Minkowski space to
- =3 (3.185)

dp . .
%1+A3pzp; (3.186)
where the connection symbols account for local changes of the de ning velocity of the co-
moving frame that occur during the motion of the particlés the proper time and<) =

(3 F=;F) is the Minkowski four-force representing the generalised electromagnetic force.
The momentum equation can be simpli ed using the approximations in equation (3.183) and

(3.184) to yield
— + md—L: +pr ut=Ft (3.187)

In absence of any particle creation or annihilation processes, the number of CRs is a conserved
guantity along any path that is described by the equations of motion. Thus, we have

L4t _0 T b @ @188

0= 3 =3 @ d @'
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4.3. NUMERICAL EXAMPLE

corresponding term in Eqg. (4.2) that is clearly not describing a scattering process but advection
of f through pitch-angle space. By its nature, advection is localised in pitch-angle space and
transfers information contained infrom to some neighbouring+ d . Because pitch-angle
moments involve integrals over space, low-order uid models lost most of their memory
about localised information df and only retain information of the global moment structure of

f. Consequently, uid models cannot accurately describe the magnetic focusing process in all
details. Yet, because we account for the focusing term in deriving the evolution equations for
the momentd,,, we simultaneously account for its globalext onf which thus retains some
indirect memory through the scattering process as explained above.

4.3.4 CR hydrodynamics with scattering

For our last set of simulations, we include CR scattering through the models described in Sec-
tion 4.2.6. They are accurate to rst orderdgc and as such, they are comparable to each other
and consistently formulated so that our results are not in uenced by argrefices between
them. This allows us to quantify the impact of the éient transport models in the case of

e ective CR scattering. The results of the simulations are presented in Fig. 4.3.

By including CR scattering in our simulations, the local ux of CRs is reduced, which re-
sults in a slower transport of CRs through the simulation domain. For this reason weghow
in Fig. 4.3 at later times in comparison to the previous Figs. 4.1 and 4.2. The CR dynamics
slightly di ers in comparison to the case without CR scattering: cloudlets smoothly spread
along magnetic eld lines. Sharp transitions as observed in the simulations without CR scatter-
ing are not visible. Structures with a larger contrast are caused by neighbouring magnetic elds
where one eld line is connected to a cloudlet and can be populated by CRs while the other is
not connected and remains devoid of CRs. Neither patchiness nor rare ed structures, which are
a characteristics for the P1 and M1 method of CR transport without scattering are present in this
case. At late times, cloudlets dissolve into each other and build up a rather homogeneous sea
of CRs. There are smooth transitions between regions lled with abundant CRs and those that
contain fewer CRs (or which have not yet been reached by any) if they are connected through
a magnetic eld line.

There are no visible dierences between the results calculated with the P1 and M1 approxi-
mations at any time. The reason for this is that theedence between both models is the way
they treat CR uxes that are mildly to fully anisotropic, i.d3, f,. In such situations, the
M1 Eddington factoiD , 1=3 and di ers from its P1 counterpart. However, in the presented
scenario, CR scattering is ective and leads to low anisotropies in the CR distribution with
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where the individual adiabatic indices are given by:
! #
5. 4. 3 .

thy cn a — 335 (5.13)
The gyroresonant interaction between Afvwaves and CRs is described by
b
ggri; = 3_[fcr ‘?h(" ot Pcr)] (5.14)
3 eB "y
= Em%b[ fcr ?h("cr"' Pcr)]; (5.15)

where isthe CR di usion coe cientin the grey approximatioe,is the elementary charge,

is the rest mass of the CR partictas the speed of light, andis de ned as the Lorentz factor of
atypical CR. We use = 2 to simulate a population that is dominated by GeV CR protons. The
di usion coe cients are calculated based on the local scattering rate withéhlfwaves.

Thus, CRHD includes diusion that is not assuming a xed dision coe cient but follows
elements of the unresolved microphysics to calculate spatially and temporally varyusjah

coe cients. The termgg; have the units of a force density and are strictly aligned with
the direction of the magnetic eld. We allow the energy of gyroresonanté&lfwaves to be
damped by including the damping ter@s in Eq. (5.7). Damping by ion-neutral collisions,
interaction with turbulence, and various plasma-kinetic processes including non-linear Landau
damping have been proposed to be important (Zweibel, 2017). While our code can be easily
expanded to include all of ects, we here focus solely on non-linear Landau damping:

Q="2 (5.16)
p_ s

2B (tnh 1)ty .

8B2 me &’

(5.17)

where is the self-coupling constant of Alén waves. Thes® are quadratic ifi, and their
numerical discretization is more dcult in comparison to damping terms for ion-neutral or
turbulent damping.

Direct collisions between CR particles themselves or CR and thermal particles occur rarely.
They interact via Lorentz-forces provided by large-scale (MHD) electromagnetic Blds
by scatterings on small scales provided by the energy contained in gyroresonanrt viHves

a -
Perpendicular to the magnetic eld CRs interact with the thermal gas indirectly through
Lorentz forces. The Lorentz force acting on the CRs in the perpendicular direction is bal-
anced by the perpendicular CR pressure gradient. This pressure gradient would alter the mo-
mentum of the electromagnetic eld if we were not using the MHD approximation. Therein
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